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Chapter 1

Kolmogorov's axioms

We denote by 2 a sample space, that is the set of all possible outcomes of a

random experiment or a situation whose outcome is unknown, random, etc.

Examples in the discrete (and finite) case include coin toss Q = {1, 2}, the
sample space of a coin toss, 2 = {1,2,3,4,5,6}, a dice toss, = { clear,
cloudy, rainy } for weather. We may also look at = {N}, the number of
insurance claims, Q = {[0,00)} for water level or = {R} for temperature.
We could of course put upper or lower bounds to these examples in practise,
although the point of the exercise is to show that we can have countable or
infinite sample space, or some more complicated ones, as Q = {C([0,t])},

the space of continuous functions from 0 to time ¢.
Probability
Let A C Q) be an event. We want to assign probabilities to events.
Terminology
1. Q C Q) : sure event
2. () C Q: impossible event
3. wC Q,w C : singleton, elementary event

4. A,BCQ,

AN B: A occurred and B occurred as well

b

(a
(b) AUB: A or B occurred

)

)

(c) An Bt A4 occurred, but not B

(d) AL complementary event

(e) U2, A;: Aj occurred for at least one ¢ € N.

(f

Example 1.1

Dice toss, 2 = {1,2,3,4,5,6}, with A =1,3,5 and B=15,6

°1Air A; occurred for all ¢ € N.



Definition 1.1 (o-field)
Let © be a sample space. A set of subsets of 2, A C P(Q)!, is called a
o-algebra if

1. Qe A;

2. A€ A, then AL € A,

3. A1, Ay, A3 a countable sequence in A, then |J22, 4; € A. ?

Remark
Let A be a o-field, then

a) 0 € Asince ) = QF

b) If A,B € A, then AU B € A, since it is the same as AUBUQUD...
More generally, A,..., 4, € A= U, 4; € A

C
c) If A, B € A, then by De Morgan’s law AN B = (AEUBE)
d) If A1, Ay, Ag, ... € A, then N2 4; = (U2, 4F) € A.
e) A\B=AnB e A

Example 1.2
1. P(Q) is the largest o-field;

2. {0,Q} is the smallest o-field
3. Let A C Q. The smallest o-field that contains A is {Q, (), A, AC}

Example 1.3
Let Q2 =R and let

A={A€eR: Ais countable or A’ is countable}

B={BeR: B is finite or BC is finite}

!The power set of a set S is defined as the set of all subsets of S, including trivial sets
2The o refers to the fact we take infinite union of sets



We can see that A is a o-field, but that B is not

PRrRoOOF

1. =0, s00cBand Qe A
2. Ac A= Al € A, and similarly A€ B= AL e B
3. A1, Ag, As, ... € A. Consider |J;2; A;. Then we have two cases:

(a) A; is countable for all ¢ € N, then the union [J2; 4; is also

countable

(b) There exists an ¢ € N, say i¢ such that A;, is uncountable. Then
(U2, Ai)c =N, Al ¢ AiOE, which is countable by definition
and indeed in A.

(c) For B, let’s give a counterexample.
Let Ay, As,... € Band A; = {i} € B, but U2, 4, =N ¢ B.

Note
A # P(R). Just consider the interval [0, 1].

Theorem 1.2 (o-field generated by &)
Let £ € P(R). Then, there exists a unique smallest o-field such that

1. £Co(€)

2. If A is a o-field such that £ C A, then o(&) C A.

And therefore o (&) is also called the “o-field generated by £”.

Proor Note that the proof is not constructive.
Let 0(€) = N;er Ai, where A; is a o-field for any ¢ such that £ C A; and I

is an arbitrary set of indices.



1. P(2) D &€ power set is there, so non-empty
2. £ Co(€) by our requirement, € C A; Vi€ I.

3. If A is a o-field such that £ € A, then o(€) C A. This proves that it’s

smallest.
4. o(€) is a o-field

(a) Qe€o(&)since Qe A4;Viel = Qe Ai=0(E)

(b) Aco(f)=>AcAViel=>Abc AViel= Abc A

(c) A1, Ag,...€0(E)= A€ A; for k=1,2,... Vi€ I. Since they
are o-fields, then U2, A € AiVie Il = Uil Ai € Nier 4

Example 1.4
1. © countable (or finite)
ACQ, then A=, ,ca{w} Co(€).
Sosay A={2,4,6} = A={2} U{4} U {6}

2. Q=R (Q=R")
E={{w}weR}l,o(€)={ACR: Aor AL is countable}.

Definition 1.3 (Borel o-field)
The Borel o-field on R, denoted by B, is the smallest o-field that contains

E={(a,b],a <beR}

Remark
1. If z € R, then {z} € B;

2. (a,b) = (a,b] \ {b}, therefore [a,d),[a,b], (—o0,b), (—00,b], [a,o0),

(a,00) and (—o0,0) are all in B.

3. O C R an open set, then O = |J;2,(a;,b;) are also in B. Since com-
plement is also by the axioms, then C' C R, the closed set, is also in
B.



Notation

Elements of B are called Borel sets .

Note

Not every subset of R is a Borel set. Examples include the Vitali sets.

Remark
For more complex sample spaces, (ex. Q = C[0,¢]), then the Borel o-field is

the smallest o-field generated (contained) by the open subsets of 2.

Definition 1.4 (Probability)
Let €2 be a sample space and A a o-field. The mapping P : A — R is called a
probability (probability measure) if the following three axioms are fulfilled:

1. P(A) > 0,A e A;
2. P(Q2) =1,
3. If Ay, As, A3, ... € Asuch that A; N A; =0 if i # j, then

o0

P(LJA) =) P(4).
i=1 =1

The triplet (€2, .4, P) is called a probability space .

Remark
p: A — R? which satisfies 1,3 and u() = 0 is called a measure.

Note
Every probability is a measure. P() : P(Q)

=1=P(QUD), but QNG =0,
hence 1 = 1+ P(0) so this implies P(f)) = 0.

Example 1.5
Q={wi,...,wn}, A="P(Q) and P({w;}) = L s0

P(A):P(Uw):Zi:'f'

wEA wEA

for equally likely events.

3R including +co



Example 1.6
Q=10,1],A={BN[0,1],B € B} and P(A) = [} 14{z € A}dz.

A
Figure 1: Probability of A for a continuous function; P(A) = [, e *dx

Intuitively, the outcome of the random experiment is w € ). Suppose we
are able to repeat the experiment independently as often as we like. n

repetitions lead to wy,...,w, and

_Hw €A T Law)

n n

P(4)

where 14(x) denotes the indicator function, namely takes value 1 if x € A
and 0 if x ¢ A.

Consequences of Kolmogorov's axioms

Lemma 1.5 (Properties of probability spaces)
Let (2, A, P) be a probability space. Then

1. P(0) =0;
2. PAYY =1—-PA) for Ac A

3. If A, B € A are such that A C B, then P(B\ A) = P(B) — P(A) and
P(B) > P(A);



4. P(AUB) = P(A) + P(B) — P(AN B), for A, B € A;

5. P(AUB) < P(A) +P(B) for A, B € A,

6. Inclusion-exclusion principle or Sieve-formula: if Ay,..., A, € A, then

=1

i=1 1<J 1<j<k
— e (-D)"MP(A N N AY)

= Z (—)l+tp (ﬂ Ai)

icl

Figure 2: Venn Diagram illustrating the Inclusion-exclusion principle
Proor

2. Given that AUAL =0, ANA =0 and P(Q) =1=

P(AU A%, then £ P(A) + P(A%) = P(AY) = 1 — P(A);
3. Write Bas B=AU(B\ A),AN(B\ A) = 0. Then the probability

P(B) = P(AU(B\ 4)) ¥ P(4) + P(B\ 4) = P(B\ A) = P(B) — P(A)

since P(B '\ A) > 0 by definition, hence P(B) > P(A);



In a similar fashion, express AUB = (A\ B)U(ANB)U(B\ A). The

right hand side terms are pairwise disjoint, so

P(AUB) Y P(A\ B)+P(ANB) +P(B\ A).

But P(A) = P((A\B)U(ANB)) = P(A\ B)+P(ANB). We also recall
that P(A\ B) = P(A)—P(ANB) and similarly P(B\ A) = P(B)—-P(AN
B), hence P(AU B) = P(A) — P(ANB) + P(ANB) +P(B) — P(AN B)
which by cancelling is equal to P(A) + P(B) — P(AN B).

Follows from (4) since P(AN B) > 0;

The proof is by induction on n, starting with n = 1 as the trivial case
P(A) = P(A1). Suppose the induction hypothesis holds for n, then for
n + 1, start by splitting the union in two parts:

(U] =r({Uafon)

is by applying (4)
o (0a) ot (e [0
i=1 1=1
is the same as the union of intersections of events Ay, ... A, with A,11
=P <CJ A,-) +P(Ap41) —P (CJ (AN An+1)>
i=1 =1

Then by applying the induction hypothesis to first and last term (re-

grouping the negative inside the sum), we get

> (=nirtte (ﬂ Ai> +P(An41)

+ > (=pi P(ﬂ{AiﬂAnH})

PCIC{1,...n} iel

10



where the underlined probability is just equal to

P( N Ai).
ielU{n+1}

Then, in this case, either it does contain n+1 (second and third terms
cancel), else partly, or not at all. In all cases, we get the desired result,
that is

- Yy (m AZ-) |

PCIC{1,...,n+1} iel

Remark
Note that if P(()) = 0 and P(A) =0 % A = (. Just consider [, e”*dz where
A = {xo}, then [ e *dx = 0. Analogously, P(2) = 1, but P(4) = 1 »

A = Q. Consider [0,00) \ {zo}. While € is called sure event, A is called

almost sure event if P(A) = 1.

Corollary 1.6 (Bonferroni inequality)
Let Ay,..., A, € A;n € N. Then

3

¥2

i=1 i<j

Ai) < 2": P(As).
1 i=1

PrROOF The proof is similar in style to the proof of Sieve formula, by
induction on n. Consider first the right hand side of the inequality. Clearly,
P(A4;) = P(A;). Assume as an induction hypothesis that it holds for n. Then
forn+1,

P (”01 Ai) <P <CJ Ai> +P(Apt1) < %1 P(4;)

i=1

For the left hand side of the Bonferroni inequality, P(A;) = P(A;) and by

11



induction, we get for n + 1

n+1 n n n
P (U Ai> > Z P(A;) — Z P(A; N Aj) +P(4p41) — Z(Az N Ant1)
i=1 i=1

i<j i=1

and remarking the right hand side of the above is equal to

n+1 n+1
Y P(A4) = > P(A;N4))
i=1 1<j

we get the desired result.

Corollary 1.7 (Boole's inequality)
Let Ay, As,..., A, € A. Then

P(A; N As) >1—P(4%) — P(4Y)

and more generally, for n € N

PRrROOF

but also

({A)) - (A14)

Rearranging the equalities yield the result.

Theorem 1.8
Let {A;} be a sequence of events in 4. Then

12



1. If the sequence is increasing, A1 C Ay C A3 C--- C A, C Ayyq, then
o0
P <L_J1 AZ-) = lim P(4y);
2. If the sequence is decreasing A1 D Ay O --- D A, then
oo
PQ1&>:£&PMM'

PROOF (1) Since the sequence is increasing, we can write each set as follows:
A= A, Ay = AL U (A \ Ar), Ag = AU (A2 \ A U (43 )\ Ay), ...,
A, =Ur (A \ Ai—1), and Ag = (. We have

@A f_j(A \ Ai—1)

where (A; \ A;_1) are pairwise disjoint since 4,_; C A;. Then

i=1 Z 1

nlg{)loz {P(A (Azel)}l

=1

telescoplng sum

which is equal to lim,, o P(A;) and hence P(4;) < P(A2) <...<1 O

(2) The sequence {A,} is decreasing, then AL C 4t C . soby (1)
NPT C
P <U1A1 ) = lim P(4,")
—P (Ol Ai) =1- lim P(4,)

13



Corollary 1.9
Let {4;} be a sequence in A. Then

P (Ejz‘h) < 3 P(4;)
i=1 i=1

ProoOF Consider the following sequence: B, = i A;, n = 1,2,... and
B; € By C.... we have that ;2 4; = U2, B; so

P (G Ai) = lim P(B,) < ggrgozn: P(4;) = i P(4;)
=1 =1 3

=1
[l

Think about P(N2; 4;) > 1—>"72, P(4;) and remark that Boole’s inequal-
ity even hold for oo.

Definition 1.10 (Limits of sets)

Let {A;} be an arbitrary sequence of events in .A.

1. linrgiolgf A, = nL_Jl O A; ={w:w € A; Vi but finitely many};

2. limsup A,, = ﬂ U A; ={w:w € A; for oo many i’s}.

n—00 .
n=1i=n

For sure, we have lim inf,, o, A, C limsup,_,. A,*. Furthermore, we get
that

(liminf 4,)" = (U ﬂAZ) =N ( Ai> =N U AL = limsup 4,°.

n=1i=n n=1 \i= n=1i=n

If liminf, o A, = limsup,, ,,, An, then

lim A, = liminf A, = limsup A,.
n—o0 n—o0 n—00

4This idea of liminf and lim sup refer to the same concept as in analysis, but we are
dealing here with sets, not numbers.

14



Example 1.7

Let Q =R, A=DB and 4; = {(—1)*}.

With this specific example,
liminf 4,, = () and limsup 4,, = {-1,1}.
n—0oo n—00

We can also look at our previous example of A,, a monotonically increasing
sequence, that is {4; € Ay C A3 C...}. Then

[o¢]

hnrgloréfAn = h,l;nj;pA” = U A,,.
n=1

To see this, note that the liminf is the union of A, since A, is always the

smallest set in the intersection. For the lim sup, we are over and over again

intersecting the same set since the union is just the biggest of the elements

in the set.

Similarly, we can get for the decreasing sequence of A, that

[ee]
liminf A, = limsup A, = ﬂ A,.
n=1

n—00 n—00

It holds that if lim,, o A4, exists, P(lim, oo A,) = lim, oo P(A,). In gen-
eral, P(liminf,, . A,) and P(limsup,,_,., A,) can be computed in some
cases. These probabilities are the subject of the so-called 0-1 laws or the

lemmas due to Borel and Cantelli.

15



Chapter 2
Conditional probability

Suppose that we are playing a game (of chance) with the following speci-
fications: 2 coins are flipped independently. If the 2 coins show the same
symbol (with probability %), then player o wins. If the 2 coins show different
symbols, then player S wins. This is a fair game. Suppose now that a third
player flip the coins and tell us one of the coin showed “tail”. Then, it is no

longer a fair game. Let us formalize the above.

Let © = {(1,1),(0,1), (1,0), (0,0)} and P(%), P((i,) = 1/2 with i =
0,1;j = 0,1. With no information, P(4) = P({(1,1),(0,0)}) = 1/2 and
P(A)* = 1/3. Note that if we are told that the first coin was “tail”, then

the game is still fair.

Definition 2.1 (Conditional probability)
Let (©2,A,P), B be an event such that P(B) > 0. Then, the conditional
probability of (an event) A given B is

P(ANB)

P(AIB) =~

Example 2.1
B =1{(1,1),(0,1),(1,0)},P(B) = 3/4. Then

_P(AnB) P({L,1}) 1/4 1
P(AIB) = 3/4 3/4  3/4 3

Example 2.2

Suppose that a teacher carries around an umbrella to go to school. He visits

4 shops before going to his office. The probability that he forgets it in some

location A; is P(A;) = 1/5,i=1,2,3,4. B is the event that the umbrella is

left in one of the stores. B = A; U A2 U A3 U A4 and P(B) = 4/5, therefore
P(AinB) 1/5 1

PAB) == =i~ 1

16



Additional information changes the sample space and also affect the prob-

ability measure. We can make it more precise by observing the following.

Theorem 2.2

Let (2, 4,P) and B € A, P(B) > 0. Then Pp : A — R is given by
Pp(A) = P(A|B). This new mapping is again a probability measure on
(Q,A).

Proor
1. Consider the probability of Q:

_P(@nB) PMB)
= ey R

2. Pp(A) > 0 since both P(AN B) and P(B) > 0;

3. Let Ay, Ag, A3, ... be pairwise disjoint. Then by using the definition
of conditional probability and the fact that the A,, are disjoint, hence
that the union of A; N B is disjoint:

> P({UnZ1 An} N B) _ P(UnZi(4An N B))
o (o) - FU e -G

o)

= —5mE AmB Z (An|B) =Y Pp(A
n=1 n=1

n=1

Remark
Note that if AN B =, then

P(ANB) P(0)

PAIB) = "pE) = R

=0

Therefore, the “new” sample space can be B. If Ap = {ANB,A € A},
then Ap is a o-field and for Pp : A — R, then (B, Ap, Pp) is a probability

space.

17



Theorem 2.3
Let (2, A,P) and Ay,..., A, events such that P(N;.; A;) > 0. Then

P (ﬁ Al> = P(Al) . P(A2|A1) . P(A3|A1 N Ag) s P(An|A1 Nn...N Anfl)
=1

Proor

n P(Al ﬂAg) P(Al ﬂAQﬂAg)
P A | = P(A4;) - :
(Q ) (41) P(A;) P(4; N Ay)
P(An_lﬂAn_Q...ﬂAl) ‘ P(AnﬁAn_l...ﬁAl)
P(AnfgﬂAnfg... ﬂAl) P(An,1 NA,_o... ﬂAl)

Cancel all but the last numerator to get the result. O

Example 2.3

Consider the following problem involving a random walk problem. Suppose
that a coin is flipped and you get -1 if tail, 1, if the result is head. Note that
not every sequence is equally likely, that is certain path are impossible. For

example, the path (1, -2,1) is not possible.

AN
3 s
s
s
’
2 S
s N
// \\
N
1 v
s
s
O N S
12 3
N 7
N s
— v
1 \\ s
N //
-2 Sv
N
N
N
-3

Figure 3: Random walk with a coin toss
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We have Q = {—1,1} x{—2,0,2} x {—3,—1,1, 3} and suppose as illustrated
in red that (Ag, A2, A3) = {(1,0,—1)}. Then

Ay = {(t1,t2,t3),t1 = 1},
Ay = {(t1,12,t3),t2 = 0},
Az = {(t1,t2,t3),t3 = —1}

and so the probability of this path is

- 1 1
P(Al NAsN Ag) = P(Al) . P(AQ’A:L) . P(A3|A1 N AQ)‘) = 5 . 5 == =

The previous theorem is of use in stochastic processes and leads to condi-
tional o-field.

Theorem 2.4 (Law of total probability)

Let (€2,.4,P) be a probability space, {B;} a collection of pairwise disjoint
sets with P(B;) > 0 such that (J;2; B; = Q. In other words, {B;} is a
partition of . Then, for any A € A;,

i=1 =1

PRrROOF Starting from the end terms and going backward, we have

s~ PANB) gy S pan B,

then by reversing axiom (3) of our definition of probability and after noting

that A is in the union for all terms, we get

(U (AN B;) >:P<AHGBZ-> =P(ANQ) =P(A)

=1

0

®Note that P(A3|A1 N As) = P(A3|A2). This is called Markov properties of random
chains.

19



Example 2.4

Consider a random experiment where white and black balls are placed in
3 urns. The following assets for the urn content: U = (lw,2b), V =
(2w, 1b), W = (3w,3b). Toss a dice: if {1,2,3}, you choose urn U, {4}
choose V' and else if {5,6} choose W. Define A as A =“Ball is white”
and U, V,W as choosing respectively urns U, V., W. We have the following
probabilities:

PU)=1/2, P(V)=1/6, PW)=1/3and UUVUW =Q, UNVNW =)

so we given this partition, we have the following

P(A) = P(A|U)P(U) + P(A|V)P(V) + P(A|W)P(W)

1/1 2 /1 1/1 4
:3<2)+3<6>+2(3> ~9
Here is an extremely useful corollary of the Law of total probability
Theorem 2.5 (Bayes' rule)
Let (€2,.4,P) be a probability space, {B;} a collection of pairwise disjoint
sets with P(B;) > 0 such that Q = 52, B; and P(B;) >0 V i =1,2,...
Then, if P(A) > 0,

P(A|B;)P(B;)
521 P(A|Bj)P(B;)

P(BilA) =

PrOOF We use the definition of conditional probability twice here and also
the Law of total probability to get the result
P(ANB;) P(A[B;)P(B;)

PBIA) = =50 = 5%, P(A/B,)P(B))

Example 2.5 (Paradox of rare disease)
Here are the results of a study performed in Hamburg between 1975 to 1977

20



about breast cancer in women aged 30 to 40. The study has found that the
probability of getting breast cancer is p = 64/124787 ~ 0,000513. Let A be
the event that a woman aged 30-40 has breast cancer. We denote P(A) = p
and P(AC) = 1 — p. The test to test for breast cancer gives event B if the

test is positive. The following probabilities have been computed
P(B|A) =0.99 P(B%AC) =0.95 and P(B|A") = 1 — P(B|A") = 0.05

Then, by Bayes’ rule, the probability of getting positive result and having

cancer is
P(B|A)P(A
P(AIB) = (BLAP)
P(B|A)P(A) + P(BJA%)P(AY)
0.99p
= ~ 0.01
0.99p + 0.05(1 — p)
A AB
0‘99/ 0.01 0.05 Yﬂ%
B BE B BU

Figure 4: Bayes’ rule: considering the situation with a tree

Example 2.6 (Genetic disorder: Haemophilia)
Determine the probability of an unknown woman having the gene for H
based on the number of her non-haemophiliac sons (in fact, the gene could

be recessive in her sons). Consider first the case of her having one boy.

The event of allele being recessive is denoted by H, B. The two probability

trees show the relevant information. Using Bayes’ rule,

w202
BRI

21

P(B|H) =




1 1
2 2
OO
/N /N
H H H H
Figure 5: Probability tree for haemophilia with one son

As we will see, having non-haemophiliac sons increase the likeliness of not

having the gene. In this case,

1 1
2 2
1 B 1 ’ B .
2 N2 / \
lﬁléﬂloﬂloﬁ1
2/ \\ 2 : // \\ 2 - // \\ ,/ \

: HAE HH HH @

Figure 6: Probability tree for haemophilia with two sons

o (U2(1/2(1/2)
P = s 1 )~ >

Note that we could have made a smaller tree and spared the big one. If

2

1
3 3
1B 0 B
N 7N\
H H H H

Figure 7: Short probability tree for haemophilia with two sons

we want to find the relation between the number of haemophiliac, we could

believe for a minute that it is 2n1+1. But considering a larger number of sons

22



(theoretically going to o0). So the formula is given by

1 _ 1 _ 1 _
) - _
5 B 1 Hl---H
2 2
(1/2)(1/2)" 1

(1/2)(1/2)" + (1/2)  1+2n

All bare down if one son is haemophiliac.

