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This course gives an overview of the theory of robustness and distribution-free tests. It
will also give an introduction to estimation in a function space. After the course, the
student will know the most important results in these areas and will have learned to
use robust and non-parametric methods.

Part1
Review of Likelihood Methods

The basis of modeling is a stochastic process which describes the data generation (sim-

ulating from the model should generate output resembling the data).

probabili ty
Data Model

Statistics

Typically, a model contains parameters. The data is used to estimate (identify, learn)

the true value of the parameter or to test questions about the parameters.

Example 1.1 (Regression models)

(a) The simple linear regression has Y; = a + Bx; + 0E; fori =1,...,n. We can assume
Ei, ..., E, id N(0,1), but also Ey, ..., E, id & where G ~ N(0,1); a method which
works well with this model is robust. On the contrary, we can also consider lifting
restrictions as Ey, ..., E, Xrcr , typically a class of absolutely continuous distribu-
tions. This problem is rank-based, and non-parametric, meaning that the parameter
belongs to an infinite dimensional space.

(b) Multiple regression, of the form Y; = 6 + x, 6 + ¢'E;, with dim(6) = p.

(c) Another non-parametric problem is smoothing: for x; € R, we consider ¥; =
f(x;) + 0E;, where f € C*(R)

Definition 1.1 (Likelihood)

The joint density of the data, viewed as a function of the parameter(s), is called the

likelihood (function) and denoted L, (6), n indicating the sample size.

Example 1.2 (Likelihood of Bernoulli variates)
Let Xy,..., X, iid B(p). Then, the density for one observation x is

_ p ifx=1,
x — p*(1 — 1-x _
fx|p)=p"(1-p) |y ifx=0

and thus



To find the maximum of this equation as a function of p, we compute

d - _ e
@Ln(P) = Zpp™ 1= p)t = pP (1= p)" = (n = Xy)

and the root of dL,, /dp is given by

b - X N X _
Tn = n Ai’l =% pn = =n = Xfl
Pn 1—pn n

If Ly,(p1) > Lu(p2), the Bernoulli model B(p;) is more probable that B(p;) to have
generated the data.

Definition 1.2 (Maximum likelihood estimator)

The value 8 of the parameter which satisfies L, (8,) > L,(0) for all 8 € © is called
the maximum likelihood estimator (MLE). It is often found as a root of the likelihood
equation

% log(L,(6)) = 0.

The function ¢,,(0) = log(L,(6)) is called log-likelihood and the score equation for a
sample of size n is

d o9
3077(0) = L 3 los(f(Xi [ 0) =0.

Example 1.3 (Likelihood of Bernoulli variates (continued))
The log-likelihood for an n-sample of Bernoulli variates is

lu(p) = Zplog(p) + (n — Xy)log(1 —p).

Example 1.4 (Independent and identically distributed random variables)
Let Xy,..., Xy . F(x | 6) with density f(x | 0) for some unknown 6 = 6. We have
Lu(0) = I f(Xi | 6) and
1 1 a.s.
L0(6) = ) LalF(X; | 8)) 225 E (