Independence of events

Recall on of the previous examples. Q = {(1,1),(0,1),(1,0),(0,0)} and
A=1{(1,1),(0,0)}, B={(1,1),(0,1),(1,0)} where at least one of the coins
show head and C{(1,0),(1,1)} if the first coin show heads. Then we have
found that P(A) = 1/2 and P(A|B) = 1/3. In contrast, P(A|C) = 1/2.
C does not change the probability of A, since it does not provide addition
information. This observation leads to

Definition 2.6 (Independent events)

Let (92, A4,P),A,B € A. Aand B are independent if P(AN B) = P(A)P(B).
Lemma 2.7

If A, B are independent and P(B) > 0, then P(A|B) = P(A) (and vice-versa)

since P(A|B) = %.

Lemma 2.8
If A and B are independent, then so are A and BB, AL and B, AL and BC.

PrOOF
P(AE NB)=P(B\A) =P(B)—-P(ANB)=P(B)—-P(A)P(B)

by factoring P(B), you get P(B){1 — P(A)} = P(B)P(AL). The intuition

here is that it gives you the same amount of information. O
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Note

Independence does not mean empty intersection. They [events] are exclusive
so P(ANB) =0 # P(A)P(B) unless either P(A) = 0 or P(B) = 0. This will
be useful later when we discuss of random vectors.

Definition 2.9
Let A;,i € I be a collection of sets in A (I may be finite, countable or
infinitely large). Then

1. {A;,1 € I} are pairwise independent if ¥ i # j;i,j € I, it holds that
P(AiN A4;j) = P(A:)P(4;),

that is A;, A; are independent.
2. {A;,i € I} is independent if for any finite subset J C I, it holds that
P (ﬂ Ai> = [ P(4).
ieJ ieJ

As for the remark, a similar warning apply to disjoint sets. To see that
pairwise disjoint A; N A; = 0,7 # j is stronger, note that it implies disjoint,
that is ;c; Ai = 0. For the reverse implication, consider the following

counterexample.

Figure 8: An example of disjoint sets, but not pairwise disjoint.

SHere, one should note that (1) does not imply (2). However, independence does imply
pairwise independence, as it is a stronger concept
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Example 2.7

Consider an urn with 4 marbles, a white, a yellow, a blue and one rain-
bow. Each can be drawn with probability p = 1/4. Denote the events
A, =“Marble shows colour w” where w = {white, yellow, blue}. Then
P(A4y) = 1/2,P(Ay,) = 1/2,P(A4y) = 1/2. If we consider the probability
of having both white and yellow on a marble, then P(4, N 4,) = 1/4 =
P(Ay)P(Ay) and similarly for all pairs A, N A, and A, N Ap. Therefore,
Ay, Ay, Ay are pairwise independent. But if we consider rainbow marble,

that is one showing all three colours, we have

P(Aw N Ay N A) = 1 # ¢ = P(AW)P(4,)P(4)

We have to conclude that pairwise independence does not imply indepen-
dence. The following other example is illustrative too, although being arti-
ficial.

Example 2.8

If I is finite, considering J = I is not enough. We could conclude from
this observation that getting the condition for all may well be luck. Let
0 = {w1,ws,ws3,ws} with P(2) be our sample space. We have

P({w1}) =v2/2-1/4
P({wa}) = P({wa}) = 1/4
P({ws}) = 3/4 - v2/2.

Consider now the following events:

Ey = {wy,ws}, Ey = {wo,ws}, F3 = {ws,ws}. Now if we look at the proba-

bility of all events, we get



But if we look at pairs
P(E1 N Ey) =3/4—V2/2#1/2—/2/4 = P(E;)P(Ey).

It is therefore important to look at all possible combinations before claiming

independence.
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Chapter 3

Laplace experiments

We recall the equally likely events from the introduction.

Definition 3.1
Let (2,4, P) be a probability space such that

o O ={wi,...,wy}; Q is finite
e P(Q)
e P{wi})=1/n,i=1,...,n

Then (2, .A4,P) is called a Laplace experiment and P is called a Laplace

distribution.

1 |A|  # favorable outcomes
PA)= > —="—= :

n n # all outcomes

Example 3.1 (Chevalier de Méré, (1607-1685))

Suppose that you are playing with three dices and you want to look at
the probabilities that 3 numbers sum to 11 and to 12. de Méré noticed
that the probability of getting a sum of 11 seemed to be higher than just
playing 12, which contradicted Laplace’s definition of equally likely events.
In this example, Q@ = ((w1,w2,ws3),w; € {1,2,...,6},7 = 1,2,3) and we
have P({(w1,ws2,ws)}) = 1/6% and two events, namely A={sum is 11} and
B={sum is 12}. Let’s look at the possibilities, examining also the number
of permutations, denoted #A; and #B;. It is now easily seen, as Poincarré
pointed out to his friend that not all the combinations have the same number

of permutations, and in a sense his observation was right as
P(A) =27/6% ~ 0,125 > 0,116 ~ 25/6°.

Lemma 3.2 (The multiplicative rule)
Let (w1, ...,wk) be an ordered k-tuple (called k-permutation ) and suppose
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A; #A; B; #D;
1+4+6 6 1+546 6
1+5+5 3 24446 6
24346 6 245+5 3
24445 6 3+346 3
3+3+5 3 3+4+5 6
3+4-+4 3 4+4+4 1

Figure 9: Summing three dices to get 11 or 12

that wi € A; and ‘AZ| =Ny, ws €A27...,|A2‘ :ng,...,wkEAk,...,|Ak| =

ng. Then, there are exactly Hle n; such k-permutations.

Example 3.2
Consider (wy,...,wy) with w; € {1,...,k} and w; # wj. There are k! such
permutations. Here, Q = {wi,...,wy},|P(Q)] = 2". To see this, just con-

sider the binary representation in a table.

Example 3.3
Consider an urn with N numbered (distinguishable) marbles 1,..., N and

of which k£ marbles with replacement (drawn, then placed back).
We have Q = {(w1,...,wr),wi € {1,...,N}}. Then Q| = N*

Example 3.4
Urn as above, & marbles are drawn without replacement.

Q={(wi,...,wg),w; € {1,...,N},w; # wj for i # j}. Then

N!
Q=NWN-1)---(N—(k—1)) = ———
9 = NV 1) (N = (k= 1)) = 7=
Example 3.5 (Birthday match)
Here Q = {(i1,...,in),%; € {1,...,365}} and |Q] = (365)". We are inter-
ested in the probability of having at least one overlap for a given group. Let
A be “there is no overlap” (that is, we look at the complement of having at

least one overlap). Then for i; # i:

365!
PIA) — 365-364-363--- (365 —n+1) (365 —mn)!
(4) = 365" 3657
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Then for n ~ 20,P(A) ~ 0.589 so overlap happens close to 41% ot the
time. Similarly, if n = 30, we have P(A) ~ 0.32 implying P(A®) ~ 0.68. By
enlarging the number of people in the sample to only 60 people, we have

P(AL) ~ 0.99412.

Lemma 3.3 (k-combination)
A k-combination is a sequence of k-numbers in which the ordering is irrele-
vant. There are exactly (}) k-combinations out of n elements. Here () is

called the binomial coefficient and is equal to

n n!
<k> T kl(n— k)l

Example 3.6 (Crazy cloakroom lady)

Suppose a lady in charge of the cloakroom decides to mix the numbers
corresponding to the clothes. Than, for number 1,...,n, we are interested
in the probability of being lucky and getting a tie, that is the event A; that

there is a fixed point of the permutation (m; = 7).

The probability of getting one fixed point is equal to P(UJj—; 4;) and §2 =the
set of all permutations 1,...,n. The probability P(4;) = (n — 1)!/n! and
P(A; N Aj) = (n — 2)!/n! so by the Inclusion-exclusion principle, we have
P (UL, Ay) is equal to

n

= Y P(A) =D P(ANA)+ > P(ANA;NA)
=1 1<j i<j<k

— e (=D)"MPAI N, N AY)
NG VI <n> (n—2)! (n) (n=3) (—1)nt1

n! 2 n! 3 n! n!
_ 1 1 n+1 1
= l-gtgt +EDT—
e
o« il

It may seem paradoxical that as n — oo, the probability of getting back a
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coat does not go to zero. Indeed, P(no fixed point) equals

1 _ I B Yo o S 1\t
(U < pevt - en
As n — oo the probability
=1 1
P —=-=0.
— ;Z' ~ ~0.368

Remark (About the binomial coefficient)

We have the following properties for the Pascal triangle

5. Binomial theorem :

k=0

and in particular Y3p_, (}) = 2".

Note that (Z) is also the number of k-combinations drawn out of n balls

n+k—1

without replacement. There are ("7;7") k-combinations with replacement.

To see this, let us have a look at the table where the different draws are

expressed as follow: each draw has zero corresponding to the number of 0

not distinguishable and 1 not distinguishable. We have n — 1 ones and &

zeros. We get the expression

(n—14k)!

1 1 1 e
000 00 \O/ 0000 F(n—1)!

~— ~—~—
draw 1 draw 2 draw 3 draw 4
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Figure 10: Illustration of the Pascal triangle

Lemma 3.4
A set of size n can be partitioned into k categories (subsets) of size ny, ... ng
n k) . Here,

(where ny +...4+n, = n) in exactly m,”ilnk, ways, or equally (mn

(n ") is called the multinomial coefficient.
1N

Proor

n n—ni n—ng —ng n—mip—-—Ng_-1
ni n2 n3 Nk
are the quantities and what can placed into each bin. By cancelling the

terms, we get

n! (n—mnq)! ng n!

ni!(n —n1)! nol(n —ny —ng)! ' ny!0! ol <o)

Lemma 3.5 (Multinomial theorem)

n § : n n
(.’L’l"“{‘fﬂk) == m.’ﬁll"'.rkk
ni,...,nk >0 L k:

ni+--+ng=n

of which the binomial theorem is a special case.
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Chapter 4

Discrete probability measures

Definition 4.1 (Discrete probability measure)
Let S C Q,S countable (S is finite or countably infinite) and let ps €
[0,00),s € S be a collection of numbers such that > g ps = 1.

Then P: P(£2) — [0, 1] such that

P(A) - Z bs = ZpslA(s)

seSNA ses

is a probability measure on (Q,P(Q)). It is called a discrete” probability

measure with support S.

The function F': 2 — R given by

wé¢ S
f(w)={0 ?

ps w=s€S

is called the probability mass function or PMF (density of P with respect to

the counting measure).

Remark
® Ps = P({S})vs € S;
e =95

e The PMF defines P uniquely

If f:Q — [0,00) is such that S = {w € Q : f(w) > 0} is countable
and ), cg f(w) = 1, then f defines a probability measure on ,P(Q2)) by
P:P() — [0,1] and A = > c5 f(w)la(w) (that is, we get an injective
function from the PMF to the probability measure).

Notation

A discrete probability measure if often called a discrete distribution

"Refers to the countability of the support
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Example 4.1 (Dirac distribution)
0, w, € Q fixed and f: Q2 — [0,1] and

{O if w# w,
w —

1 fw=uw,

The support of f is {w,}. The corresponding probability measure is such

that
0 ifwegA
P(A) =
1 ifweAd

The Dirac distribution describes a deterministic experiment (sure outcome).
It is also denoted by &, .

Example 4.2 (Discrete uniform distribution)
Q=A{wi,...wn}, f(wj) =1/n wherei=1,...,n.

Example 4.3 (Bernoulli distribution)

Q=1{0,1}, f(0) =1 — p and f(1) = p for p € [0,1].

The Bernoulli distribution is denoted B(p) or B(1,p). It describes the out-
come of a “0,1” experiment, where 0=“failure” and 1="success”. Examples
include the coin toss, gender, presence or absence of some characteristic. If

we were to be interested in a sequence of Bernoulli trials, then we would
look at

Example 4.4 (Binomial distribution)
2=1{0,...,n} =S and

f(k) = @p’%l —p)"

for k=1,...,n. Indeed, >°}'_, f(k) =1 (by the binomial theorem). The bi-
nomial distribution is denoted B(n,p). It describes the number of successes

in n independent Bernoulli trials.

We have Q* = {(wi1,...,wp),w; € {0,1}} where Ay = successes out of
n={(w,...,wn) €T wi =k} P({1,...,1,0,...0)} = pF(1 —p)»*
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which is equal to (%)n if p= % and similarly for all (wq,...,wy). with k£ 1’s

and (n — k) 0’s with P(4;) = (})p"(1 — p)"~*. Here is an example. Given
that a mother carries the gene for haemophilia, suppose she has n sons. The

probability that exactly k£ of them are haemophiliac.

n 1 k 1 n—k
()G ()
Another example arises from quality control. In Hamburg harbour, ship-
ments of coffee arrive and are stored in gigantic storage house. Bags are
chosen at random and quality of the shipment is evaluated by digging the

bag with a small spade to retrieve 50 beans and considering each of them.

This procedure allows to asset the quality of the shipment.

Alternatively, consider quality-control in a manufacture of light bulbs. Each
hour, 10 bulbs are selected ar random and tested. If at least one is defec-
tive bulb is discovered, the production stops. Suppose the probability of a
light bulb being defective is 2% Then having no defective in the observation
happens with probability (i)(0.02)°(0.98)° ~ 0.82.

Example 4.5 (Hypergeometric distribution)
Let N ... size of the population, K ... defectives in the population, n ... size
of the sub-population (sample) from the entire population and Q = {0,...n}

and
0 k > min(n, k), k < max(0, K +n — N)

otherwise.

If N = 0o, K — oo such that K/N — p € [0, 1], then if n is fixed

flk) ~ (Z)p’“(l —p)" k.
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Let us look closer at the above. We have

K! (N — K)!
F(k) = EW(K —k)! (n_]@!!(N_K_n_k)!
n!(N —n)!

and for the denominator expanding yields

n\ K(K—1).. (K —k+1)
k) NON—1)...(N—k+1)

and for the denominator

(N-K)N-K-1)...(N—-K-n—-k+1)
(N—k)...(N—n+1)

which tends to our starting result.

Example 4.6 (Poisson distribution)
The Poisson distribution (denoted P(\) has a countable support 2 = {0, 1, ..
with

Ak
fk)y="5e? X>0
k!

which is clearly non-negative so

k
S
k!
k=0 "
is a Taylor series that converges to e*e™ so this is a valid probability. We
could see the Poisson as the limit of the binomial, just as the binomial can

be seen to be a limit of the hypergeometric. Our motivation here is that
n — 0o, p — 0 such that np — A > 0. Then,

(oo )

n

and as n tends to infinity and np to A, we get (k!)~I\F(e™).

The Poisson distribution describes a distribution of rare events. For exam-
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ple, the number of gene that mutate due to radiation or the probability for
each car of getting an accident today in the city of Montreal. An interesting
fact about the historic of the Poisson distribution is that it served originally

to measure the death of soldiers due to horse kick in the Prussian army.

Example 4.7 (Geometric distribution)
Has support Q = {0, 1,...} with

flk)=p"(1-p)

where p € (0,1). Non-negativity is obvious since the sum gives the geometric

S F(k) = (iﬂ“) 1—p) =1
k=0 k=0

We can think of the geometric distribution as an infinite sequence of inde-
pendent trials, for example in a coin toss experiment the number of heads
before seeing a tail. The Geometric distribution describes the number of

failures until the first success.®

The Geometric distribution arises in fields like extreme-value theory. One
could possibly study the dikes in the Netherlands (Delta Works) and wonder
how high the dikes should be. Consider the heights given annually from the
data sample and cut the data into yearly partition, looking at the maximum
for each year. with p... maximum yearly sea height < H and n —p...
the max sea height > H. We are interested in the number of years until
the first spillover. This event has geometric distribution supposing yearly
flow. Now, reverse the question: if we want to have spillovers only every say
125,000 years, what height should the dikes be? If we extend this concept to
get 1 spillovers, we then get the negative binomial distribution, but before
proceeding we look at a feature of the geometric distribution, the

Lack of memory property.

The info that nothing happened before m — 1 does not affect the probability

( in our example, the maxima would have to be independent). Therefore,

8There is discordance in the literature: sometimes, the support is given to be {1,...}
and the distribution is defined to be the number of trial before the first success
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Figure 11: Lack of memory property

0 1 2 3 ~--m—-1m - [k

| |
1 1
kE>m

the probability P({k}|{m,m —1,...})

B Gl ) B i Ui VNS p’“(;m— P)_ pmy )
S pi(l=p) > P(1-p)
i=m 1=0

remains unchanged.

Example 4.8 (Negative binomial distribution)
Consider our Bernoulli trials: 000011001011. We are waiting for the r suc-
cess with Q = {0, 1,...},7 > 1. Look at the number k of failures before the

7 success
kE+r—1 ,
f(k) = ( L >p’“<1 —p)

where p € (0,1). This distribution is linked to the Poisson distribution: to
see this, consider the car accident example, where we assumed the probabil-
ity of failure to be the same. Not every car is as likely to be involved in an
accident. If we assign different probabilities, such that we get a distribution,

namely the Negative binomial, that is used mostly in insurance.
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Chapter 5
Probability measures on (R, B)

Remark

Any discrete probability measure discussed so far (Bernoulli, binomial, hy-
pergeometric, Poisson, geometric, NB) can be viewed as a probability mea-
sure on (R, B). For example, the Poisson distribution on (R,B) has support
S =4{0,1,...} and PMF

DL
Fk) = e res
0 x ¢S

just by embedding the distribution in (R, B).

Example 5.1
Consider the interval [0, 1] and suppose we fix n € N large and we look at

the discrete uniform distribution on {%,i € {1,...,n}}.

() -
so Pp((a,b]), 0<a<b<1

1

n

n

i 1
) —<bl=—||bn| —
ita< ’ n“ n| Lan”
is by adding and subtracting the same terms

1 n
:E(bn—an—bn+an+Lan - {anj)zb—a%—%

where &, = (|bn] — bn) + (an — |an|). Observe that |e,| < 2 (in fact < 1
by the triangle inequality). Hence, lim,, o Py ((a,b]) = b — a.

Definition 5.1
A probability distribution function F' is any function F : R — R such that

1. F'is non-decreasing;

38



2. F is right-continuous;

3. limg oo F(z) = 0 and lim, o F(z) = 1°

Example (continued)
F :R — R and choose

0 =<0
Fx)=qz z€][0,1)
1 z>1

clearly is an example of distribution function (it is even continuous)

P.((a,b]) > b—a= F(b) — F(a) for a,b.

Theorem 5.2
For every distribution function F, there exists a unique probability measure
on (R,B) such that P([a,b]) = F(b) — F(a).

PROOF The proof would take several class and it is therefore suggested you
take Advanced Probability. Recall that B = o((a,b],a < b).

The generator € = {(a,b] : a < b} is N-stable. That is

Ei,Eb e = FEiNEyef.

Nevertheless, here are two important results from measure theory.

o [f P is specified on £, then P can be extended to a probability measure
on o (&)Y

e If £ is N-stable and Py, P2 are probability measures on (&) such that
Pi(E) = Po(E) for all E € &, then P; = Pa( or, in other words,
PL(A) = Po(A) VA € o(€)).!

9This means limy_,0,,>0 F(x 4+ h) = F(z) for all 2 € R.
9Under suitable assumptions on £(it need to be a ring of sets)

11f you are interested to look further, the book Measure and integration by Heinz Bauer
is recommended
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Remark

The theorem 5.2 holds also for functions G : R — R such that (1) & (2)
holds (from Definition 5.1). Then, there exists precisely one measure ug
so that pug((a,b]) = G(b) — G(a). In particular, if G(z) = x,z € R then
pc((a,b]) = b — a (the identity mapping). ug is called a Lebesque measure
(denoted \).

Theorem 5.3
If P is a probability measure on (R, B), then the function F' given by F(z) =

P((—o0,x]),z € R is a distribution function.

Proor Consider F': R — R.
1. F increasing, for x < y then (—oo,z] C (—o0,y] and

F(y) = P((=00,]) < P((—00,2]) = F(x)

2. F' is right-continuous: hy,,h, — 0,h, > 0V n € N and w.l.o.g. is
monotone. Then (—oo,z + hy] C (—oo,z + hpt1] € .... We have a

decreasing sequence of sets so

(e 9]

ﬂ (—o0,z + hy] = (—o0, 7]
n=1
and
(@) = P((=20.) = P([) (=06, )
= lim P((—oo,z + hy]) = Jim F(x + hy)
3. Consider the interval [—oo,z,] D [—00,Zp41] D ... and without loss

of generality x,, decreasing; x, — —oo. Then N2 (—o0, z,] = 0. So

P((—o0,zy,)) = 0= lim P((—o0,z,]) = lim F(z,)

n—oo n—oo
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Then, if we have another sequence y,, — oo increasing and (—o0, y,] C
(=00, Yns1] € - 50 U, (~00, ] = R 50 P(US, (00, y]) = 1 and
P =lim, o0 F(yn)-

Corollary 5.4

If Fis a distribution function, then there exists a unique probability measure
on (R, B) such that P((a,b]) = F(b) — F(a). Conversely, if P is a probability
measure on (R,B), then F': R — R and F(z) = P((—o0, z]) is a distribution
function and such that P((a,b]) = F(b) — F(a).

PROOF There is a one-to-one correspondence between the Probability mea-
sure on (R,B) and the distribution function: everything is encoded in F.
Consider (a,b] = (—o0,b] \ (—o0,a] for a < b. We have

P((—00, 6] \ (=00, a]) = P((=00,0]) = P((=00,d]) = F(b) — F(a)

Lemma 5.5 (Properties of F)
Let F' be a distribution function of a probability measure P on (R,B). Then

1. P((—o0,x)) = F(z7)

- P({a}) = F(x) = F(z7)

3. F is continuous < P({z}) =0 Vz € R

\V)

4. P((a,b]) = 0 & F(b) — F(a)

PrROOF We prove (1) and (2), the others follow directly.

(1) (=o00,2) = Uply(—00,z — £], so we have

P((—o0,z)) = lim P ((—oo,x — 1)) = lim F (a; — 1) =F(z™)

n—00 n n—00
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Figure 12: The cadlag function F'

P({z}) = P((—00,2]) = P((—00, 7)) = F(z) — F(z7)

Remark

F is a cadlag function (i.e. “continue & droite, limite a gauche”)

Example 5.2

If P is a discrete probability measure on (R, B) with support S and PMF f.
To observe this, P(B) = > ,csnp f(2).

F(z) =P((—o0,a]) = ) _ f(s)
s€S

where f is the jump function. Here is a concrete example: S = {1,2,4}
with f(1) = 0.5, £(2) = 0.3 and f(4) = 0.2.
In general

1. F'is a jump function;
2. The jumps occur at points in S

3. The size of a jump at s € S is f(s).
Remark
A probability measure is called continuous if its distribution function is con-
tinuous. In general, F' has at most countably many discontinuities (jump).
The proof is in the book. [1] p.44
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In general,
F =pi1F1 + poFo + p3 ks

where p1,p2,p3 > 0 are weight and p; + p2 + p3 = 1 and where F} is a
DF of a discrete PM, Fj is continuous, but such that Fj(xz) = 0 for almost
all z € R or equally M{z : Fj(z) = 0} = 0. Examples of such functions
include the Devil’s staircase or the Cantor function. Finally, F3 is the DF of
probability measure that are absolutely continuous. Note that the above is
a difficult result (decomposition of measure) from measure theory. We look

at the case ps : p1,p2 = 0 in the next section.
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Chapter 6
Probability measures on (R, B) with (Riemann)
density

Recall that the function f : [a,b] — R is Riemann integrable if and only if

1. f is bounded;

2. f is almost everywhere continuous, i.e.

Mz : f is discontinuous in x} = 0.

We make the following observation

Definition 6.1 ((R) probability density)

A function f: R — R is called a R probability density function ((R) PDF)
if

1. f(z) >0,z € R;

2. [ is R-integrable on R and [0 f(t)dt = 1.
Theorem 6.2 (Continuous distribution function)
Let f be a (R)PDF, then F : R — R given by F(z) = [*_ f(t)dt is a
continuous distribution function. Furthermore, F’'(z) = f(z) whenever f is
continuous at = (the density is the derivative of the distribution function).

In addition, ,
P((a,b]) = F(b) — F(a) = / f(t)dt

It is easily seen that this is a probability.

Remark

If F has a (R) PDF f, id est for all z € R, F(z) = [*_ f(t)dt, then
F' is continuous, but not conversely! However, it can be shown that F' is
absolutely continuous if it has (R) PDF. If a distribution function is AC,
then 3f* such that

Fz) = [ ; Frtdn
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Heuristic interpretation of f

Recall that if P is discrete with PMF f, then P({z}) = f(z). If P has a
(R) density f, then F' is continuous and hence P({z}) # f(z),P({z}) =

0 V z € R, implying no outcome is favoured. But

P((z— e,z +¢]) = /W Fyde "X fe) 20 ~ f(a) - 26

Tr—e€

Example 6.1 (Uniform distribution)
Ula,b] on [a,b] : a < b on R. The density is given by

Indeed, [0 f(t)dt = |, b 7-dt = 1. The corresponding DF is

a

0 ifx<a
x dt —
1 ifx>b

with the special case a = 0 and b = 1 is called the standard uniform distri-

bution.
0 ifz<O
F(z) =<z ifze€l0,1)
1 ifx>1

Example 6.2 (Exponential distribution)
Consider a rate A > 0. We say the random variable X has exponential
distribution (denoted X ~ &) if the (R) density is

f(@) =X M)

given that
(o) 00 00
/ f(t)dt :/ Ae Mdt = —e M| =1
0

o 0
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is clearly non-negative. The corresponding distribution function is

ifx <0

0
F(x) = x
() / e Mdt=1—e ™ ifz>0
0

Suppose that we have the following situation. Waiting for an event of a

certain type (insurance claims, earthquake,etc.)

The probability of exactly one such event will happen in an interval
of length h is A + o(h), where o(h) = %% — 0 as h — 0.

The probability that there are two or more events occurring in an

interval of length h is o(h).

The number of events in disjoint intervals are independent.

We will make it more precise and show it follows a Poisson. Let N(t)...
the number of events in [0, ¢]. Chop in n intervals of equal length n and let
n — 0o. Then P({N(t) = k}) = P(A) + P(B), where A ... there are exactly
k intervals @, %} with 1 event and (n — k) intervals with no events.

B...(N(t) = k) and there exists at least one interval with 2 or more events.
Therefore AN B = () and

so lim,, oo P(B) = 0 and B is negligible and we have
t t\ " t t\ " F
= (i) (e G 26 ()
k n n n n

t
n . _ L xypk
n

46



We had derived this goes to Poisson so
1
PUN(E) = k}) = 2re MO0

Now, suppose you wait until the first event. If T is the time at which the

first event occurred,
PT<t)=P(0,t])) =1 -P(T>t)=1—(P(N(t) =0)) =1 — e
for t > 0. In other words, the exponential distribution describes the waiting

time for the first occurrence in a Poisson process.

The other interpretation of the exponential distribution is the lifetime of a
component. Note that
1P((z,x+¢]) . 11—eMote) ] peie y 1—e¢

lim ———"———* = lim =lim — =\
e=0¢e P((z,00)) e=0 g e~ AT =0 €

or in a more transparent way

F(x+¢)— F(x) 1 G I
E 1-F(x) 1-F(z) e

Here, XA is the hazard rate which is the probability of an event just after x
given that nothing happened in [0, z]. The exponential distribution describes

a lifetime of an object that does not age.

Definition 6.3 (Absolutely continuous)

F is absolutely continuous on [a,b] if for k =1,...,n

(Vs >0) (35>0) (ka- < Yk, [Tk, Yk) C [avbD

(fj v —axl < 5= 3 [F(an) — Fl)] < )
k=1 k=1

In other words, F is AC if it is AC on any [a,b] < F(z) = [*_ fdX
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Example 6.3 (Weibull distribution)
Let o, 8 > 0. Then

1 —ogB
f(x) = afa’ e 1,00

which integrates to 1 by a change of variable. The hazard rate is given by

f(z)

B—1
1— F(x) ’

= afr

This distribution can describe components that age or are in the so called

“burn-in” phenomenon. For different values of 3, we have

B > 1... hazard rate is increasing in x
B =1... exponential distribution, hazard rate is constant
B < 1... hazard rate is decreasing in x.

Example 6.4 (Normal (Gaussian) distribution)

Perhaps one of the best known, the Normal distribution has

[a—
M)

T

J@)= =T

for x € R. The fact that the function integrate to one is a consequence of

the gamma function. Indeed,

o 1 xQd o 1 de
e 2dx = 2/ —— e 2dx
/_oo 2T 0 V27

using the symmetry of the bell curve. By a change of variable t = 22/2 =
V2t = x and dt = zdx, we get

0 1 1 g 1 1 ﬁ
:2/ 74*&:*/ (31 tdt:F<>::1
o Vor Ve Vo ¢ Jio\2) T Um

Remember that the gamma function is defined to be

I'(a) :/ t*te~tat.
0
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Figure 13: Gaussian bell curve with standard parameters and y = 1,0 =
0.75

The Gaussian distribution may be viewed as the limit of a (rescaled) Bi-

nomial distribution (from the Central Limit theorem). It is worth noting
that
T 1 22
/ — € 2dx
—00 s

The general normal distribution N (i1, 0?) has parameters ;4 € R, o > 0 and

is not in closed form.

a probability distribution function

1 1 _@w?
fla)=—=—¢ 7, zeR.
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Chapter 7

Random variables and their distributions

Recall that (€2, .4) is called a measurable space. Suppose another measurable
set (X,B). We first start with a little motivation. Consider a toss with 2
distinguishable dice. The sample space is Q@ = (4,7);4,5 € {1,...,6} and
P(£2), but this time we are interested in the sum of the face values.

With our knowledge of the dice toss, Q* = {2,...,12} and A* = P(Q*) is a
new probability that we recognize to be not anymore a Laplace experiment.
In fact, P*({2}) = P({(1,1)}) = 1/36 and P*({3}) = P({(1,2),(2,1)}) =
1/18. We will introduce a mapping X : Q — Q* or (i,7) — i+ j and

P*({k}) = P({i,j) :i+j =k}) = P({i,j) : X(i,J) = k})

In general, X : Q@ — X. We could consider for example a conversion from

canadian dollars to euros. We have for any such mapping
P*(B) =PlweQ: X(w) € B)

notice that we have by definition of probability that P : A — R, which leads
to the following problem.

{weQ: X(w)eB}=X"YB)

may not be in A, i.e. we may not be able to compute P(X~1(B)).
Definition 7.1 (A — B measurable mapping)

A mapping X : Q@ — X where (Q2,.A) and (X, B) are measurable spaces is
called A — B measurable if

YV BeB:X(B)c A

The common notation is X : (2, A) — (X, B) although it is confusing.
Whether B is measurable depends on A and B.'?

12This concept is linked to continuity on topological spaces.
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Example 7.1 (Coin toss)

Q = {(0,0),(1,0),(0,1),(1,1)} and X : @ —» R, (i,5) — i + j. We are inter-
ested in the number of tails, so 0 =“heads” and 1 =“tails”. Now some re-
marks before we proceed. The measurability depends on the o-field. Hence,
X is P(Q) — B measurable. A = {0,Q,{(1,0),(0,1)}}, is a o-field on €, but
X is NOT A — B measurable, that is X ~!1({2}) = {(1,1)} ¢ A. However,
B={0,R,{1},R\ {1}} is a o-field on R, but sufficiently core so that X is
A — B measurable

X t0)=0cA

X 1R =0QecA

XH({1}) = {(1,0),(0,1)} € A
XTHRA\A{1) ={(0,0),(1,1)} € A

So measurability depends on the mapping and the o-field.

Terminology
If X:Q — Ris A— B measurable, then X is called a random variable and
for X : Q@ — R? and A — B? measurable, then X is called a random vector.

(X1,...,X9) : Q=R w— (X1(w),..., X4w))

Theorem 7.2 (Conditions for measurability)
Let Q,A) and (X, B) be measurable spaces and B = ¢(&) for £ C P(X).
Then

X is A— B measurable & VEcE: X 1(E)c A

PROOF

= We have V E € £ : X }(E) € A hold if X is A — B measurable
because £ C (&) = B.

< We will use the good sets principle.

A good set is
B*={BCXx:X YB)e A}
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By assumption £ C B* and need to show that B C B*. To do this, we will
show that B* is a o-field.

1. XeB, X '(xX)=0c A

2. Be B* = B ¢ B*.

X 'BY ={weQ: X(w)¢ B}
:{wEQ:X(w)GB}E
= {x7' ()}

is in A because B € B* and A is a o-field.
3. B1,By...€ B*= U2, X 1(B)) € B~

We claim that - -
X! (U(Bﬁ) = JX'(B)).
i=1 i=1
First,

we Xt (G(BJ) < X(w) € G(Bz)

i=1 i=1
& X (w) € B for at least one 4

& w e XY(B;) for at least one i

Hence we have
[o@)

U

=X '(B)
A

X! (G (Bi)>

given that B; is a good set and hence the union is in A because A is a o-field.

Hence £ C B*, B* is a o-field and therefore (&) C B*. O

Corollary 7.3
X : 2 — Ris A — B measurable if and only if

X 1((a,b]) ={weQ: X(w) € (a,b]} A
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foralla<beR

Note that the Borel o-field generated by open-closed sets can arise from any
of the following:

Example 7.2
Suppose that X : Q@ — R is A — B measurable and such that

X1{0}) = {w: X(w) =0} = 0.

Then
Y:Q->Rw—

X(w)
is also a random variable (i.e. A — B measurable). This is because if a € R

is arbitrary, Y ~!((—o00,a]) € A. To handle this expression, we deal with it
in subcases. So Y ~!((—o0,a)) is equal to

Indeed,
={w (lw)Sa&X(w)>O}U{w:X(1w)Sa&X(w)<O}

={w:1<a& X(w)>0}U{w:1>aX(w) & X(w) <0}
which is equal to either of these if respectively a = 0,a > 0 and a < 0
{w: X(w) <0}

(w: < X()} N {w: X (@) >0}) U (w:

(o

> X (W)} N {w: X(w) < 0})

Q= Q-

> X (W)} N {w: X(w) > 0}) U (w L X n{w: Xw) < 0})
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are all in A and A being a o-field, it is closed under unions and intersection,

so we are good.

Lemma 7.4
Suppose X : @ - X and Y : X — Y is B — C measurable. Then, the
convolution Yo X : Q@ - YV ,w+— Y (X (w)) is A — C measurable.

PrROOF VC €C, (YoX)1(C) e A, but

YoX) ' ={w:Y(X(w)) eC}
={w: Xw)eYYC)}

Given that Y ~1(C) € B because Y is B — C measurable, we get that {w :
X(w) € Y7HO)} € A because X is A — B measurable. O

Lemma 7.5
Let f:RY — R be continuous. Then f is BY — B measurable.

Lemma 7.6

Let X = (X1,...,Xg) : @ = R and w — (X3(w),..., Xg(w)), then X is
A — B¢ measurable if and only if X; is A — B measurable for i = 1,...,d
The proof is left as an exercise.

Hint: use the fact that X is a projection and that projection are continuous.

Definition 7.7
Let (22, A,P) and (X, B) be respectively a probability space and a measur-
able space. Let also X : Q2 — X be A — B measurable. Then

PX:B—R, B—PX(B)=P(X (B))=P({w: X(w) € B})

is a probability measure on (X, B). It is called the image measure of P or
distribution of X.

Let us stop a moment to do a reality check:
e PX is well-defined because X is A — B measurable;
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e PX(X)=P{w: X(w) € X}) =P(Q) =1;

o for By, Bo, ... disjoint,
pX <G Bi) = P(Xfl(fj Bi))
i=1 i=1
=P(U X7 (B)) = > _P(XT1(B) = P¥(B))
i=1 i=1

given that X ~1(B;) are pairwise-disjoint.

Notation
e P¥X is also denoted by £(X) (“law” of X);

e If ) is a probability measure on (X, B) such that PX = @Q, then X ~ Q
(X has distribution Q). For example, X : Q — R, X ~ N(0,1) means

that P¥ is the standard normal distribution.

Example 7.3
Let (2,4, P) be a probability measure and A € A an event with

0 ifwegA

X:Q0->R w—
1 ifwed
In other words, X = 14. Clearly, X is a random variable since

0 it BN{0,1} =0

A if Bn{0,1} = {1}
A if Bn{o,1} = {0}
Q if BN{0,1} = {0,1}

is in A and

and X ~ B(P(A)) (Bernoulli).
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Important observations

1. X : Q — X measurable. Then X describes a new random experiment
(X, B,PX). For example,

Q={(i.j).i,j €{1,....6}}
A="P(Q) X:Q—={2,...,12}; (4,j) =i+
P({i,j}) = 1/36

The new random experiment describes the sum of face values X :

(2,...,12},B=P(X),

|(i,4) s i+ = Kl
36 ‘

PY({k}) =P((i,) i+ j=k) =

2. Every random experiment (€2, A, P) can be described by some X: X =
2,B=A, X(w) =w (X is the identity map) and

P¥(A) =P(w: X(w) e A) =P(w:we A) =P(4)

3. Consequently, we will describe random experiments by mappings.
With the old way, we would specify for example = [0,00),B and
P ~ N(150,4). With the new way, the above would just be X a
random variable (r.v. ), X : Q@ — R and X ~ N(150,4)."

We can deal with many r.v. at the time.

Note

A measurable mapping X : ) — X is also called a random variable in the
context where we are interested in PX. A real-valued random variable is a
measurable mapping 2 — R.

Notation

A random variable is called discrete if X can take only countably many
values i.e. ran(X) = {X(w),w € Q} is countable. Then P¥X is discrete with
support range(X ) or ran(X).

13Capital letters are reserved for random variables exclusively.
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Notation
A real-valued random variable is continuous if its distribution P¥ has a den-
sity'*. The distribution PX of a real-valued random variable X is uniquely

described by its distribution function Fx °:
Fx(x) = PX((=o0,a]) = P({w: X(w) < a}) = P(X < ).
By continuity, also note about Fx
1. If X is a real-valued r.v. , then the following probabilities
P(X <x), P(X >x), P(X €a,b]), P(X€B), ..., P(X >2x)
are to be understood in an analogous fashion:

P(X € (a,b]) = PX((a,b) = P(w:a < X(w) <b).

2. In statistics and probability, it is not X that is of interest, but rather

PX (namely, its distribution) Therefore

e X =Y & X(w)=YwVVwe

e X =Y almost surely & P(w : X(w) = Y(w)) = 1. This is a
fairly strong assumption, but is often useful.

e X2y or X£Y & PX(B)=PY(B)Y B € B. In other words,
X is equal to Y in distribution.

141t is important to note that it has nothing to do with continuity of X as a mapping
5The last expression is an abbreviation of P({w : X (w) < x})
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Chapter 8

Functions of random variables

Let X bear.v. , X : Q@ — R. if g : R — R is measurable (B—B measurable),
then Y = g(X) is also a real valued r.v. . The most important examples of
measurable function ¢’s are the continuous functions (there are others, such
as g(x) = sign(z).) The distribution of Y, PY, is given by its distribution
function (DF). Hence

Fy(y) = P"((~00,2]) = P(w: Y(w) < y)

= P(w: g(X()) < y) = P(w: X(w) € g~ ((—o0,y]))
= P¥(z: g(x) <y)

Notation
For a real-valued r.v. X: if X is discrete, then P¥ is uniquely determined
by its PMF fx. If X is continuous, PX has density fx.

Consider X : Q — R, g: R — R. What is then the distribution of g(x)?

P(g(z) <y) =P¥(z:9(z) <y) =P(w: g(X(w)) < y)

where PX is on R and P on Q.

Example 8.1
X is discrete and takes values {—2,—1,0,1,2}. For each value, we have
fx(i)=P(X =1i) =P(w: X(w) =1).

We have the following: fx(—2) =1/5, fx(—1) =1/6, fx(0) =1/5, fx(1) =
1/15, fx(2) = 11/30. Now let Y = X? = g(X) and g(X) : R — R, x > 22
We have {Y (w) : w € Q} ={0,1,4}
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Fr(4) = P(Y =4) = PX({-2,2)} = 1/5+ 11/30 = 17/30.
Example 8.2
X~PAN)andY =e¢*=g(X),g: R— R,z — " and
{(V(w):weQ}={e¥W weq}={ e e? ..}

is the support. Now fy(e*) = P(Y = ¢¥) = P(X = k) = /I\f—fe_A since the

transformation this time is injective.

Observation
If X is a discrete real-valued random variable and g : R — R measurable,

then Y = g(z) is also discrete and its PMF can be computed as follows :
friy) =P =y)=P@g(X)=y)= > fx(z)=P(X=g"()
z:g(z)=y
if g is one-to-one. Note that the sum involves countably many summands.

Example 8.3
Let X a real-valued r.v. with DF F'x. We are interested in a new r.v.
Y =aX +b,b € R,a > 0. This is referred to as a change in location and

scale.

Fy(y) =P <y) =P(aX +b<y)

-b -b
:P(wEQ:aX(w)+b§y):P<X§y >:Fx<y >
a a
When X has a density fx, then Y also has a density fy(y) = fx (yT_b) é
In the special case when X ~ N(0,1), then Y ~ N (b, a?) since

1 _(y=b)?
e 2a2

Ir(y) =

2ma

Example 8.4 (Chi-square distribution)
X ~N(0,1),Y =X2%y>0. PY <y)=PX?<y)=P(—yy <z <7
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so X has a density

VY1 22 VY1 22
/ e_de:Q/ ——e 2dx
-y V2 0

with a change of variable, 22 = t, 2zdx = dt so

Q/y LIS S /y L
= e == e
0 V21 2Vt 0 V2t
So P(Y <y)=[Y_ fy(t)dt. If y <O, then
Yy
PV <y = (X <y)=0= [ it

Put together, Y has density fy. This distribution of Y is called the chi-

square distribution with one degree of freedom (denoted Y ~ x?).

Example 8.5
Consider X with density fx which has the property that

fx(@) = fx(-x) Ve eR

(i.e. fx is symmetric around 0). ¥ = |z| so P(Y <y) =P(|X| <y) =0if
y < 0. Now, if y > 0,

PY <y)=P(X|<y)=P(-y<z<y)

:/_yyfx(t)dt:/_Ony(t)dt+/()ny(t)dt

which by symmetry is just ”
2 / Fx(t)dt
0

so fy(y) = 2fx(2)1(z>0) s0 Vv,
Y
Py <y) =2 fr(dyeRr

hence Y has density fy.
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Observation
If X has density, say fx, then

Pla) <) = [ fx(bt
{z:g(z)<y}
Example 8.6
Let X ~ N(0,1),Y = max(z,0) = 2 cannot be discrete and we will show
that it cannot have density. The probability P(Y < y) = Pmax(X,0) < y).

Let us exhaust the possible cases:

y<0: Plzt <y)=0

0 1 2 1
y =0: P(a:+§0):P(x§0):/ “odr=-=P(t=0)

e
—0o0 2 2

y >0: P(z* <y) =Pz <y) = Fx(y)

The morale is that you should think first before looking at such problems.

Y is neither discrete nor continuous since by the left Fy is not continuous.

Fx

D[

fr

Theorem 8.1 (Transformation theorem for a random variable)
Let X be a real-valued r.v. with density fx and such that there exists
(a,b),a,b € R so that

1. P(X € (a,b)) = 1;

2. fx is continuous on (a,b).

Then if g : (a,b) — R is strictly monotone and its inverse g~ : {g(z) : 2 €
(a,b)} — (a,b) is continuously differentiable, the random variable Y = g(X)
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has density

fr(y) = fx (97 W) jygl(y) 1

y€ range g(x)

PROOF Assume that g is increasing (the other side is left as an exercise).
We have g : (a,b) — («, ) the range of g which by assumption is continuous
and strictly increasing. We want to show that P(Y < y) = [Y__ fy(t)dt for
y € R.

1. First case: y € (a, ) so

—/ x)dx —()>
- gl):a Ix (g— )]z (57 0)) |
:[;h®ﬁ

2. Second case y < « s0

P(Y <y) =P(y(z) < a) =P(g(z) < a,z € (a,b)) =

3. Third case y >

PY <y)=P(g9(z) <y,z € (a,b)) =P(X € (a,b)) =

/fX /fY(t)dt
:[m fy (£)dt
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if g is decreasing, the proof is analogous, we are only doing changes of

variables. O

Example 8.7

X ~ E(a) so fx(r) = ae™ 145y Fix 8 > 0, X? = Y where (a,b) =
(0,00). The mapping ¢(0,00) — (0,00), is defined z :1:% and the inverse
map ¢~ 1(0,00) — (0,00),y — 3% so (g7 (y) = y®~! > 0. and

fr(y) = Oéefayﬁﬁyﬁfll(yw)

Notice that Y ~ Weibull. Also note that we must watch out for the absolute
value |(g~1) (y)].

Example 8.8 (Log-normal distribution)
X ~ N(u,0?),e*. The interval of (a,b) = (—o0,00) and g : (—o0,00) —
(0,00), € =+ ¢*. Now, g~(0,00) = (—00,00),y = logy, g~ '(y) = ;. The
distribution function of Y is

1 1 _Oesy-w?1

[ o2 71
Ty () =" )

and Y ~ log-normal distribution, a distribution used in actuarial science. It
has certain interesting settings, notably in the case one wants to study the

number of claim that we want non-negative, but meanwhile close to normal.

Example 8.9
X ~ Uniform(0,1),Y = —log(X).

For this example, fx(z) = 1(¢[,1)), the interval (a,b) = (0,1). The map-
pings are g : (0,1) — (0,00),x — —log(z) and the inverse map g~1(0,00) —
(0,1),y + e~¥ and the derivative (¢g7!) = —e™¥

fy() =1 — e Y[1ys0) = e Y10

soY ~ &(1).
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Chapter 9

Moments of a distribution

Suppose a dice is toss in a game. If you toss k, then your gains are 10 x k$.

Then the expected win is

6

1 108
k=1 k=1

estimated by the arithmetic mean of the dice toss.

Definition 9.1 (Expected value)
Let X be a discrete real-valued r.v. with PMF fx. The expected value of
X is given by

EX = Z zfx(z)

ze{X (w):weNN}

provided

S Jalfx(@) < oo

ze{X (w)weN}

If the above is not finite, then EX does not exist.

Let us revisit our example: X € {10,20,...,60} and

p(X) {1/6, ke {10,20,...,60}'

0 otherwise
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Example 9.1
If X ~ B(n,p), then

k=0
- n! "

= e

= 3 k (n—1)! k(] _ p)n—1-(k—1)
W = )

Let now k* = k — 1; we recover the binomial so this is just equal to np.
If X ~P()\)

Ak N
Fx(k) = i ke{0,1,...}
0 otherwise

and

_ = )\k - —)\ = )\e - )\k* —>\ )\ -\
_kgﬂe - Zk—l' Zk*'_

If X ~ Geo (p), fx(k) = p¥(1 —p) for k € {0,1,...} and 0 otherwise. Then
EX =322, kp*(1 — p) by taking the geometric distribution and differenti-
ating term by term, hence EX = . We will see later that in such a case,
the arithmetic mean converge to the expected value by the Law of large
numbers.

Example 9.2

Suppose X is a random variable such that

ffx=4{"" & 3k
0 otherwise
and look at - -
2 2 1 2 1
D=3l =37_1-!
k=1 k=0 3



We could think a moment that EX is equal to

> 2 3k
S (1) k+13k ; 22

1k+1

= 2log?2

but > 72, %3% diverges. So EX is undefined. Note that since it is not

absolutely convergent, we can always rearrange as we wish the summation .

Note
EX depends only on the distribution of X.

Motivation » xP(X = z) makes no sense if X is not discrete. Fix ¢ > 0

and let the sum be

~ ) ieP(ie < X < (i+1)e).

1=—00

If X has a (R) density,

fx = Z ZE/ZH T A= /oo xfx(x)dx.

i=—00 -0

Definition 9.2 (Expected value of random variables with R density)

Let X be a r.v. with R density fx. Then the expected value of X is given
as EX = [0 afx(x)dz provided [*0_|z|fx(xz)dz < oo, otherwise EX is not
defined.

Example 9.3
Let X ~E(N), fx(z) = )\e_’\xl(m:w). In this case, integrating by parts

S o0 1 oo 1
A\x —Az

+ dr = — A de = -

0 /0 € . A /0 ¢ A

since this is a PDF fx(x). It is worth noting this trick as it will come often

EX = / /\x/\dx = —ge™

u’ 1vve’\x

in practise.

_(e=w)?
e 202 . First, we verify that expec-

Let now X ~ N (u,0?) so fx =

2mo
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tation is defined, that is

o0 1 _@w?
/ || 202 dx < o00.
—0o0

—e
\V2mo

By a change of variable. ¢t = *=£ dt = %" and from the triangle inequality
ot + p < olt| + |u so

/ooyt+| L S < /OO i *ﬁdtﬂy/oo Lt
o e 2 o e 2 e T dt.
—o00 'u\/271'0 - —0 V21O K —0 V27O

=1

Using symmetry, this is just

29 [T S = 20 /oo ~Vdy + |l
e e = e
V21 Jo V21 Jo yrim

by setting y = % Since this integral is the one of the density of the expo-

nential distribution with A = 1, we obtain a finite result. Indeed,

o0 1 _@w? o0 1 2
EX :/ x e 202 da::/ (ot +p) ez dt
—0o0

2o —00 2ro

which by linearity is just

o0 t t2d [o.¢] 1 t2d
o e 2dt+ / e 2dt =
/oo \V2mo M‘ —00 V21O | a

|
=0 =1

since density is symmetric around .

Lemma 9.3 (Expectation of symmetric distributions)
Suppose that X has R density fx such that

L 25 |2l fx (2)da < oo

2. 3a € Rsuch that Vo e R, fx(z +a) = fx(a — )

Then EX = a
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PRrROOF

—00 —
L

/OO xfx(z)dr = /aoo xfx(a:)dm—l—/aoo zfx(x)dx

t=a—2x t=x—a

0 o0
:/ (a—t)fX(a—t)dt—i-/O (a+t)fx(a+t)dt

—00

:a{/ooofx(a—t)dt+/ooofx(a—|—t)dt}
—{/Oootfx(a—t)dt+/oootfx(a+t)dt}

Now, we can use the assumption to cancel the second part, revert the change

of variable to get the probability density and

a/oO fx(x)dz = a

Example 9.4
Let X ~ Cauchy and fx = 1/7(1 + 2?),x € R. It is well-known indeed that

the Cauchy distribution is a heavy-tail distribution and indeed

/OO‘ |1 1 d 2/00 T d
|- ——=dr == x
oo w14 a? mJo 1422

is divergent. Omne can easily see this using R to generate random values;

we get outliers that are way off zero. As a matter of fact, the Cauchy
distribution is simply the Student’s ¢ distribution with 1 degree of freedom.
The Student’s t resemble very much the Normal distribution, except that it is
more heavy-tailed and that the number of its existing moments is determined
by the number of degrees of freedom: only the m — 1 first moments exist.
Hence, for m = 2, only the expectation exists and in the case of the Cauchy,
the distribution has no moments. As m — oo, the Student’s distribution is

seen to converge to the Normal.'¢

16The Student’s ¢ is in fact the ratio between two independent r.v., one that is normal
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Remark
Later, when we see the Law of large numbers, we will see that X1, Xo, X3, ...

a sequence of independent random variable, then the arithmetic mean

1 n
-y X, —— EX.
n n—oo

i=1

Theorem 9.4 (Expectation of functions of random variables)
Let X be a random variable and g : R — R Borel-measurable. Then if

Y =g(X)

(i) If X is discrete and EY exists, EY = Eg(z) = Y g(x) fx ().

(ii) If X has (R) density fx and (using the monotone density transforma-
tion result) g is strictly monotone and continuously differentiable on
(a,b) ={z: fx(x) > 0}, then if Eg(X) exists,

oo

EY —Eg(X) = | gla)x(w)da.

—00
PRrRoOOF

(i) Denote by S = {X(w),w € Q} = {s1,s2...} (countable) and by T' =
{9(X(w)),w € Q} = {t1,t2,...}. Then, by definition,

EY =) tefy(ty) = kz::ltk P(g(X) =tx)

h=1 P(X=g-1(t))

00
= Ztk S;

k=1 ig(s)i)=tx

:i > glsi)fx(si)

k=114:g(s)i)=tg

which is nothing but the sum of all s; = Y72, g(s;) fx(si).

and one that follows a x?(m) distribution.
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EY = /j ufx (97'()) ‘(g_l(y))/

where (o, 8) = {g(X),z € (a,b)}. We note that the derivative is

monotone (up or down) and that (a, ) is continuous and strictly

dy

monotone. Replacing ¢~!(y) = x, we obtain

= [ ) x @

Example 9.5
1
Let X ~ Weibull(a, 8) and X £ Y7, Y ~ &(a). Then

1 1 1 > 1. 11
EX —EY? = / yﬁl?ae_aydy = — (et g = o /13F(— +1)
o s Jo B

Let X ~ N(0,1) and Y ~ N(u,0?). Then, given that EX = 0, Y 4 w+
0X ...EY = p which entails that EY = E(u + 0X) = p+ 0cEX = p using
linearity.

Lemma 9.5 (Properties of the expectation)

In the context of 9.4 (X r.v. ,¢g: R — R, Eg(X) exists), then

i) E(g1(X)+...494(X)) =Eg1(X)+...+Egq(X) provided each Eg;(X)
exists. This is just the linearity property of the expectation.
ii) EaX =aEX
iii) E(a) = a, for a € R

Definition 9.6 (Moments of a distribution)
Let X bearv. , n € Na e R. If they exist, the following expectations

have special names.
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1. EX" is the n'” moment of X
2. E|X|* is the o absolute moment of X.

Example 9.6 (Pareto distribution)

Consider a r.v. with density

0 <1
fx(@) =1 p

W OtherWiSG, B >0

which is the Pareto distribution . Then E|X|* = 3 [° 2% #~ldz < oo only

if 8 > «, i.e. the first moment exists if 5 > 1, second moment if 5 > 2, etc.

The question that arises is: under what conditions do moments exist?

Example 9.7 (Standard Gaussian distribution moments)
Consider the random variable X ~ N(0,1). Then E(X*) = 0 if k is odd and
E(X*)=1-3-5---(k—1) if k is even. We know that for o > 0,

/00 1 ,ﬁ%d 1
(& 2 o €Tr =
—oo V202

since this is the PDF of N(0,0?). Suppose a > 0, then

/oo 1 1 7X72ad :>/<>o 1 7X72ad 1 1
- e 2 T — e 2 rT=—=a 2
—oo\/QW\/I —0o0 \/277 \/a

a

Differentiate both sides w.r.t a. This is legit as both terms inside have

majorant so we can differentiate inside

71



so EX? = 1. Differentiate again

© 1 [(X?) [Xx? _x2, (—1) (—3> _3
:>/ — = |—=e dr=|—)|—)a 2
—co V2T 2 2 2 2
so [0, 1X4 2d$:350EX4:3.

Let’s make a small observation: let X r.v. with P(|X| < M) =1 for M > 0.
In this case, E|X|' < 00,0 < t < oo since | X|* < M < oo.

Theorem 9.7
Suppose X is a random variable such that E| X' < co. Then | X|* < 0oV 0 <
s <t.

PRrROOF For the continuous case, the discrete case is analogous
e}
EX = [ ol f@de= [ el f@da+ [ el f@)de
—00 z:|z|< z:|z|>1

</ud @+/MNMﬂ>

/f d:r—i—/ 2| f(x

=1+EX|' <0

Observation
Suppose E[X [ < co: [*_|z|'f(z)dz < co. We can rewrite this as

lim |x| f(z)dr < oco.

n—oo

This implies [, x|, |z|' f(z)dz — 0 as n — oo. Furthermore, we can say

/ || f (2)da > nt/ f(z)dz = n'P(|X| >n) — 0 as n — oco.
z:| X |>n z:| X|>n
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Theorem 9.8
Let X be a r.v. such that E|X|" < co for some 0 < ¢t < co. Then n'P(|X| >

n) — 0 as n — oo. The converse does not hold in general. Consider X

such that P(X =n) = T logn form=2,3.... and Y hes wTlogn = 1 (cis a
normalizing constant). Take
P(X > n) /OO — € S aP(X >n) =0
n) ~ ————dr ~ n n
n n?logn nlogn

as n — oo Here, by =, we mean that the ratio of both sides go to 1 as

n — o0o. However, EX = >72, logn — 00

Theorem 9.9

Let X be ar.v. with CDF F. Then E|X| < oo if and only if [°__ F(z)dz
and [;°(1— F(z))dx both converge. In that case, E(X) = [7°(1 — F(x)dx —
ono F(z)dx

ProOOF We consider again only the continuous case, proceeding by integra-
tion by parts.

(=) If E|X| < oo, then by a change of variables v = z,du = dz,dv =
f(z)dx,v = F(zx), we obtain

/Onxf(x)dx:nF(n)—/OnF(x)dx:nF(n)—n—i—/on(l—Fa: dx

by adding and subtracting n to obtain —n(1—F(n))+ [5'(1—F(z))dz. Now

consider

n(l—F —n/ f(z d:n</ zf(z)de — 0

asn — oo and F(n) = P(X <n)and 1 — F(n) = P(X > n). Take the
limits: [;° 2 f(z)dz = [7°(1 — F(x))dz. For the other part, we use the same

trick again, namely a change of variables.

/0 zf(x)dr = lim a:f( )dx = lim [nF(—n) - /_On F(:c)dm]

o n—00 n—oo
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Consider the part nF'(—n)

= n/o: f(z)dz < /O: |z| f(z)dr < o0

So nF(—n) — 0 as n — oo hence by combining both parts, we get

/O a;f(a:)dx—i—/oooa:f(x)dx:EX:/Ooo(l—F(a:))da:—/_OooF(x)d:U

— 00

(<) Observe that, from (=)

/on vf(x)de < /On(l — F(x))dz < /000(1 ~ F(X)de - /Doo Flopde

Similarly,

/On 2| f () dzr < /OF(x)dx < /000 Fla)dr < oo

n

and taken together, E| X| < occ. O

Corollary 9.10
Let X be a non-negative r.v. . Then, EX exists if and only if [7°(1 —
F(z))dz < co. In that case, EX = [{°(1 — F(z))dx.

Example 9.8
X ~€&(a), f(z) =ae ™ z>0,a >0. So

1-F(X)= / ae” Ydy = e
=EX :/ e “dx = l/ ae” “dr = 1
0 a Jo a
Theorem 9.11

Let X be a random variable such that z'P (| X| > z) — 0 as * — oo. Then
E|X|® <oofor0<s<t.
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PRrROOF Fix e > 0. Then, d zg such that V z > xg then
'POX|>2)<e
if and only if P (| X[ > x) < 5. We have

X = [T P(XI > a)do= [TP(X >0t )ds
0 0

Now, using a change of variable y = T3 o y® = x,sy° 'dy = dx. Recall
that we had for the expectation of Y > 0, EY = [ (1 — Fy(y)) dy where
(1—-Fy(y)) =PI =y).

= [P (x> )y

- [ 81waw@+/ sy"'P(1X| > y) dy

S/ 51dy+/

::L'0+es/ ys ly dy < oo
o

by assumption, since the integral is finite. O

Lemma 9.12
For a r.v. X, with E|X|! < oo & > 0%, P (\X\ > n%) < 00. The proof is in
the book.

The fact we had this only defined for discrete of Riemann density and since
the definition was ad hoc, we introduce the Lebesgue integral . Here is an
optional section.

Remark

If ¢ > 0 and measurable, and E(g(z)) = 0, or Y, g(x)fx(x) = 0, then
P(g(z) = 0) =

Definition 9.13 (Central moments)

Let X be a random variable such that EX exists. then, E(X — EX)¥
called the k' central moment and E|X — EX|¥ is the k*" absolute central
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moment. In particular, for k = 2, E(X — EX)? is called the variance of X

and \/E(X — EX)? is the standard deviation.

Example 9.9
Let X ~ N (u,0?). For this example, we can compute the variance as follow:

oo 1 (@—m)?
Var(X :/ x — p)? e 27
(X)=] (@=m'——

let now y = —#. Then

2
¥
5 2

0 1
= 02/ y2 e 2 =0
—00 vV 271'

Figure 14: Normalcurvisaurus sp.

PDF(z)
0.3 0.4

0.2

0.1

Example 9.10
Let X ~ P(\), EX = A. If we look at the variance, we see that

> AE
32 Y
kgzo(k A) ¢
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If we look at

ATRERTS SR SISy
27 (k—2)

which by shifting is e* and \2.
E(X? - X)=EX?-EX =EX? -\

hence EX? = A2 + \. Now, using the next theorem (2), we have Var(X) =
M+ A-A2=\

Theorem 9.14 (Properties of the variance)
Let X be a r.v. with E|X| < co. Then

1. VarX exists if and only if EX? < oo;

2. VarX = EX? — (EX)? (if EX? < o0);

3. VarX =0« P(X =¢) =1 for some c € R.
4. Var(aX +b) = a*VarX

5. mineer E(X — ¢)? = VarX = E(X — EX)?
PROOF

1. X2 = (X — EX + EX)? < 2(X — EX)? + 2(EX)? since
(a —b)? <2a® 4 2b% and so E(X — EX)? < 2X? + 2(EX)2.

2. The following is an equivalent way to obtain the variance.
E(X —EX)” = E (X? - 2XEX + (EX)?)
= EX? + E{-2EXX} +E ((EX)?)

= EX? - 2EXEX + (EX)?
=EX? — (EX)?
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3. If fz(c) = 1, then EX = cand EX? = ¢? so by (2) VarX =c?—c? = 0.
Sufficiency of the condition. EX2 — (EX)? = E(g(X)),¢(X) > 0 =
P((X-EX)?=0)=1%P(X =EX =c) = 1. It is readily seen that

c is the mean of X
4. E(aX +b—E(aX +b))? = E(aX +b+aEX +b)? = a®E(a®(X + EX))?

D.

E(X —¢)? =E(X —c+EX —EX)?
= E((X —EX)? - 2(X — EX)(EX —¢) + (EX — 0)?)
=E(X —EX)? - 2E(X —EX)(EX —¢) + (EX — ¢)?
=VarX + (EX — ¢)? > VarX.

Definition 9.15 (Quantile function and median)
Let X be a random variable with distribution function F. Then, the gener-

alized inverse of F' (or the quantile function) is given buy, for all u € [0, 1]
F~l(u) = inf(z : F(z) > u)

note that at 0 inf = —oo and at 1, inf = () if 1 is not reached. The median
of X is given by mx = F~1(1/2) and F(myx) > 1/2, F(z) < 1/2if z < mx.

Another definition is as follow: A median is any m € R s.t. F(m) > 1/2
and P(X >m) =1— F(m—) > 1/2. If you take this last one, the median

may not be uniquely defined.

We also have E|X — ¢| is minimized if ¢ = mx. The proof of this fact is left
as an exercise. If it is finite, E|X — mx/| is more robust if the first moments
are finite. It is not so easy to compute, but the advantage is that the median

always exists.
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UQ |- o o

Ul F--------+

Figure 15: Example of generalized inverse for an arbitrary function.

One can remark the two definitions of the median are used in the figure,
illustrating the non-uniqueness of the second definition.
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Example 9.11
Let X ~ Cauchy, fx(z) = 1/7(1 + 2?) for € R and

z dy 1 T
Fy(z) = /_OO m == <arctanm+ 2)

and clearly by inspection F'x(0) = 1/2.

ol

Figure 16: Distribution function of the Cauchy distribution

Example 9.12

X takes the values 1,2,3,10° and P(X = 1) = P(X =2) = P(X = 3) =
0.3333. We have that the expectation is 10001.998, but the median mx is
2.
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Lebesque integration

We aim at defining EX for any random variable, with the idea that EX =
[ XdP. Recall that for (€,.4), a mapping p : A — R is called a measure if

1. u(A) >0V Ac A
2. u(@) =0;

3. For A;, Aj,i # j,i,5 € [1,00), then p (Us21 Ai) = D52 1(4).

The idea is if X =14 for any A € A, then what is [ 1adp = [, dp = p(A).
We go with a

Definition 9.16

X is called simple if the range of X is finite, i.e. {X(w),w € Q} is finite.

This condition is actually more restrictive than discrete random variables.

Remark
If X is simple, then X = Zle a; - 14 where aq,...,a; € R and A; are
pairwise disjoint and such that (J;2; A; = Q. To see this, set {X(w),w €

Q} = {al,. . .,ak}; then X(w) = Z?:l a,-l(X(w:ai) = 1w€X*1({ai}) = 1A¢(w)
where A; = {w: X(w) = a;} = X' ({a;}) with a; > 0V i.

Definition 9.17

Let X be a non-negative simple function , 7.e. X = ) ,_, 6ka;14,. Then
[ Xdu = Y%, aiu(A;), with the convention that oo -0 = 0. Let us go
through the different steps

1. X =14 and [ Xdu = u(A);
2. X =8 [aila, and [ Xdp =Y au(Ay);

3. Chop the range with

L
An:X*([’Qn,;’n)), i=1,...,n-2"
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and B, = X~ !([n,00)) Now set X —n = 372 L2l +nlp,. If
X(w) < oo, then for n sufficiently large, there exists i with X €

(1572, 1) and Xo() — X(@)] < 3 22 0 and X () = o0, Xo(w) =

n — o0 as n — oQ.

Note

If X is a discrete random variable with finite support

EX= Y aP(X=2)=) aP(X a}) = /XdP

Xe{X (w)we}

Here is an amazing

Lemma 9.18
Let X be a non-negative random variable(*)
functions 0 < X; < Xp < ... such that V w, X (w) = lim,, 00 Xy (w)

Definition 9.19

If X > 0is an arbitrary rv(*), then for X+ = max(X, 0) and X~ = min(X, 0)
we have X = XT — X~ and [ Xdu = [ XTdp — [ X~ dp provided that
JXTdu < ocor [ X du<oo. If [ Xtdu < ooand [ X~ du < oo, then the
integral [ Xdy is finite and X is called p—integrable.

7. Then, there exist simple

Note
X is p—integrable, [|X|dy = [XT 4+ X~dpy = [ Xtdp+ [ X~ dp < oo,
where the last step is the hardest to prove.

Definition 9.20
EX = [ XdP provided that X is P—integrable.

Here are some interesting properties of the Lebesque integral.

Theorem 9.21 (Monotone convergence theorem)

If 0 < X; < X3 <... be a sequence of non-negative rv*.

Then, lim, o Xn = sup{X,,n > 1} = X is a random variable* and
J Xdp =lim, o0 [ Xndu

'"Generalized random variable with +00)
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Theorem 9.22
Let X and Y be p-integrable. Then

—_

. JaXdp = [ X1xdp is well-defined for any A € A.

[\

[ Xdp < [Ydpif X <Y[EX < EY]

w

S Xdpl < J1X[dp[|EX] < E[X]]

e~

JaXdp=a [ Xdu [EaX = aEX]
5. [(X +Y)du= [ Xdu+ [Ydu [E(X +Y) = EX + EY]

6. If X1, Xo are non-negative,

[ > Xidn =3 [ Xidu
=1 =1

by the Monotone Convergence theorem

Theorem 9.23
let (£2,.4) and (X, |) be sample spaces and X : Q — X measurable, g : X —

R measurable. Then

Eg(X) = [ g(X)dP = [ gaP

provided that g(X) is integrable.

Observation (Lebesque vs Riemann integral)
f is non-negative and measurable, f : Q@ — R. Define v : A — [, fdu, where

f is called a u—density. Then v is a (new) measure on (£2,.4) and such that

/ng=/g~fdM

If X is discrete with PMF fx and support S = {s1,s2...} and we let u be
given by u(B) = |BN S| for B € B, then ( is indeed a measure. It is called

for any measurable g

by the chain-rule.
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the counting measure and

P(Xed) =P = 3 fx(s) = /A fxdu

seESNA

EX = /deX = /xfxd,u: Zsfx(s)

sES

If f > 0 is measurable and A — [, fdu is a new measure. If F' is absolutely
continuous, then there exists f > 0 measurable such that F(B) — F(A) =
f; fdX or in other words F(X) = [*__ fd\ and EX = [2dPX = [xfd.

OO0
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Chapter 10

Generating functions

Moments of higher orders are often complicated to compute, furthermore
some distributions are not available in closed form, even though they are
often encountered (Gaussian distribution). We tackle the problem with mo-

ment generating functions.'®

Definition 10.1
Let X be a random variable. The moment generating function (MGF) of X

is given as

/ e’ fx(x)dx if X has a density
Mx(s) =Ee® =™
e fx(x) if X is discrete
provided that Mx (s) exists in a neighbourhood (—¢, ) for some £ > 0 such
that it is finite and defined.

Example 10.1
Let X ~ N (p,0?). Then, the moment generating function is given by

o0 1 1 _@w?
Mx(s) = Ee®* = F———e 222 dx
X( ) —00 Var o
stoytn) L -2
= e e 2dy
—00 2w
>~ 1 y2—soy
= es”/ e~
—oo V 2T Y
where the second equality is obtained by making the change of variable

y="E dy = %’”. By completing the square, y? — 20sy = (y — 05)? — 025>

8There also exist probability generating function, but they are not that useful and only
work in the discrete case. The characteristic functions involve complex arguments and will
not be dealt with in the course.
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hence

2.2 ee} _s0)2
:esﬂ_"_o'; / 1 e_(y s ) dy
—0o0 \/27‘(’

0'252

sp+=

=€

for s € R, since we have recovered the distribution function of a normal

variable.

Example 10.2
Let X ~ P())

k
EeST — i €Sk)];]:6_>\ — e—)\ i ()\es) — 6)\63—1
k=0 :

. . S
for s € R since the sum is e*¢".

Example 10.3
Let X ~ Geo, P(X = k) =pF(1 —p),k=0,1....

Mx(s) =3 et —p) = (1=p) " (ep)F
k=0 k=0

converge if e’p <1 & e®* < 1/p & s <log(1/p). so p € (0,1). Mx(s) exists

for all

s <log(1/p) = (1 - p)— e

Other examples will arise in the assignment, for the negative binomial, the

double exponential, etc.

Example 10.4
Let X ~ Cauchy, fx(z) = 1/7(1 4 22) for x € R. The MGF

o0 eSI
—d
/m 1l +a22) "
is not finite. Even though the MGF is easy to compute, it is not well-defined

for all distribution functions.
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Heuristic calculation

. 2 sk ) & sFExF
B :E<Z Kl ) P e

k=0 k=0

can be differentiated if in the radius of convergence.

5T (l Z E$ sh 1k ‘ _ EfL’l
— 0

Suppose X is a r.v. such that Mx(s) exists in (—e,e) for € > 0 Then, for
any [ € N,

(Mx (s ‘ Ex!
can be shown to converge absolutely. More can be found in Widder book
The Laplace transform (1946).

Theorem 10.2
If X,Y are r.v. whose MGF exists in (—¢,¢) for ¢ > 0 (the smallest interval

of X and Y around 0) and Mx(s) = My(s) V s € (—¢,¢), then X 4 Y,
id est there is a one-to-one correspondence between the moment generating

function and the distribution function (if it exists).

Example 10.5
Let X ~ N (p,02). Then Mx(s) = ets+o°s*/2 5 ¢ R,

0'252
M (s) = <€M5+2) (s + o*s)

then M’ (0) = p = EX. Similarly, by the product rule

0'232 0'232
Mx(z) = <€“S+2) (us +07s)? + <e“s+ 2 > o’
imply M%(0) = u? + 02 = EX? — VarX = o2 If the MGF exists, all

moments exist.

Observation
If Mx(s) exists on (—¢,¢), then EX* < 0o V k € N. examples include the
Student’s ¢, the Cauchy and the Pareto distributions.
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Question: If all moments are finite, i.e. i EX* < 0o V k € N, does the
MGF Mx(s) = 3272, s"Ex* /k! exist on (—¢,¢)? The answer is no.

Example 10.6
Let X ~ fo(x) =ce 1" for 0 < a < 1,2 € R.

[ee] [e.e]
E|X|* = / |2|Fee™ 1% da = 2/ o
oo 0

which by the change of variables y = 2%, dy = ax® 'dx

2 o0 2 kE+1
— £ y%ileiydy — CF (+ ) < 0

o J_co « o

Thus My(s) = [*_ece #"dz > ¢ [* e(s71/27%) gy = o0,

Example 10.7
Consider X with density

)

<0
flx) = 1 Gegy? horwi
e otherwise
T/ 2T

hence X ~ lognormal (0,1). This distribution arise as follows: for

Z ~N(p,0?) o 2 ~ LN (u,0?).

Let Y have density g(y) = f(y)(1 = 0)sin(27logy)), |#] < 1. You can show

g is indeed a density. If we look at the moments of our two distributions:

EY* = /Ooo y* f(y) + y" f(y)0sin(2m logy)dy

=EX' +/ +y* f(y)0 sin (27 log y)dy
0

and the later is 0 because the sine function is an odd function. Indeed,
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logy =t and

ekt L S gsin(ant)d
= e e2 0sin(27t)dt
| e osintent

:g/me@
vV 2T —00
9 —k22 o

= ——¢
vV 2T —00

The second equality comes from completing the square and the last from

)’ 2eK* 2 sin (2 + t)dt

e %2 sin(2rz + k)dz =0

the fact we are integrating sin(27z). All moments are finite and exists, but
the distribution is not the same and furthermore by Exercise 10.6, we know

exp —(log z)2/2 is even slower then the previous example.

Theorem 10.3
Let X be a random variable such that EX* < co V k € N. If 302 s*Ex¥ /k!
is absolutely convergent for some s > 0 (interchanging the limit and the

integral is possible and our heuristic calculation works.). then X has a
MGF and the {EX* k € N} determines the distribution of X uniquely.

Observation
If X has a bounded support, then

00 ]
ElX|" = / | fo () dar < M’“/ fo(@)de = M* < 0o
oo oo
Here is a generalization of the moment generating function.

Definition 10.4 (Characteristic function)
Let X be a r.v. The characteristic function of X is given by ¢x(t) = Ee'®
for t € R. The advantage of this is that is it always defined.

Remark

1. The characteristic function always exists:
Ee'™™ = Ecostx + isinte = Ecosxt + Eisintx

and both are bounded. Now, |Ecostz| < E|costz| < E1 = 1 and

similarly, |Esintz| < 1,
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2. ¢x(t) is continuous in ¢;

3. ¢x(t) determines the distribution of X uniquely. The convergence of
the random variable can be characterized by the convergence of their
characteristic function. Some random variables are even defined by
their characteristic function; examples such as the elliptical distribu-
tions which have application in finance and are nothing but general-

ization of a more heavy-tailed version of the multinormal distribution.
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Chapter 11

Moments inequalities

Theorem 11.1
Let X be ar.v. and h : R — R, h measurable and non-negative. Further-
more, assume that EA(X) < oo. Then, for all M > 0,

ER(X)
P(h(X) > M) < =

Contrary to analysis, we are interested by large values of M rather than

small ones.

PrOOF We first prove for X discrete and show from right to left.

ER(X) =) h@)fx(z)= > hl@)fx@)+ D  hz)fx()

z:h(z)>M x:h(z)<M

>M ) fx(z)=M- -P(h(X)> M)
x:h(z)>M

We first split the sum in two in the first equality, then drop the smallest
part of the summation and use M as a lower bound for the second. In full

generality now:
ER(X) = / h(z)dPX (z)

= [ Len@eah@dPY @) + [ Tan<ah(@)dP @)

> M / Lys(@y>ndPX (z) = M - P(R(X) > M)

remarking that x : h(x) > M is measurable, so a Borel set. O
Corollary 11.2 (Markov inequality)
Let X be a random variable such that E|X|* < oo for some s > 0. Then

E[X]°

MS

P(IX[> M) <
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Y M > 0. This gives a bound on the probability of the tail of the distribu-

tion.

Proor For P(|X| > M) = P(]X|®* > M?). Apply Theorem 11.1 on h(X) =
| X|* to get the result. O

Corollary 11.3 (Chebichev-Bienaymé inequality)
If X is a random variable with EX? < oo, then

1
p (yX —EX|> M\/VarX> <ip
We will use the preceding in the proof of the Law of large numbers.

PROOF

P (|X —EX| > Mm) =P ((X —EX)? > M2VarX)

Applying Theorem 11.1 on h(X) = (X —EX)? yields the ratio M\éi;ij = ﬁ

0
+0o
o 34M% | 4%
2% 14% 14% 2%,
‘ —m ‘ x
—-30c —20 —0o o 20 3o
Figure 17: Normal distribution
Example 11.1

Let X ~ N (u,0?). The probability

P(|X —pu|<Mo)=P(—Mo <X —u<Mo)

o

:p<_MgX_“gM):q>(M)—q>(—M)
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where @ is the DF of the standard normal. We can implement ®(M) in
R using pnorm(M). The Gaussian curve has 68.27 % of the density in the
interval [p—o, u+o], 95.45% between [u—20, p+20] and 99.73% within three
standard deviation. Now, if we do this calculation using the Chebychev '”
inequality, we get.

1

P(X — i < Mo) = 1—P(X — | = Mo) > 1 - —

For M =1...P>0, M =2...P>3/4 and for M = 3...P > 8/9, which
is not impressive. We can look yet at another example that is artificial, but

gives a very sharp bound.

Example 11.2
Fix M >0 and let P(X =0) =1—1/M?, P(X = 41) = 1/2M?. Then, for

this r.v.
1

1 1
entails VarX = EX2. The probability P (|X|> %) = P(1X| > 1) = 1=
which is precisely the Chebychev inequality bound.

Theorem 11.4
Let X be a r.v. with EX =0 and VarX = 0. Then P(X > M) < % if
M >0and P(X <-M) < #2]\/[2 which entails since these are disjoint sets

202

PIX] = M) =P(X > Mor X < -M) < =0

Note that the assumption that EX = 0 is actually not very restrictive since
| X —EX|=1|Y],Y = X —EX = EY = 0. It will make calculations much

easier in a sense.

191t is also found under the name Tchebychev in the literature.
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PRrROOF

P(X > M)

PX+c>M+c¢) VYe>0
gP(yX+c|2M+c):P((X+c)22(M+C)2)
(X +¢)? EX?4+2EX+¢2

(M+c)?2  (M+c)?

02—}—02

:W:f(C)

IN

E

If we minimize this with respect to ¢, ie min. f(c), we get that the minimum

is attained if ¢ = 02 /M. In particular,

4
2 g
P<X>M)< [ +W 7M20'2+0'47 0.2
=z > M2+02 2_(M2+02)2_M2+02
M

For the other inequality, you can play with it in a similar fashion
PX<M)=P(X—c<-M—c)... <P((X —¢)? < (M +¢)?)

and do the same trick as before. If M is large, we get a more accurate result.
O

Theorem 11.5
Let E|X|* < oo, EX =0, and VarX = ¢2. Then for any M > 1,3

EX4 — ot

P(IX|> Mo) <
(IX1>Mo) < e i — oot
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2 2

PROOF LetY = — % L EYy = 0, VarY also exists. Then
M202 — 52

1

252 _ 52)2 2

Py > 1) < 1 Va\;XX _ (M?0 10 )" VarX
+var 1+ —VarX?

(M2 — 02)2

EXY -0t

T Miot £ 204 M2 + o4 — o4 —EX4

Theorem 11.6 (Lyapunov inequality)
Let X be a r.v. with E|X|" < co for some n € N. Then, for any 2 < k < n,

we have

ESll

1
(Blx/=) "7 < (EIx[F)

Proor Consider the quadratic form
o0 _ 9 - )
Qwrv) = / (ulz = +vlz| 5 )" dP¥ (@) = E (ulX|"F" +0la] =) 20

This means that for all u,v € R, it is non-negative. We now require k < n

for the quadratic form; if we expand the square
w?E| X [P 4 2uvE | X |F 4 o2 E| X [FTE > 0
- ( ) EIX*1  EIX[F Y (u -0
u v z
ElX*  EIX[F) \w
is a positive semi-definite matrix. This implies that the determinant

E|X|*1 E|X|F 2
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and equal by taking the k" power

(X1 ExY) = (B )™
Now by induction on k. If k = 2,

EX < (E]X]Q)% & (E|X])? <E|X|? & VarX >0
which is true. Suppose that for k < n,
(E\X|’H)k < (E|X]’“)k_1.

At the same time

(E|X|k)2k < (E|X|k+1E|X|k71>k
If we multiply the two inequalities, then

(1) (ee=) < (Epe) ™ (B (Bt

If E|X|™ = 0, it will be degenerate (almost everywhere zero). Assuming it

is not the case, we get

(E\X|k) k+1 < <E|X]’“+1)k
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Chapter 12

Multivariate random vectors

Definition 12.1 (Random vector)
A random vector X = (X7,..., X,,) is a measurable function from (2, A, P)
to RY.

Definition 12.2
A (multivariate) distribution function f is defined by

F(X1,...,Xpn) =P(X1 <21, X9 <z9,..., Xg < xq)

Vap,...,z, € R? Fis a function F: R? — [0, 1].

Properties of F
F' characterizes the random behaviour of . Any distribution function F

has the following properties:
(i)

lim ... lim F(xy,...,2,) =1;
T1—00 Tq—r0o0

in other words, all components go to 1. We have increasing sequences

of events on which we put less and less constraints on 2.
(ii)

lim F(z1,...,2,) =0V 2
T;—>—00
since the intersection of () with any set is again the emptyset, which

has probability zero.

(iii) F' is non-decreasing and right continuous in each of its d components.
For example, fix x9,...,24 € R, then t — F(t,x9,...,24) is right-

continuous and non-decreasing. The proof is essentially the same as

20The commas denote intersection of sets.
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in one dimension. Note that the three are sufficient in 1-d, but the

essential property to construct a distribution function is

(iv) F'is d—monotone. When d = 2, this means for x; < 27 and z2 < 2}

F(x],25) — F(x1,23) — F(a7,22) + F(2x1,22) > 0

Figure 18: Viewing 2—monotonicity with sets

X1 :I;I

The above express P(LAUBUCUD) —P(AUC) — P(AU B) + P(A) since they are
disjoint sets. In terms of areas, thisis (A+ B+C+D)—(A+C)—(A+B)+A=D
hence P(z1 < X < 27,22 < X < x3). Without (iv), we could build F and get a
defective d.

The case of d = 3 yields

F(:ET,J?;,JL‘;) - F($17$§a$§)+F($1,$27$§) - F(I‘l,xg,l'g) >0

(l‘;, x2, $§)+F(.’L'1, :L';, .’L’3)

F
— F(z7, 25, x3)+F (27, x2, 23)

and in higher dimensions

S (1" x Fley, ..., cq)
ci€{zi,xf}
1€{1,...,d}
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where v(c) is the number of ¢;’s that have no stars. Conversely, any function
F :RY — [0,1] that satisfies (i) — (iv) is a valid distribution function i.e.
there exists a probability measure that yields F'. The proof are exactly as in
the univariate case; the key element is that (x1, 7] % (22, 23] x- - - X (24, 2] are
precisely the sets of form that generate the Borel class in R?. Multivariate
distributions are the bread and butter of statistician, but let us focus for

now however on the bivariate case (X = X1,Y = X»).

Definition 12.3
A random vector (X,Y) has a discrete distribution if there exists a countable
set S such that P{(X,Y) € S} = 1, that is X and Y takes countably

many values with probability 1. S is often expressed as a cartesian product
S=2S x X Sy.

The joint probability mass function is defined by fxy)=P(X =2,V =y)
for x,y € R. Since Sx = {z1,x2,...} and Sy = {y1,92,...}, we have

0 if ¢ Sx
fixyy(z,y) =40 if y ¢ Sy

pij  when z = x;,y =y;

where p;j € [0,1] and 322, 3% py; = 1.

Example 12.1 (Bivariate Poisson)
Let X ~ P()\) if and only if P(X = z) = e *\¥/x! for x € N, A > 0. This
variable could be the intensity of phone call at 911 in Montreal. We may
wish to compare with the number of phone calls on the south shore, which
follow another Poisson: we have Y ~ P(u) iff P(Y = y) = e #u¥/y! for
y € N, u > 0. Then the joint probability is

e~ (Atm) Ny



Example 12.2 (Multinomial distribution)
Suppose a random event can result in d + 1 different outcomes. This could
be classification of the quality of an object, or more simply the distribution

of grades. So X; is the number of items in bin 1, X; the number of items

in bin D, etc. Assume there are n items in all. (X1,...,X,) is said to have
a multinomial distribution with parameters n € N and py,...,pq € [0, 1] if
and only if

P(Xlz:tl,...,Xd:m'd):

d Xat1
n X1, Xo Xg4
Py Py Pyl =) pi
R L R v

where (n — Zf-l:l pi) = X4+1 and we have that 0 < p; +---pg < 1 so that
1—22'1:1 pi €0,1], X1, Xo,..., Xg11 €N, ZdH = n and p; = probability

of falling in bin 1.

Remark
In a discrete (bivariate) model, the choice of p;;’s determines the joint dis-

tribution.

P{(X,Y)€ A} =P {(X,Y) e\ Jli i}, (i) € A} =3

(i,7)EA

Definition 12.4
A random vector (Xi,...,X,) is said to have a continuous distribution if

and only if there exists a function f : R — [0, 00) such that

F(X1,....Xn) =P(X1 <zq,...,Xq < )
—/ / Fltr, ... td)dty ... dtg

If F' is absolutely continuous, then

flxy,... zp) = 5

x1...0%4
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The function f is called the multivariate density function of X. The follow-

ing properties defines a multivariate probability density function:

(i) [7o- - [T [z, . @p)dey .. dag = 1.
Example 12.3 (A bivariate exponential distribution)
Consider the time between two Poisson, says the waiting time between two
calls at 911.

X ~EN) = fx(z) =A™z €[0,00),A>0
Y ~ &) — fy(y) = pe ™,y €[0,00),u >0

Here is a possible f(X,Y)(z,y) = A\ue ™" V (z,y) € [0,00)2. “This is
called stochastic independence, but as French Canadian, I am not allowed

to talk about independence”, dizit Pr. Christian Genest.

Example 12.4
Define
0 ifr<Oory<0
min(z,y) ifze[0,1) & yel0,1)
F(z,y) =1 ifxel0,1)&y>1
y ifx>1&yel0,1)
ife>1&y>1

For this example, we see that both random variables are uniform on (0,1),
thatis X =U and Y =U and P(X < z,Y <y) =PU < z,U < y). If
we look at the partial derivatives however, we note 0F/0x0dy = 0 almost
everywhere and (X,Y) is neither discrete nor does it have a density. Note
that F' is continuous! Recall the exotic cases we had in 1-dimension; they
are much more frequent for higher dimensions and we really must verify it
integrates to 1.

Morale Check that

OF (x,y) B
/ / 0xdy ddy—l
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It could happen that points cluster on the line and the volume is zero. Con-
sider now a random vector (Xi,...,X,) is provided in joint distribution
function F(X1,...,Xy,) =P(X1 <x1,...,Xg < x4). if we wanted to recon-
struct the distribution Fx, (z1) = P(X; < 1), we let all x;,7 # 1 tend to
infinity and this entails

Definition 12.5 (Marginal distribution functions of F)

Let (X1,...,X,) be a random vector with distribution function F. Then,
the marginal distribution functions (margins) of F' are F, for i =1,...,d
where for each i € {1,...,d}

FXZ(a:Z) = x}gllooF(Xl,. . .,Xn),xi eR

J#i
Let us continue our example.
0 ifz<O
FX(x):yILrgloF(m,y): x ifzel0,1)
1 ifxz>1

and we recover X ~ U(0, 1) and similarly Y ~ 2/(0,1). Remember that even
though X, Y have density, the bivariate distribution does not. We’ll stress
this a little latter.

Example 12.5

FX)Y)=(1-e*)(1—eY) forz >0,y > 0. Then lim,_, F(x,y) is equal
toO0ifx <0and 1 —e ™ if x > 0. In this case, X ~ E(1) and Y ~ £(1)s.
Example 12.6

Suppose a vector (X,Y) ~ M(p1,p2,n). The support

S={(k,1):ke€{0,...,n},1€{0,....,n},k+1<n}

The support of X is the projection on the X axis X € {0...4} and P(X =
0) =P((X,Y) € {(0,z),z € R}.

Lemma 12.6

Let (X1,...,X,) be a discrete random vector with PMF f and support S.
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Then for all i € {1,...,d}, X; is discrete with support
Sx, =m+i(S) ={xr € R:3Js € S such that s; = =}

Furthermore, for all z € Sx,,P(X; = z) = > e, P(Xi = 84,..., Xa =
sq4). We could also make it more general.
Remark

fx,(x) = Z flrr, o @1, @, Tig 1y -, T4) forie{1,...,d}
(X1,0., X0 )ER?
;=

Let us continue our example. If we look at P(X = k), k = {0,...,n}, this is
fz(k) which equals

n—k

n
P(X =k) = el ke
( ) Z(:) <k7 , (n k- l)>p1p2( 1 pz)

Recall that the multinomial coefficient (, (nik—l)) = W'k*l)' which en-

tails
B n! i k= k)

l
=D Do (1 — p1 — P2
kl(n — k) g I(n—k—I1"2

)nfkfl

n e
= <k>p’f(pz +1—p; —pa)" "

= (Z) Fa—p)

Hence X ~ B(n,p1) and Y ~ B(n,ps).

Lemma 12.7

Let (Xi,...,X,) be a random vector with density f. Then, for all i €
{1,...,d}, X; has a density given by

00 00
fX1<x):/ / f(l'l,...,l'i_l,w,xi+1,...,xd)dxl,...,dl'd
o 00 [
I —— d—1
d—1
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PROOF For the case d = 2. Consider wlog X;. We have

Fx,(z1) = lim / 1 / * f(s, )dtds

To—00

:/j:o /_O:O f(s,t)dtds:/j; f(x1)(s)ds

If we wanted Xy, swap the integral (since the function integrate to 1 and is

positive). O

Example 12.7
Let f(z,y) =e V0 >0&y >0 Ify <0, fy(y) = /25 f(z,y)dr = 0.

Else,
o0 oo
/ e T Ydx = e_y/ e fdr=¢Y
0 0

Example 12.8 (Margins of Multinormal distribution)
Let (X1,...,X,) and define X = (X;...X4)", the expectation vector p =
(p1 ... 1q) ", and the covariance matrix ¥ € R%*9 positive definite and sym-

if y is positive.

metric. The density is given by

1 1 1 _
flay,... ) = mﬁ exp (—2(;U — ) N — u))

2
. . . (i _ o1 po102
Suppose we consider a simple case with pu = ( uz) and X = (P0'102 o2 ),

where p € (—1,1) and 01,09 > 0. The joint probability density is f(z,y) is

! @=u)? | w=p2)? _ 20(z—p1)(y—p2)
_ 1 1 e 2(17p2)< 12 + 92 T102 )

- (21 oi10y/1-p?

If we begin to play with the integral, we can obtain fx(z) = [ f(z,y)dy
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which is

1 oxo [ — 1 (x — pp)?
T Vomo, P\ 20— %) o

A )

exp|l————— |y —p2— —(z — :
—c0 V2m o9y 1 — p2 P 2(1 - P2)022 v 01 i
Thus, by completing the square on

pPo2
(y—uz - (ﬂf—m)) :
o1

we get that this part is equal to

2 _ 2
pPo2 p o2 2 _

y—ua—afl(w—m) T (x—m) =y—p
constant

The final result will be
11 1 5 pros? 5
r)=—— exp| ————5(x — 4+ —FF—(r—
fX( ) \/ﬂUl p < 2(1 — ,02)( :ul) 2(1 _ p2)0.22( :UJl)

[k ()
o Im " p 20*23/# Y

where 0* = 02,/1 — p2. Note that the second term in the product inte-
grated to 1 as we recovered a density function (namely that of the normal
distribution).

Example 12.9

. {1 if z € (0,1) and y € (0,1)

0 otherwise.
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Then the margin
0 ifz ¢ (0,1)

Falo) = /ldy ifz €(0,1)
0

Hence X ~ U(0,1) and similarly Y ~ (0, 1).

Remark

Careful! The joint distribution determines the marginal distribution, but not
conversely, id est the knowledge of the marginal distribution is not enough
to reconstruct the joint distribution (an illustration of this fact is to compare
Examples 12.4 and 12.9).
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Chapter 13

Independence of random variables

Recall that in the case of events, we had independence if P(ANB) = PAPB.

For two random variables X, Y, we need something of the form
P(X € B1,Y € By) =P(X € B1)P(Y € By)

for any By, By € B.
Definition 13.1 (Independence)

The random variables X1 and Xy are called independent if their joint dis-
tribution function F'(X, X3) is of the form

Fix, x)(x1,22) = Fx, (21)Fx,(22) V1,22 €R

Example 13.1
Recall the examples of bivariate exponential distribution we had earlier. It

is clear that
F(z,y) = (1 —e )1 —e ) lu>oy>0 = Fx(2)Fy(y)

Observation If we have By = (a,b], B2 = (¢, d], then

P(X € (a,b],y € (¢,d]) = F(b,d) — F(b,c) + F(a,d) + F(a,c)
= (Fx(b) — Fx(a)) (Fy(d) — Fy(c))
=P(X € (a,b]) x P(Y € (c,d])

if X and Y are independent. That is, if X and Y are independent, then
P(X € B1,Y € By) = P(X € B))P(Y € By). If Bj = (—o0,z) and

By = (—00,y|, then we get the converse.

Definition 13.2

The variables X;,7 € I where [ is an arbitrary index set, are called indepen-
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dent if for any k € N and any collection i1, ...,i; € I, then
k
Fixiy X)) @iy - ) = Il Fx, (i), (@i, 25) €RY - (13.1)
j=1

PROOF Independence clearly implies 13.1 (it is only a special case). We
need to show the equation is equivalent to independence.
Let k € {2,...,d},i1,...,ik € {1,...,d}. Then P(X;, <z, .. L X, < xlk)

= lim PXj;<z,...,Xg < 29)

Zj—>00

J¢{i1, ik}

d
= lim H FXi (xl)

xj—>oo -
¢ {inenin } =1

= lm 11 FXj(xj)( 1T FXj(xj))

]%{1177119}-7%{11”7’]’“} jE{il,...,ik}

Example 13.2 (Farlie-Gumbel-Morgenstein distributions)
Let F1, F5, I3 be some fixed univariate distribution functions.

For a € (—1,1), we have F(x1,x2,x3)
= Fi(x1) Fa(z2) F3(23) + aFi(z1) (1 — Fi(21)) (1 — Fa(z2)) (1 — F3(x3))

which is a valid trivariate distribution function. The margins of F' are
Fy, Fs, F5, and they are not independent unless a« = 0. However, if we look
at the distribution of (X1, X3), it has distribution function Fj(z1)Fs(x2),
that is X1 and X3 are independent. This holds for all pairs X; and X;, for
i, in{1,2,3},1 # j.

Theorem 13.3 (Conditions for independence)

Let (X1,...,X,) be a random vector. Then
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1. Xi,...,X, are independent if and only if

Jfxx) (@1 mn) = fxy (21) X - X fxy(2a) (13.2)

for x1,...,z, € R provided (X3, ..., X,) has a probability mass func-

2. Xq,...,X, are independent if and only if 13.2 holds almost everywhere
provided (X7,...,X,) has density f(Xy,...,X,).

PROOF Necessity. We have f(x, . x,)(Z1,...,7s)

T T4
/ / fxtxn) 1,y ta)dtg ... dty

=17 "
= H Fx, (:UZ)

=1

Sufficiency.
Fixy,x) (@10, o) _ Fx, (@) Fx,(za)
81’1 e 8.%'(1 821?1 8.%'01
fxixn) (@1, zn) =[x (@1) - fx,(2a)

and

fxu,xn) (@1, m,) = lim P(Xl €z, X1 +¢e),...,Xq € [14,Xq +€))

e—0

g
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Example 13.3
1. (X,Y) with density

e N so)ly=0) = € sy - € V50

Clearly, X and Y are independent exponential.

2. (X,)Y)~N ((ﬁ;), (pgi; pg?)). If p =0, then X and Y are indeed

independent.

n

pipy(1 —p1 —p2)" 7Y
Ly»(n—ﬁﬂ—y)) 1

faxy)(zy) = (
and 0 otherwise if x,y € {0,...,n} and z+y < n. Then X ~ B(n,p;)
and Y ~ B(n,py) are not independent z,y € {0,...,n} and z,y < n.
X and Y are not independent because the support of (X,Y) is not

{0,...,n} x{0,...,n}.

4. Let (X,Y) as in picture have joint distribution in the circle. They

cannot be possibly independent.

1
-1 1
-1
Theorem 13.4
X1,..., X, are independent if and only if for any Borel sets B1, By, we have
that
d
P(X1 € By,....,Xq € Bg) = [[P(X; € By)
i=1
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Corollary 13.5

Suppose X7i,..., X, are random variables and g¢1,...,gq are (Borel) mea-
surable functions, g; : R — R. Then, if X;,...,X,, are independent,
91(X1),...,94(Xg) are also independent. To see this, look at

P(g1(X1) € B1,...,94(Xq) € By)
=P (X1 €0 (B1),..., Xa € 94 (Ba))

remarking that each g~!(B;) is again a Borel set. For this intersection of

events, we apply Theorem 13.4 to get that the above is equal to

d d

=[IP(Xiea'(B)) =[IP(a(Xi) € (B))

i=1 i=1

Example 13.4
Consider (X,Y) with density f(z,y) = l%vyl(|z|<1)1(|y‘<1). The marginal

L1 4oy 1 1 1
fx(x) /71 1 W=y +x /49 Y 5+ (z€(-1,1))

[
odd function

so X ~ U(—1,1) and by symmetry ¥ ~ U(—1,1) and the two are not
independent. If we look however at the transformation X2 and Y2, we will

see that they are independent.

N
/ 1dt:\/ﬁ if u e |0,1]

Va2
P(ngu)zp(_ﬁgxgﬁ): 1 if u>0
0 ifu<O
and
Vo o ifv e |0,1]
P(XQSU)Z 1 ifv>0
0 ifv<0
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Thus,

Oifu<0,v<0

P(X2 <u,Y? gv) =
P(—vVu <z <Vu,—Vv<y<v) ¢
where ¢ is the following:

lifu>landv>1

0= Vu o /o Va /o
/ / 1+ xydyda; = 1(2\/ﬂ2\/17 + Tydydxr = /u/v.
Va4 4 —u ) —\/o

If u€[0,1) and v > 1, then P(X? < u) = y/u. If v € [0,1) and u > 1, then
P(Y? < wv) = \/v. Hence,

0 ifu<Oorv<0

Vuyv ifu€0,1) and v € [0,1)

Vu ifuel0,1)and v>1

Vv ifu>1andvel01)
ifu>1lv>1

P((X2 <u,Y?< v) =

which indeed equals P(X2 < u)P(Y?2 < v) for all u,v € R. The morale of the
story: X1,..., X, independent imply g1 (z1),...,gq4(zq) independent, but if
X1,...,X, are dependent, then g;(z1),...,gq4(z4) may or not be indepen-
dent.

Definition 13.6 (Independently and identically distributed r.v.)
A sequence of random variables X, X5, X3... is called independent and
identically distributed (i.i.d.) sequence if {X;,i € N} are independent and

X; has the same distribution for every i.
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Chapter 14

Transformation of random vectors

Let (X1,...,X,) be a random vector. If we consider a measurable mapping
g : RY — R™ measurable, then g(Xi,...,X,) = (Y1,...,Yy) is again a
random vector.

Example 14.1

Suppose that X7 1L ... 1 X4, where 1l is the notation for mutually inde-
pendent. We could be interested in the convolution X7 + Xo + - - -+ Xy; this
could arise for example in the insurance (the sum of all loses due to claims.)
If (X1,...,X,) is discrete, then in this case (Y1,...,Y,,) is also discrete
(since g(X) takes at most countably many values). Hence, the distribution
of (Y1,...,Y),) is given by its probability mass function.

Example 14.2

Consider the example from earlier of a toss of two dice. We have (X1, X2)
and Y = X; + Xs. Thus, the probability of obtaining a sum of & is given by
P(Y = k) = 3 jyi+j=k P(X1 =i, X2 = j). The probability mass function
of (Y1,...,Y),) is given by

fY(yla"'aym): ZfX(xl)"'aId)
(X1,..,Xq)ER%:
g(Xlr"'vxd):(ylv"'rym)

where fx is the PMF of X = (X1,...,X,) and

fY:P(}/l:ylv)Ym:ym)

but we are really running through the support of X of

fY(yla"'vyd): ZfX(‘rlv"')xd)
(X1, Xq)e{(21,...,2q)>0}
sit. g(@1505%q)=(Y150,Ym)
Example 14.3
Convolution of two binomial: X; ~ B(n,p), Xo ~ B(n,p) and X; 1 Xo,
Y = X7 + X3. We would like to see Y ~ B(2n,p). To prove this, consider
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the support of Y, which is {0,...,2n}. Hence fy(z) =0 if = ¢ {0,...,2n}.
If however x € {0,...,2n},

fy(z) =P :a:):P(Xl—I-Xg:m)
= fx, () fx,(j

(4,9):4,€{0;...,n}
z+] x

—fol )fx, (@ — i)
— i <7Z>pz(1 _ p)nfi . (xi i>pxi(1 _ p)nfori
1=0

()
=0

. e (27 — nInlz!(2n — x)!
=" (1L =p) (m)Zi!(ni)!(:ﬂE)!(ni+i)!2n!

=0
r (T [(2n—x
- pee() £ 0D
x =0 ( n )

where the sum is the PMF of the hypergeometric distribution(number of

defectives in n sample of size 2n hence

fr(z) = p*(1 — p)> (2”>

Example 14.4

Say X1 ~ B(n,p), X2 ~ B(n,p) and (X1, X2) ~ M(n,p1,p2). Then P(X; +
Xo=k)=0if k ¢ {0,...,n}. Note that the support of ¥ is not anymore
the same as before; we look at balls in category 1 and 2). If k € {0,...,n}
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For, P(Xl + X9 = k)

k k |
N ;fxl’XQ (k=) = 2::0 = 17)%( SN G Dl

.

)
o ()

= (2p)" (1 —2p)" " <k>

and X; + Xy ~ B(n,2p). The second case arise if (X1, ..., X,,) has density
fx. We must be careful as (Y1,...,Y,,) = g(Xi,...,X,,) may be arbi-
trary (it may have a density, be discrete or neither). Computing P(Y; <

Y1y -+ Yy < ym) could be done in the following fashion:

/ / fox(x1,...,2,)dxy ... dzg

Tn) E]Rd
g(X1, ,Xn)EHZ,l[— 00,Y;)

Example 14.5
(X1, X2) has f(X1,X2) = 67X11(0<X2§X1<oo) and let Y = X;
look at the distribution function of Y

P(Y < y) = // 67111(0<12§w1§00)d$1dx2
(X1,X2):X1—X2<y

oo rri
= / / e dxodry
0 11—y

— Xo.

We

will be zero if x1 < x9—y <y > 0. If y > 0, two possibilities: either z1 <y
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orr1 >y

0o prr1
/ / 01 o diry + / / e~ daradizy
xl*y

—/ e’ :Cldl’l—i-/ 1’1 —Jf1+y)dCL‘1

—/ emlxld:v1+y/ e"dx
y
+/ e "t 4 ye Y
0 0

=—ye Y+yeV+1-eY

—x1

= — XI€

and Y ~ &(1).

Theorem 14.1 (Transformation theorem)
Let (X1,...,X,) and g: A € R? — b € R? (dimensionality of spaces must

match) measurable. If

1. (Xy,...,X,) has density fx;

2. A € R? open and such that [--- [ fxdry...dzg = P((21,...,7q4) €
A
A) =1

3. The function

g($1,...,$n) % (gl(x:l?"'7xn)?"'7gd(x1?"'7a’:n))
is one-to-one.

4. h: B — A and (y1,...yq) — hi(y1,---Yd),---,ha(y1,...yq), namely

the inverse mapping of ¢ is such that V i € {1,...,d}, the partial

derivative ghl exist and are continuous V j € {1,...,d}; h is continu-

ously partially differentiable.
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5. The Jacobian is not identically zero

oy oy
dy T Oy
P | #0
Ohg Ohg
gy Oy

Then Y = g(X3,...,X,) has density foy (y1,---Yaq)

0

Fx (B va)s - hays, - ya) ) 1]

if respectively if (y1,...yq) ¢ B and (y1,...yq) € B where |J| is the absolute
value of the Jacobian.

PrROOF P(Y1 <y1,..., Yy < yq)

:/fX(t1,...,td)dt1...dtd
Y1 Yd

:/ fy(sl,...,sd)dsl...dsd
Y1 Ya
:/ fX(h1(51,...,sd),...,hd(sl,...,sd))|J|d51...dsd
by using in the third step the transformation t; = hq(s1,..., Sq) O
Example 14.6

X1, X9, X3 independent and X; ~ £(1).

_ _—xi—x2—T
fx($1,l‘2,1’3) =e T 31($1>0,a}2>0,a}3>0)

and

Y=(3/1,Y2,5%)=<X1+X2+X3,

X1+ Xo X1 )
X1+ Xo+ X3" X1+ Xo
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and g : (0,00)% — R3 and

T1 + X2 1 >

($1,$2,$3)l—> (:E1+x2+x3,1'1+$2+$3’$1+x2

The inverse function

h: (y1,y2,y3) = (Y1y293, Yy1Y2 — Y14293, Y1 — Y1Y2)

and the Jacobian is given by

Y293 Y1Y3 Y1Yy2
J=det |y2—voys vi—viys —vive |, I =—vive
1 -y -1 0

and using the Transformation theorem fy (y1,y2,y3)

— o~ Y1Y2Y3—Y1Y2+Y1y2y3—y1+yiy2| _ 2
=e ’ Y1 y2’1(y1y2y3>0,y1y2y3<y1y2,y1y2<y1)

= ¢ " Y1y21(,50) Lae(0,1)) Liyse(0,1))

can be factored in three parts

1
53¢ " Uils0 202lmaeo)  lase©)

soY; 1L Ys Il Y3 and Y7 ~ I'(3), Y2 ~ Beta(2,1) and Y3 ~ Uniform(0,1).
Example 14.7

Let X7 ~ U(0,1), Xy ~ U(0,1),X; 1 X and we are interested in the
convolution Y = X; + X5 is not from R?> — R?, but we could invent a
mapping ¢ : (0,1)2 — (0,1) x (0,2) and g satisfies the conditions of the
theorem and could look at the margin Y = (Y7,Y2) = (X1, X7 + X2) and
the inverse mapping h : (y1,y2) — (y1,y2 — y1). The Jacobian is given
by (,11 ?) and |[J| = 1 hence fy(y1,%2) = l(y,€00,1)) Lyo—yie(0,1)- We have
fva = [x11x,(y)

_ /1 1 dy B Yy e (O’ 1) fX1+X2(y) =Y
= _ 1=
0 Yy y1€(071) y c [ 2
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More examples can be found in the book. Let us examine a bit convolutions.
Let X,Y be random variables with X 1l Y and Z7 = X + Y. This is
encountered in insurance; consider the sum of claims. If (X,Y) is a discrete
random vector, then P(Z = 2) Y P(X =2)P(Y = Z—-X) = fx(¢)fy(z—x)
and there are only countably many such. If (X,Y") has density fxfy, we
could invent a mapping g : R? — R?, (z,y) — (z,z +y) and g~ : R? — R?
has (u,v) — (u,v —u) and the Jacobian is (_11 ?) and |J| = 1. The density
of (X, X+Y)is

fox x+v)(w,v) = fx(u) fy (v —u) - 1

However, our goal is the distribution of X + Y is

Ifxiv(z) = /o:o fx () fy(z — u)du.

We could have looked at the mapping Y, X +Y = [ fy(u)fx(z — u)du.
Is this the end of the story? Not really, since we could get a ugly integral.
Here is a great trick. If we look at the moment generating function of the

characteristic function
My y(t) = Ee!XHY) — EetX . oY = Ee!XEetY = My (t) M, (1)

which is

2.2, " Ix @)
/_O:o /_O:o e'®et fx (x) fy (y)dady

Example 14.8

The moment generating function of B(n,p) is (1—p+pe!)™. If we are looking
at the sum of two independent variables X and Y with X +Y, X Il Y, X ~
B(n, p) and similarly Y ~ B(n,p), then the MGF of X +Y is (1—p+pe’)?,
which is the MGF of B(2n,p) and hence X +Y ~ B(2n,p) (note that we
need the p to be the same to get this result).
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Example 14.9
X ~P\),Y ~P(u) and X I Y. The MGF of X is Mx(t) = eM¢' =D for
t € R and that of Y is My (t) = e~ Thus

My y(t) = e(HtA) (e =1)

and the convolution X =Y ~ P(u+ A).

Example 14.10

Let X ~ N (p,0%) and Y ~ N (v, 72), with X 1l Y. Then, for t € R
02t2

My (t) = e+

242

My (t) = e+

My yy (t) = el (@24r)

and X +Y ~ N(p+v,7% + 0?).

Remark
If Xi,...,X, are independent and Mx,(t) exists for |[t| <eVi={1,...,d}

or the minimum satisfies tis condition, then

This hold for general random variables, however we need to work with the
Lebesque integral. Furthermore, if the moment generating function does not

exist, we can do a similar trick with the characteristic function
' d
Cxy.x, (1) = B X) = TT Oy (1)
i=1

Here are some more examples

Example 14.11
Suppose that X ~ P(\); we have seen before that My (t) = e*¢' =1 for
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t € R. But this is also

d
MX(t) _ eA(et—l) _ en%(et—l) _ He%(et—l)
i=1
which is the MGF of the P (%) so X 2 Xi 4+ + X,, where X1,...,Xn

are i.i.d. P (%) This sum is precisely what the Central Limit theorem is
approximating. The same trick works for the Negative binomial. This is
called infinite divisibility.

Example 14.12

Let X ~&£(1),Y ~&(1) and X 1L Y. We want to look at Z = max(X,Y).
In this case, we cannot use the transformation theorem since the mapping
is not differentiable and we cannot find a continuously differentiable inverse.
Also bad is Z = XY'1(y~1) which does not have a density. So we need to
look at the distribution

P(Z<z)=Pmax(X,Y)<z)=P(X <z Y <Z)
=P(X<2)PY <2)=(1—-e%)?

for z > 0 and 0 otherwise. There is no universal recipe.
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Chapter 15

Correlation and moments

Consider (X71,...,Xy) = X, g : R? — R a measurable function (in the Borel

sense). ¢g(X) is a random variable. We first go with a

Definition 15.1
Let X and g be as above. Then the expectation E(g(X7, ..., Xq)

Z g1, ... xq) fx(z1,...,2q) if X is discrete
X1,..,Xg

// g(z1,...,xq) fx(x1,...,2q)dx, ...dx, if X has density .
— 00

provided that E[(g(X1, ..., Xq)| < co. To be specific

Definition 15.2 (Moments and central moments)
Suppose d = 2 and let (X,Y’) be a random vector. Then

1. For j,k € N,EXJY* is called the moment of (X,Y) of order (j + k),
provided E|X7|Y'|¥ < co. Note this is not unique for a moment of one

and the same order.

2. For j,k € NJE(X — EX)J(Y — EY)* is called the central moment of
(X,Y) of order (j + k), provided E|X — EX}/|Y — EY|¥ < 0o. Expec-

tations must be finite; we will see this a little later.

Example 15.1
Suppose the random vector (X,Y) ~ N(g), (; ’f),p € (—1,1) and recall

1 1 z? — 2pxy + 1°
fxy(@,y) = %17—02 exp <_2(1—p)2
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and therefore the second moment

oo o0 1 1 x? — 2pxy + y2
EXY:/ / rYy——--=oexp | —————" | dad
—o0 J —00 y277 £/ 1-— p2 P ( 2(1 — ,0)2 Y
_(Z*py)2
e 20-r") dxdy

o0 1 7ﬁ o0 1
—e 2 I
/—ooy\/ 2T Loo vV 271'\/1 —p2

density of N (py,1—p2)
oy 2
= e 2 d
/OO o pyay

/ m%:”

Var of N(0,1) I

and we get the second line by completing the square.

Example 15.2
Say (X,Y) ~ M(n,p1,p2), that is they follow a Multinomial distribution.

n ko

k,le{0,....,n
k+Il<n

=...=n(n—1)pip2

The computation will be done in the assignment.

Theorem 15.3 (Holder inequality)
Let p,q > 1 and such that % + % = 1. Then, if E|X|P < oo and E|Y|? < o0
then

EIXY| < (E[X[)7 (EY]")s

and in particular for the case p = ¢ = 2 the so-called Cauchy-Schwartz
inequality if E|X|? < co and E|Y|?> < 0o

E|XY| < VEX2VEY?

Proor If E|X|P = 0 = z = 0 almost surely (P(X = 0) = 1). This entail
E/XY| = 0 and similarly if E|Y|? = 0. If E|X|? > 0 and E|Y|? > 0, then
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recall the Young inequality
X|P q
|y < P e Va,y€R
p q

We used something similar to show that variance existed if the second mo-

ments was finite. Let w € Q)
X(w)Y (w) < X@P Y
(E|X|P)7 (E|Y|e)a |~ PEIXIP ~ qE[Ye

X (W)Y (w) X@)P | [Y ()
(EIX[P)7 (E[Y]9)s SE(pE|X|P qE|Y|q>

< E

by first taking expectation of both sides. Now,

X (w)P Y ()4
g X(W)] +E\ (w)]
pE|X [P qE[Y|2
~ E|XJP N ElY|9
- pE[X|P T gE[Ye
1 1
P q

and noting that the denominator of the left hand side of the equation is fixed
because Lebesque integral are monotone and the term is constant; hence we

can by linearity take it out of the expectation to get our result since

E|XY|
(E[X|?)7 (E|Y]a)s

<1

Definition 15.4 (Covariance)
Let (X,Y) be a random vector. Then E(X — EX)(Y — EY') is called the
covariance of (X,Y’), denoted Cov(X,Y) provided it exists.

Lemma 15.5
1. Cov(X,Y) exists if EX? < oo and EY? < o0;
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2. Cov(X,Y) = EXY — EXEY.

PRrROOF

1. Using the Cauchy-Schwartz inequality,

E|X — EX||Y —EY| < /E(X — EX)2\/E(Y — EY)?
= VarXVarY

so VarX < oo < EX? < 0.

Cov(X,Y) = E(X — EX)(Y — EY))
— E(XY - YEX — XEY + EXEY)
= // xy —YEX — XEY + EXEY fx y(z,y)dxdy

= / / 2y foy(@,y)dedy — EX / / YSfoy(@,y)drdy

—EY // z fpy(z,y)dedy + EXEY // foy(x,y)dzdy
— E(XY) — EXEY — EXEY + EXEY

Example 15.3

(X,Y) ~N(8),(14).p € (=1,1), then Cov(X,Y) = EXY — EXEY = p.
On a computer illustration, we can see that if p > 0, X and Y are positively

correlated and are said to be concordant. For p < 0, we say that X and Y
are discordant.

Definition 15.6 (Pearson linear correlation coefficient)
Let (X,Y) be a random vector such that EX? < oo and EY? < co. Then,

Cov(X,Y)
———— = p(X,Y
vVarXVarY 4 )
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Figure 19: Illustration of discordant and concordant random variables

a )
» L

is called the Pearson linear correlation coefficient. Our motivation is that p

is a one number summary of the dependence between X and Y.

Lemma 15.7 (Properties of correlation)
Let (X,Y) be such that EX? < oo and EY? < co. Then

L Jp(X, V) < 1

2. If X and Y are independent, p(X,Y) = 0;

3. p(=X,Y) = —p(X,Y);

4. p(X,Y) = p(Y, X); symmetry of the covariance.

5. p=41 < X = aY + b almost surely where b € R,a # 0 € R and if
a>0=p=1lelsea<0=p=-—1.

The proofs are left as exercises.

Downsides of p

1. p is not always well-defined.

2. p(X,Y)=0-» X,Y are independent.

Example 15.4
X ~N(0,1),Y = X2. Then

Cov(X,Y)=EXY —EXEY =EX? —EXEX?=0= p(X,Y) =0.
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3. If p is close to 0, you cannot argue that X and Y are close to being

independent.

4. If the marginal distributions of X and Y are given p(X,Y) may not

attain all values in [—1, 1].

Example 15.5

This is drawn from the instructor work as a postdoc at ETH Zurich.
A client, Swiss RE, which does refinancing for insurance company,
asked for some information about possible values of the coefficient of
correlation. Here is a possible reason for what is likely to be seen.
Suppose as it is often the case in insurance that X,Y ~ Log-normal,
X ~ LN(0,1),X = €4,Z ~ N(0,1) and Y ~ eV W ~ N(0,0?).
Then, their correlation coefficient. Then, the result is something of

the form even though they are “strongly linked”.

Figure 20: Approximate form of the dependence in insurance claim

Py

| \\\#\J

lo 20 4o

Remark
If we are interested in Cov(X + Y,Z) = Cov(X,Z) + Cov(Y,Z). Also,
Cov(a,X)=EaX —aEX =0VaeR

Example 15.6
Let X, Y ~ £(1) and X and Y are independent. We are looking at p (XLJFY, XLH,)
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Y

S eny and would have covariance

They don’t have a density since X‘jfy =1-

Cov (Xiw,l—xiw) __COV (XLJFY’XL“» =1

Joar (v (1) V()

Definition 15.8
Let (Xi,...,X,) be a random vector such that EX; < oo Vi = 1,...,d.
Then

EX;

Here X = (X7...Xy)".

Theorem 15.9
Let (X1,...,Xy) such that EX; < oo Vi =1,...,d. Then. for any a =
(a1 R ad)T S Rax1

E(a' X) =E(a1 X, + -4+ aqXy) =a EX = a1EX] 4 - + agEXy
PROOF Suppose (X7, ..., X,) has a density. Starting with the LHS,
T o o
E(a' X) = / / (a121 + ... agxq) f(x1, ..., xp)dxy ... dzg
—00 —00
d [o¢] o0
Z/ / ail'if(l’l,...,Jln)dZEl...dl'd
i=177"° >

d (o] oo oo
= E / aixi/ / a;ixif(xy,...,xn)dzy ... degd;
i=17"%° —00 I

—00 -
not ¢
1 |

Ix;(@i)
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Theorem 15.10
If (Xq,...,X,,) are such that E|X;| < 00,i = 1,...,d and Xq,..., X, are

independent, then

d d
E (H XZ-> = [ EX:
=1 =1

PROOF Starting with the LHS

/ / Tl ooy Tnfoy o andry .. drg = H/ zifx,; (zi)dx; = HEXZ-
—00 —00 =177 =1

0

Remark
If X 11 Y and EX? < 0o and EY? < o0, then

Cov(X,Y)=EXY —EXEY =EXEY —EXEY =0

Suppose that (X,Y) is a random vector such that Cov(g(X), f(Y)) = 0 for
any f and g measurable such that E|g(X)| < oo and E|f(Y)| < oo, then
X 1'Y. Simply take g =1p,, f = 1p, for By, By € B. Then

Cov(g(X), f(Y)) = P(X € B1,Y € By) = P(X € BI)P(Y € By) = 0.

Remark
As a rule of thumb

- E(X1,...,X,) = 2L, EX; always hold if well-defined

- E(X1,...,X,) = [T4,EX; only if X1,...,X, independent is suffi-

cient, but not necessary.

Definition 15.11 (Variance-covariance matrix)

Let (X1,...,X,) such that EX? < co. Then, the variance-covariance matrix
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¥ is a d x d matrix given by ¥; ; = Cov(Xj, X;) and

. Var(X7) Cov(X3, Xj)
N Cov(X;, X;) Var(X;)

Since Cov(Xj, X;) = Cov(Xj, X;), the matrix is symmetric. An interesting

feature of this is that the matrix X is positive semi-definite.

Theorem 15.12
Let (X1,...,X,) be a random vector such that EX; < oo,i = 1,...,d.
Then, for any a = (a; . ..aq)Le R¥*!

Var(a1 X1 4 -+ 4 agXy) = Var(a' X) =a' Xa

Remark

3 is symmetric and positive semi-definite because

a' Xa=Var(a' X)>0.

Proor

Var(a X1 + -+ 4+ agXq) = E((a1 X1 4 - + agXg — a1EX) — - — agEXy)?
2

Il
m

I
e
M;L

<
Il
i
-
Il
—

M=~

@
Il
—

CLZ'CL]'(XZ' — EXl)(XJ — EXJ)>

|
&M&
.M"“

<
Il
—
-
Il
—

CLZ'CLJ'COV(XZ', X])

|
M=

a?VarXi + Z aiajCov(Xi, XJ)
i#]

w
Il
—

In particular, if X; 1l Xj, the second sum vanish. Il
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Corollary 15.13 (Bienaymé identity)
Let (Xi,...,X,) be such that EX? < 00,7 = 1,...,d and X1,..., X, are

independent.

d
Var(X1,...,Xp) =Y _vaX; = tr¥
i=1
Example 15.7
This is useful in random sample. Suppose we have a collection of X1,..., X,

random variables having Bernoulli distribution where X; ~ B(p) How do we

guess the p?

~

# heads 1
Pn = =

n xT

(X144 Xn)

and for the expectation
. 1
E(pn) =E (n<X1+"'+X”)> =
Then,

n

1 1 &
Var(pn) = Var ( (X144 Xn)> =3 ZVarXi
i=1

1 1-
— Lnp(1—p) = LR o
n n
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Chapter 16

Conditional distribution

Correlation p(X,Y’) may be a good idea to capture the dependence between
two random variables, but is is a bit simplistic. We could look at some-
thing else, called conditional distributions. Recall the conditional probabil-
ity, P(AU B) = P(A)P(B) if A 1L B and if P(B) > 0, then P(A|B) = PA.
If we convey this idea to random variables X,Y with as our goal to define a
conditional distribution of X given Y = y.

If (X,Y) is discrete, with probability mass function fx y,

PX=12Y =y)

POX = afY =) = =5

In terms of PMF, it is just

fxy(z,y)

fr(y)

Observe that the above ratio is never zero V € R and we have

fX,Y(x,y) B 1 ) - ) )
xe% frlv) fy(y)%:fX,Y( W= =

is itself a probability mass function if viewed as a function of X. This

deserves a proper definition.

Definition 16.1 (Conditional distribution)
Let (X,Y) be discrete random variables with PMF fxy. Then, for any
y € R such that P(Y = y) = Fy(y) > 0, the conditional distribution of X
given Y is discrete again with PMF given by
Ixy(z,y
fxpy (@) = #, z €R.

Ty (y)

Similarly, one can define the conditional distribution of Y given X = x.
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Remark
If X and Y are independent, then V y € R such that fy(y) >0

Ixy(x) = W = fx(xz), xinR

and also conversely.

Example 16.1
Suppose (X,Y) ~ M(n,p1,p2). We have seen that Y ~ B(n,p2) and

n! o
FX v (SL’) _ zl(n—z—y)ly! p%pg(l —P1 —P2)n Ty
T S A

for y € {0,...,n} and z € {0,...,n —y}. If we cancel things, we get
(n—y)! ( p1 )x(l—m—pz)”‘y‘”
zl(n —y—x)! \1—p» 1—po

_ (=) ( p1 )3”(1_ p1 )”_y_m
zln—y—z)! \1—py 1—po

and we conclude that given ¥ = ¢y, X ~ B (n -, 1522). Here is a “dirty

calculation”. If we are interested in the following P(X = z|Y = y) supposing
(X,Y) has a density fxy. We can look at
PX=z|Y € (y—e,y+e) =5 = P(XP?;’EY;_%’;E;;F D
B ffoo fyyj; ny(s, t)dt d8/2€
JUIZ fy(t)dt/2e
5 fxy (s y)ds
- fr ()

if all necessary conditions are fulfilled, then by the Mean Value Theorem,

the denominator is “precisely” 1. Let now ¢ — 0. Then, P(X < z|Y = y)
kind of has like a density

J2 o fxy (s y)ds
fr(y)
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Definition 16.2 (Conditional distribution)

If (X,Y) has density fxy, then for any y € R such that fy(y) > 0, the
conditional distribution of X given Y = y is defined by its density

Ixy=y(7) = M, zeR

fr(y)
Example 16.2

Building on our previous example, suppose that we have that the random
vector (X,Y) ~ M(n,p1,p2), then

° X|Y:y~B(n—y,1f;2),y€{0,...,n}

. Y|X:xNB(n—x,1£§Dl),xe{0,...,n}

o E(X[Y =y) = (n—y)7E,, is a function of y

o E(Y[X =2) = (n—2):2- is a function of x

Example 16.3
We have (X,Y) NN((S), (;’1’)) and

1 1 (_m272pxy+y2)

2 iz P T 0
Ixjy=y(z) = 1 3
L oxp (_L)
V2m 2
1 —x? —2pxy +y? — Y + p2y2>

1
- mwexp< 2(1— %)

and X|Y =y ~ N(py,1 — p?),E(X|Y = y) = py (function of y) and
E(Y|X = z) = pz (function of x).

Definition 16.3 (Conditional expectation)

Let X,Y be some random variables (not necessarily independent). The
conditional expectation E(XY) is defined as ¥(Y'), ¥ measurable and

Z zP(X =z|Y =y) in the discrete case
U(y) =EXY =y) =14

/fo|y:y(:n)dx in the continuous case
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We can think of this as a projection on the space Sy. In Advanced prob-
ability, you will see that one can make Y into a o—field. Examples of
applications and of use include time series; if we want to predict tomorrow
stock market, they are likely to depend on today. For E(g(X)|Y)) = ¥(Y)

where

> g(x)P(X =z|Y =y)
V(Y)=EQ@X)|Y =y) = /’C n o
g\T)J x|y =y\T)AT

Example 16.4 (Hierarchical model)

Recall that if Y ~ P(\), then EY = VarY = \. Consider an example
involving car accidents. Not all have the same probability: some are bad
drivers, some have summer tires (on ice), etc. Consider A ~ F( ,%),
r € N,p € (0,1) where I'(z) = [;°t*"te~!dt. We are given

FA) = X (—lf,, (1;1’))

p

and X|A = X ~ P(A). X will be discrete again P(X = z), for z € {0,1,...}

and P(X = z|A = \) = 2 2. Before computing this, we need a little more
about conditional expectation.

Lemma 16.4 (Properties of conditional expectations)
The following properties hold (provided the expectations exist).

1. E(clY) =¢

2. E(X|Y) = EX when X 1Y

3. E(a1 - g1(X) + a2 - g2(X)[Y) = a1E(g1 (X)[Y) + a2E(g2(X)[Y);
4. If X > 0 almost surely, then E(X|Y) > 0 almost surely;

5. E(g(Y)¥(X,Y)[Y) = g(Y)E(¥(X,Y)[Y);

6. E(W(X, Y)Y =y) = E(¥(X,y)[Y = y);

7. E(X) = E(E(X[Y)); the iterative expectation formula.
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PROOF We prove the Law of Iterated expectation, starting from the right
hand side.

W(y) = EXIY =y) = [ afxp—y(@)

foY( y)d
(y)

/ /OO fXYJ?yd Jxy (@, y)de oo

- /_OO /_oo fo,Y(x,y)dxdy

= [ o[ pevGdyds = [ afx(@)ds —EX
| X @) |

and in particular, Eg(X) = E(E(¢9(X)|Y)) O

Example 16.5 (Hierarchical model (part 2))

Back to our example.

P(X =2) = E(1(x=s)) = E(E(1(x=q)|A))
if we look at the inside, this is

e AN

z!

E(Lix—p)A =X =P(X =z[A =)=

and it is even continuous; we can replace this inside with A random. There-

fore

e~ AT AT 1 -5 1
E — A r—1
( x! /0 N F(r))\ 7 (H’)Td/\
p
. p \ 1 1 /°° wr—1 —A(1+1%)
- <l—p) z! T'(r) Jo A c rdA
p 1 1 /oo z+r—1_—t T+Tr
— _— _—— 1_
(1—19) z! (1) Jo ! e (L-pydt
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where the last step follow from the transformation ﬁ = t and therefore,

we obtain from the hierarchical model

_pr(l _p)xrl(fr‘(‘;;) = (i!—(t’r_li') p (1 p)m’ S {0717"'}

is a Negative Binomial and therefore EX = E(E(X|I)) = EX = rU4=2),

Example 16.6
For X 1 Y, P(X <Y)=P(X-Y <0). If we adapt (7), E(9(X,Y)) =
E(E(9(X,Y)|Y)), we can condition and get

E(1(X <Y))
EEL(X <Y)]Y =y))

E(E(L(X <Y)[Y))
EL(X <y)Y =y)
P(X <ylY =y)=P(X <y)=Fx(y)

so P(X < y) = E(F,(Y)). In particular, if X,Y have densities, we have
JZ5 Fx W) fy (y)dy.

Example 16.7
Again, suppose X 1L Y. We are interested in
P(X+Y <z2)=EE(L(X+Y <2|Y)) where

E(I(X+Y <zl]Y =y)=P(X+Y <:z[Y =y)
(Z<z—ylY =y)
(X <z—y)=Fx(z—y)

P
P

by independence so P(X +Y < Z) = [ Fx(z —y)fy(y)dy if Y has a
density. If X 1L Y, but this time (X,Y") is discrete, if we look at

P(X+Y <2) =E(EQX +Y =2V =y)) XP y)P(Y =)
P(X=z—vy)

by making Y a random variable and conditioning. The result is the same
we had derived with the Law of total probability.
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Theorem 16.5
Let X,Y be random variables such that EX? < co. Then

Var(X) = E(Var(X|Y)) + Var(E(X]Y)) (16.3)

Example 16.8 (Hierarchical model (part 3))

We return to our example with the Negative binomial. X|A = A ~ P(N),
1—

A~T (er>. and

VarX = E(Var(X|A)) + Var(E(X]A))
= E(A+ Var(})

() (5)

1-p
p2

=r

PrROOF We now go to the proof of 16.5. Starting with the right hand side:
E(Var(X[Y)) = E (E(X?|Y) - {E(X|V)}?)
2
= /:c2fX‘y:y(:1:)da; — (/ fo|y:yacda;>

and from this, we decompose the terms from 16.5
Var (E(X|Y)) = E ({E(X|Y)}* ~ {EE(X|Y))}’)
and

E(Var(X|Y)) + Var(E(X|Y)) = E(E(X?|Y)) — (EX)?
= E(E(X?Y)) - EX? = EX? — (EX)?

g

Suppose r = % = \* such that EX = X\, Y ~ P(\*). This is easily

seen by plotting the distribution on the computer (the negative binomial is
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more spread). By conditioning, we increase the variability. These kind of
examples arise in Bayesian statistic, a field that takes parameters as random

variables.

Example 16.9 (Compound sum)

This is used in actuarial science. Suppose that we have claims for insurance.
We have some degree of knowledge of the magnitude of the claims, yet we
don’t know the number of claims per year. We invent a sequence of i.i.d.
random variables X1, X5, X3, ... (claim size), where X; ~ I" or Lognormal or
Pareto (if claims are high). We are interested in the total amount required
to pay at the end of the year, namely Sy = Zi]\il X; and N is an integer
random variables independent of X; V i. This is a reasonable assumption if
we have no catastrophe. Thus, if we want to learn about P(Sy < z), we can
look at

E(Sn) = E(E(Sn|N))

and the inside term is

= E(Sy|N =n)=E (ZH:XZ-]N = n)

=1
=E (Z XZ-> = nEX;
=1

SO
E(Sy) = E(NEX;) = ENEX;

We can also look at the variance using 16.5
Var(Sy) = E(Var(Sn|N)) + Var(E(Sy|N))

and looking at each term individually, we get

Var(Sy|N = n) = Var <Z X;|N = n) = nVar(X;)
=1
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by plugging back,
Var(Sy) = (NVarXi) + Var(NEX,) = VarXEN + (EX;)? VarN.
In particular, if N ~ P()), we obtain
A (EX? = (EXi)” + (EX,)’) = \EX?

The moment generating function is an expectation

EctSNy — E (E (etsN|N>) = ﬁ E (etXZ) =E ({Mx(t)}N)
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Chapter 17

Stochastic convergence and Laws of large numbers

Let X1, ..., X, be a sequence of i.i.d. random variables distributed ' (u, 02).

We want to find a mean. One possibility is to take the arithmetic mean

1
(X1_|_..._|_Xn)

X, =
n

in order to get

0.2

E (X7n) = u and Var (X7n) = % -nVar(X1) = o
such that X,, nzee, p. Recall that X, is a random variable, so the above is a
mapping. Say Y1, Ys,Ys, ... is another sequence of random variables and we
have another rv Y such that Y, - Y, then Y, : Q >RVnand Y :Q — R.
Recall that we have pointwise convergence if ¥ w € Q,Y,,(w) — Y (w). Since
we know little about w, this type of convergence is not really realistic. But
we know the distribution and instead, we consider these different type of

convergence as n — 00, we have

1. Y, 225V convergence almost surely;
2. Y, & Y: convergence in probability;

3. Y, ~YorY, o, Y'; convergence in distribution

Definition 17.1 (Convergence in probability and convergence almost surely)
Let Y7,Y5,... be an arbitrary sequence of random variables. Let Y be an
arbitrary random variable. Then

1. Y, — Y almost surely < P (w : lim,, 00 ¥y (w) = Y(w)) = 1.

2.V, 2Y e Ve>0,lim, 0P|V, — Y| <) = 1.

Example 17.1 (Marching mountains)
Let © = [0,1],B U [0,1],P the uniform distribution on [0, 1].
Define X(w) = w V w € [0,1] and X, (w) = w + w™,w € [0,1],n > 1. We
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have

g, Xw) =

w ifwel01)
2 fw=1

and notice 2 # w for w = 1. We have that X,, — X almost surely because
P(w: Xp(w) = X(w)) = P([0,1)) = 1. If we look at the sequence, we have

Vi(w) = w + Lwep,)
V(W) =@t ueo))
Vo) =t Tief))
Ya(w) =w+ ety

If you want to show it converge almost surely, you will find (almost surely)

Figure 21: Marching mountains
Y1
Yo Y3
Yy Y5 Yo Y7
Ys Yo | Yo Y| Y2 Yiz | Yiu Yis

that it doesn’t hold since

w oo often
w+1 oo often
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for w € [0,1) so it doesn’t converge. Y,, - X almost surely, but for ¢ < 1,

. . E k+1 .1
nIL%P(|En+k_X| >¢e) = lim P{2n,2n> = lim — =0

n—oo

and Y, 5 X.

Observation

Convergence in probability does not imply convergence almost surely? What
about the converse? It indeed is true, but to show it we must investigate
further. Consider X, X5,... and X random variables. For € > 0, define
An(e) = {|Xn(w) — X (w)| > €}. To have X,, 2 X means that

n—oo

P(An(e)) ——= 0V e > 0.
Convergence almost surely means

P(limsup A,(c)) =0V e >0 (17.4)

n—o0

Set A = {w: X,(w) » X(w)} (for X;, % X means P(A) = 0. Hence,
Xn(w) - X(w) = Je > 0 such that | X, (w) — X (w)| > ¢ infinitely often, i.e.

A= U limsogpAn(a) = U ﬂ U Ap(e)

e>0 n— e>0m=1n=m

={w:w € A,(e) for infinitely many n’s

o 1
= U limsup A, (k)

k=1 n—oo

and

P(A) =P (G limsup A4, <]1)>

k=1 n—o0

First, P(lim sup,,_,o, An(€)) < P(A) = 0. Conversely, if (17.4) holds, then

P(A)=P <G lim sup A4,, <;>> < gP (limsupAn <;>) =0

n—00 n—00
k=1
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Observation
By definition, limsup,, _,. An(e) = Nn=1°Ur_,, Am(e) = Nhey Bn(e). If
I have 0, these B, (¢) build a decreasing sequence since we are building a

union of less and less sets and

p (limsup An(5)> — lim P(By(c)) > lim P(A,(e))

n—00 n—00 n—r00

Therefore, if X, — X almost surely, Ve > 0 P(limsup,,_,,, An(¢e)) =0 =
limy, o0 P(A4,(€)) =0 = X, & X.

Theorem 17.2

Let X1, Xs,... be a sequence of random variables and X another random
variable. Then, if X,, — X almost surely, then X, 5B Xasn— oo, but
not conversely. Note it is often simpler and nicer to show convergence in

probability.
Theorem 17.3

Let X1, Xs,... be a sequence of random variables and X another random

variable. Then,

1. X;, > X as. and X;, - Y as, then P(X =Y) = 1.

2. X, B Xand X, B Y, then P(X =Y) =1.
The limit is almost surely unique.

PROOF We prove the second statement. We will show
P(X £Y) =0 =P ({w Tk > 0, | X (W) = Y(w)| > k})
—p (| {w X (W) — Y ()| > 1}
k

k=1
1

~ fim P<X—Y\ > )
n—00 k

since these sets here build a monotone sequence and therefore, we want to

show that all probabilities are equal to zero. Fix some k = ky. By the
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triangle inequality,

1
P(IX-Y|>—
(’ ’>ko>

1
P ]X—Xn+Xn—Y|>>
ko

1
P(]Xn—X|+\Xn—Y| > )
ko

IN

1 1
P X, —X X,—-Y il
{| > 2]@0}U{‘ +> 274?0})

1 1
<P([Xp—X|>— ) 4+P(|Xp—Y]+> -
- (' > 2k0> N (' I+> 2k0>

for every n. Let n — oo and hence P(|X — Y| > 1/ky) < 0. Consequently,
P(X #Y) = lim, 00 0 = 0 hence lim,,_,o, P(|X — Y| > 1/k) = 0. O

Theorem 17.4 (Weak Law of Large Numbers)

Let X1, Xo5,... be a sequence of i.i.d. random variables such that EX; =
p < oo and Var(X; = 0% < oo. Then

— 1

n—oo

Proor By Chebychev inequality; fix € > 0,

Var (Xi,L) B o2 e

P(]Xn—,u|>5)§ > =0 0
O
Example 17.2
Suppose that we have Xi,..., X, ~ N(u,02), then X,, 2 u. However,
this trick does not always hold; here is a counterexample. If Xy,..., X, ~
Cauchy(0,1), then X,, ~ Cauchy(0,1).
Remark

The Weak Law of Large Numbers (WLLN) can be weakened

1. WLLN holds if E(X;) < co. It is however hard to prove (follows from
Markov inequality).
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2. IF X1, Xo, ... is a sequence of integrable random variables, then X,, —
EX; almost surely. This is call the Strong Law of Large Numbers and
can be proved with a bit of struggle.

3. WLLN holds if Cov(X;, X; = 0V i # j (and EX; < oo,VarX; <
d
OO,XZ' = X])

Example 17.3 (Monte-Carlo integration)

Here is a crucial example used in numerical analysis. Suppose g : [0,1] — R,
g is continuous and u ~ U(0,1). We are interested by the integral fol g(x)dz.
We introduce a new variable X = g(U).

Eg(V) = [ gl)du < o0 < lg]
since it is continuous on a closed and bounded interval, but also
1 1 2
Var(g(w) = [ g*du~ ([ glwan) < 2|2
Then, we can simply have a sequence to approximate our integral. We have

for n large Uy, ..., U, a sequence of independent Uniform(0,1) and compute

the approximation [; g(u)du

by Chebychev, we could get an idea of distance and the level of precision.

Theorem 17.5 (Continuous mapping theorem)

Let g be a continuous function and {X,}, X be random variables. Then

1. If X,, — X almost surely, then g(X,, — g(X) almost surely;

2. If X,, B X. then g(X,) & g(X).

Proor
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1. Given that P{w : X, (w) - X(w)}) = 1, once you fix w, you get a
sequence of numbers and continuity of the mapping
P{w: g(Xpn(w)) = g(X(w))}) = 1 if continuous on R.

2. YV k> 0,g is uniformly continuous on [—k, k| by definition if

(Ve>0)@8en > 0) (Ve [~k k)
(lz =yl < b = lg(@) — g(y)| <e)

equivalent to saying that [g(z) — g(y)| > ¢ = |[r —y| = (- 1) For all €
positive, we have by the Law of total probability

P(

9(Xn) - ( )!>6)

P(lg(Xn) = 9(X)| = &, |X] < k) + P(lg(Xn) — 9(X)| = &,[ X[ > k)
P(X, Xy>5(€k 1 X| < k) +P(|X] > k)

SP(Xn = X[ 2 b ) +P(X]> k)

IN

by first enlarging the probability and secondly using the fact that
P(ANB) < P(B). Since both probabilities are non-negative, we obtain

0 < lim P(lg(Xy) — g(X)| > £ <0+ P(IX| > k) 2= 0
as n — oo so the limit must indeed be zero.

O

A simple application of the continuous mapping theorem is the following

Lemma 17.6
If {X,},{Y,}, X,Y are random variables. Then

1. X, 5 Xand ¥, B Y, then X, + Y, B X +V;

2. X, B XandV, B Y, then X,,-V,, > X - Y.

PRrROOF
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1. Ve>0,P(|X,+Y,—X—-Y]|>¢)— 0asn— oo. By the triangle
inequality, this is less than P (| X,, — X| +|Y,, = Y| > ¢) . If we look at

the event

for\Y Y| > )

<p (|X ~X|> >+P(]Yn—Y|2;>—>0

since P(AUB) < PA+ PB.

A

2. Left as an exercise. Hint: use an £/3 argument using that
| XY, — XY | <|X, - X||Y, = Y|+ |X||Y, = Y|+ V]| X, — X]|

and the case distinction with | X| < k and | X| > k.

Example 17.4
Let X1,..., X, be iid. N(i,0?). Recall from your basic intro to statistics
that just as we found y using the arithmetic mean, the sample variance S,,2

was found as

il > (XZ- —E)Q (17.5)

and ES,%2 = 02 which entails that we can rewrite the above (17.5)

1 & .
nilnz 1Xi2_nn (X”)2

and 5 converge in probability to 1, hence
n

Z — S EX? X, 2 EX;
WLLN WLLN
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— o
0

_1 1

n n

and by the continuous mapping theorem,
w~\2 P 2
(Xa)” 2 (EX))

hence S,2 2 EX? — (EXZ‘)2 = VarX; = 02 and 1/S,> 5o (even if this is a

little messier). We say the estimator is weakly consistent.

Definition 17.7 (Convergence in distribution)

Let {X,} be a collection of random variables and X be a r.v. Then X,, ~~
X (X, converge in law or in distribution to X asn — 00) if for any continuity
point x of Fy,

n—oo

FXn(x) — Fx(.CC)
In other words, we have pointwise convergence of the distribution function.

Example 17.5
Suppose that we have P(X,, = 1) = P(X,, = —1) = {. If we draw the
distribution function of X, recalling that Fx (z) = P(X,, < z) . If we

draw the distribution function of X,,, we have

FXn({L‘) =

=N = O

and this cannot be a distribution function. But P(X = 0) = 1, then
Fx,(x) - Fx(z) V x € R if x # 0 hence by definition X,, ~» X. This
type of distribution is actually the weakest of all three.
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Theorem 17.8
Let {X,,} be a collection of random variables and X be ar.v. Then X,, & X
imply that X,, ~ X, but not conversely.

PROOF (=) Let x be a continuity point of F'x. If ¢ > 0 is sufficiently

small. Then

P(X,<z)=PX, <z, X<z+e)+PX, <z, X >zx+¢)
<P(X <z+¢e)+P(X,—2x|>¢)

Let now n — oo to get limy,_o0 Fix, (z) < Fx(x +¢) + 0.

For the lower bound,

Fx(x—e)=P(X <z +¢)
=PX<z-eX,>2)+P(X<z—-¢X,<2x)
< P(|X,, — X| >¢) + Fx, (2)
< lim Fx, (z) <P(X <z+¢)=Fx(z+¢)
n—oo

Let ¢ — 0 and by continuity

Fx(z) < lim Fy,(z) < Fx(z).

n—oo

(<) We go with a counterexample. Suppose we have a random variable
X ~ B(1,1/2) and X,, is defined as

X if n is odd;
X, =
1—-—X ifniseven.

We have for all n > 1 and X,, ~ B(%) Clearly, Fx,(z) — Fx since
Fx,(z) =Fx YaVnand X, ~ X. But

for n odd
[ Xn — X = o
|1 —2X| ifniseven

150



is equal to 1 almost surely if n is even and P(|X,, — X| >¢) » 0 asn — oo

and hence X,, does not converge in probability to X. O

Convergence in distribution is a mild concept, but because we are often
given the distribution function, this is a fundamental concept.

Remark

X, ~ X and X,, ~ Y, then X £ Y. This is an appealing result if we
have weak convergence, we can construct a probability space and random
variable such that it converge almost surely. This is not practical, yet useful
for proofs.

Theorem 17.9

Let {X,} be random variables and a constant ¢ € R. Then, if X,, ~ ¢, then
X, 5e

PrOOF Let € > 0 be given. We have

P(| X, —c|>e)=P(X, >c+e)+P(X, <c—e¢)
<1-PX,<e+4+c)+P(X,<c—¢)—0

—1 —0

Example 17.6 (Order statistics: maximum)

Let Uy,...,U, ~U(0,1) and identically and independently distributed. Let
us look at a new series of random variable M,, = max(Uy,...,U,) to get an
upper bound to know what are bounds of the uniforms to get an approxi-

mation of the highest values that can be encountered.
P(M, <z)=PU; <uz,...,U, <x)

i=1

0 ifz<0
=<qa" ifz€l0,1]
1 if x > 1.
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Hence the probability that M,, < x is given by

0 ifxz<l1

P(M, <z)—
1 ifz>1.

and M, ~ 1 — M, 2 1. But what is the error you make by choosing the

maximum instead? n(1 — M,) ~» £(1) since

P(”(l_Mn)S@ZP(l—zSMn):1—P(Mng1_2)

0 ifz <0
n 0 ifz<0
- 1—(1—$> if 2 € (0,n) 22 -
n 1—-e® ifz>0
n ifx>n

Theorem 17.10 (Central limit theorem)

We saw that X,, 2 u. Consider the proper rescaling /n(X, — p), where
{X,} is a sequence of i.i.d random variables such that EX; = pu < oo, and
that Var(X;) = 02 < c0.?! By the Weak law of large numbers, we have
X, 5 (. Then

Xn—pu

\/ﬁ< )w/\/(o,m

for n large.

PrROOF We need to resort to one thing. If we look at our object of interest,

we can rewrite in a little different way. Consider

X, — 1 /X —
\/ﬁ< n M>:\/ﬁ<z< i ,U)
g n - g
i=1
2I'Without loss of generality, we consider X since all variables have the same distribu-
tion.
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is such that (%) are independently and identically distributed and

E(Xi_“) —EY, =0 Var(Xi_M) — VarY, = 1.

g g

for Y7, Y5 i.i.d.. Since we have no info as in the example, we need to call on
the following result which go beyond the scope of what we can prove here.
If we have a sequence {Z,}, Z be such that My, (t) — Mz(t) (convergence
of the moment generating function) for all ¢t € (—¢,¢) for some £ > 0, then
YA

Assume that Y; have a MGF 2. Then

0= (47 5) - Fe ) - o ()

If we look at the moment generating function of Y7 as a power series, we

have
2 83
My, (s) = My, (0) + My (0) - s + My-(0) - o M”’(O)-g.
2 83 .
=1+EY;- 5+EY1 —+E v3. I
2 k
_1+—+EY1 3,+ .+ EYE. ol

by assumption, Now suppose that we have in an interval of convergence

t t2 t2 1
My, <ﬁ>:1+n+0(n—§)<1+n+o<n>

since it goes faster to zero than % Hence,

2 " oo, 22
M iy (t) = <1+2n+0<n>) 1% e

which is precisely the moment generating function of the N'(0,1). O

22Otherwise, the same result can be established using the characteristic function; the
proof uses the same idea.
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Example 17.7

Suppose that X ~ B(n,p) £ >, Y;, where Y; are i.i.d. B(1,p) and we
look at P(X < z). We can use our brand new tool to approximate the
distribution of Y.

P(Xﬁx):P<2anz-§x>:P<iznjm§i>

P<\F iV p(l—p)> @([ )

for n large enough.
Example 17.8

Suppose that we have Y ~ P(n), for n € N and YV £ Yo, X, and X; are
iid. P(1). In this case, by the Central Limit theorem,

X, -1 Y
< 7
=/

o en=r(Ex<) - (wn )

(-

OO0
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Using R

R is a free statistics software alimented by a large community of users. It
has numerous packages for download, which allow you to perform special-
ized operations ranging from econometrics to survival analysis. For example,
the stats package (which is automatically loaded) allow to do hypothesis
testing, generate data on random variables or draw distribution functions.
Particular instances of those packages can be loaded when needed; you only
need to type the command library () with the input you require. For more
information, we refer the reader to the online documentation. Nevertheless,
it you need to look for functionalities and inputs, the following commands
are useful:

> library(help = "stats") to get all possibilities of a package;

> help("dnorm") in case you know the syntax of your command;

> help.search("normal distribution")if you are looking for an unknown
function, but do not know the exact syntax or its properties and inputs. One

can also use the ?"dnorm" to replace help() and ??"normal distribution".
R language is quite intuitive and people who are familiar with programming

languages should find it is a valuable (yet free) tool, highly customizable.

Here are some examples from class and the resulting graphs:

155



Figure 22: Coin toss experiment repeated 1000 times.
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coin <- function(N=1000,p=0.5){
X <- rbinom(n=N,size=1,prob=p)
A <- numeric(N)

for(i in 1:N){

A[i] <- mean(X[1:i])

}

A

}

out <- coin(2000)

plot(out,type="1")
lines(c(0,2000),c(0.5,0.5),co0l=2)
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# Binomial distribution

BiPlot <- function(n=10,p=0.5,col="black")
{

x <= O:n

y <- dbinom(x,size=n,prob=p)
plot(x,y,col=col)

for(i in 1:(n+1)){
lines(c(x[i],x[i]),c(0,y[i]),col=col)
}

}

par (mfrow=c(1,3))

BiPlot(5,0.5)

BiPlot(10,0.5)

BiP1lot(30,0.5)

In this case, we see that the command BiPlot () takes as input the number

of trial and the probability.

#Poisson distribution

PoisPlot <- function(lambda=2,N=10,col="black")
{

x <= 0:N

y <- dpois(x,lambda=lambda)
plot(x,y,col=col)

for(i in 1:(N+1)){
lines(c(x[i],x[i]),c(0,y[i]),col=col)
}

}

PoisPlot(lambda=1)

PoisPlot (lambda=2)

PoisPlot (lambda=5)

PoisPlot (lambda=20,N=50)
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Figure 23: The Binomial distribution
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Figure 24: The Poisson distribution with A =1 and A =2
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Figure 25: The Poisson distribution with A =5, N = 10 and A = 20, N = 50
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Figure 26: Geometric distribution with probabilities 0.99, 0.7 and 0.5
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Figure 27: Negative binomial distribution
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Figure 28: Comparison between the Negative binomial and the Poisson
distributions

# Geometric distribution

GeoPlot <- function(prob=0.99,N=10,col="black")
{

x <= 0:N

y <- dgeom(x,prob=prob)

plot(x,y,col=col)

for(i in 1:(N+1)){
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lines(c(x[i],x[1]),c(0,y[i]),col=col)
}
}

GeoPlot (prob=0.99)
GeoPlot (prob=0.7)
GeoPlot (prob=0.5)

# Negative Binomial distribution

NBPlot <- function(size=5,prob=0.5,N=10,col="black")
{

x <= 0:N

y <- dnbinom(x,size=size,prob=prob)
plot(x,y,col=col)

for(i in 1:(N+1)){
lines(c(x[i],x[1]),c(0,y[i]),col=col)
}

}

NBPlot (prob=0.99)
NBPlot(size=1,prob=0.7)

NBPlot (size=5,prob=0.7,N=20)

par (mfrow=c(1,2))

NBPlot (size=20,prob=0.5,N=40)
PoisPlot (lambda=20,N=40)
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Examples of expectations for a dice, and a Normal and Cauchy random

variable. The code will display the arithmetic mean for 5000 tries.

60

Arithmetic mean
45 50
|

40

T T T I
0 1000 2000 3000 4000 5000

Figure 29: Mean of a dice

rdice <- function(n=100){
U <- runif(n=n)

floor (6xU)+1

}

mean.dice <- function(n=5000){
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Figure 30: Mean of a Gaussian random variable

X <- rdice(n)

m <- cumsum(X*10)

N <- 1:n

plot (m/N,type="1")
lines(c(0,n),c(35,35),co0l=2)
}

mean.dice()
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Figure 31: Mean of a Cauchy random variable

mean.gauss <- function(n=5000,mu=0,sigma=1){
X <- rnorm(n=n,mean=mu,sd=sigma)

m <- cumsum(X)

N <- 1:n

plot(m/N,type="1")
lines(c(0,n),c(mu,mu),col=2)

}

mean.gauss ()
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mean.cauchy <- function(n=5000){
X <- rt(n=n,df=1)

m <- cumsum(X)

N <- 1:n

plot (m/N,type="1")
lines(c(0,n),c(0,0),col=2)

}

mean.cauchy ()
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The first two distributions illustrate what happens with an accumulation of
points along the line; it has no density since the volume of the line is zero
(see Example 12.4). The second distribution stresses out the fact that the
support is countable (see Example 12.6). Note that the Quantitative Risk
Management library is considered obsolete and is not supported in newer

version of R.

###### Other distributions #########

U <- runif (1000)
plot(U,U)

library(QRM1lib)

require(grDevices)

out <-rcopula.clayton(1000,theta=2,d=2)
X <- gpois(out[,1],lambda=2)

Y <- gbinom(out[,2],prob=0.5,size=10)
plot (X,Y)

hist (X)

hist(Y)

Three-dimensional plots of the Bivariate Normal distribution, with contour

plot or perspective (3-D)

##### Bivariate Normal distribution #######

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0),c(-3, 3),
ypts = c(-3, 3),type="contour");

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0),c(-3, 3),
ypts = c(-3, 3),type="persp");
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Figure 32: Plot of a Bivariate Uniform random variable

par (mfrow=c(1,3))

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0),c(-3, 3),
ypts = c(-3, 3),type="contour");

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0.4),c(-3, 3),
ypts = c(-3, 3),type="contour");

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,-0.7),c(-3, 3),
ypts = c(-3, 3),type="contour");

X1 <- rmnorm(1000,rho=0)
X2 <- rmnorm(1000,rho=0.4)

X3 <- rmnorm(1000,rho=-0.7)

plot (X1)
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Figure 33: Bivariate Poisson-Binomial random variable

plot(X2)
plot(X3)

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0),c(-3, 3),
ypts = c(-3, 3),type="contour");

BiDensPlot (func=dmnorm,mu=c(0,0) ,Sigma=equicorr(2,0.7),c(-3, 3),
ypts = c(-3, 3),type="contour");

BiDensPlot (func=dmnorm,mu=c(1,1),Sigma=equicorr(2,0.7),c(-3, 3),
ypts = c(-3, 3),type="contour");

X1 <- rmnorm(1000,rho=0)

X2 <- rmnorm(1000,rho=0.7)
X3 <- rmnorm(1000,rho=0.7,mu=c(1,1))
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Histogram of Poisson
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plot(X1,xlim=c(-5,5) ,ylim=c(-5,5))
plot (X2,xlim=c(-5,5),ylim=c(-5,5))
plot(X3,xlim=c(-5,5) ,ylim=c(-5,5))
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Figure 34: Bivariate Normal distribution-Contour
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Figure 35: Comparisons between bivariate Normal distributions.
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Bayes’ rule, 20
Binomial coefficient, 29
properties, 30
Binomial theorem, 30

Borel sets, 7

Central Limit Theorem, 152
Central moment, 75
Characteristic function, 89
Combinatorics
k-combination, 29, 30
k-permutation, 27
Conditional distribution
continuous, 134
discrete, 132
Conditional expectation, 134
Law of Iterated Expectations, 135
properties, 135
Continous mapping theorem, 146
Continuity
absolutely continuous, 47
Continuous distribution
Cauchy, 68
Chi-square, 59
Exponential, 45
Log-normal, 63
Lognormal, 88
Normal(Gaussian), 48
Pareto distribution, 71
Student’s t, 68
Uniform, 45
Weibull, 47
Convergence, 141
almost surely, 141
in distribution, 149
in probability, 141

pointwise, 141
Convolutions, 113, 114

De Morgan’s law, 4
Discrete distribution
Bernoulli, 33
Binomial, 33, 158
Dirac, 33
Geometric, 36, 160
Hypergeometric, 34
Negative binomial, 37, 161, 162
Poisson, 35, 157, 162
Uniform, 33

Expectation, 64
of functions of random variables,
69
of symmetric distributions, 67
properties, 70
Expected value, 66

Gamma function, 48
Good sets principle, 51

Inclusion-exclusion principle, 9

Independence, 23

Inequalities
Bonferroni inequality, 11
Boole’s inequality, 12
Cauchy-Schwartz inequality, 123
Chebichev-Bienaymé inequality, 92
Holder inequality, 123
Lyapunov inequality, 95
Markov inequality, 91
Young inequality, 124

Laplace experiments, 27
Law of total probability, 19
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Lebesque integral, 75
Limit, 14
inferior, 15
superior, 15

Measurability, 50, 52
conditions for, 51

A — B measurable mapping, 50

Measure, 7
Median, 78
Moment generating function, 85
Moments, 64, 70
of standard Gaussian, 71

Monotone Convergence theorem, 82

Monte-Carlo integration, 146
Multinomial theorem, 31
Multiplicative rule, 27
Multivariate distributions

Farlie-Gumbel-Morgenstein, 108

Multinomial distribution, 100
Multinormal distribution, 104

Pascal triangle, 30
Probability, 7
mass function, 32
conditional, 16
density function, 44

distribution function, 38, 40, 41

continuous, 42, 44
properties, 41

joint probability mass function,

99
measure, 39
properties of, 8
space, 7
Probability measures
discrete, 32
on (R,B), 38

Random variables, 50, 51, 56
continuous, 57

discrete, 56

functions of, 58

i.i.d. variables, 112
independence, 107, 108

Random vector, 51, 97

Bienaymé identity, 130

Central moments, 122
continuous distribution, 100
Covariance, 124

discrete distribution, 99
margins, 102

Moment, 122

multivariate density function, 101
Pearson correlation, 125
Variance-covariance matrix, 130

Sample space, 3
o-field, 4, 5
Stochastic independence, 101

Transformation theorem, 116

random variable, 61

Variance, 76, 77

Weak Law of Large Numbers, 145

Weakly consistent estimator, 149
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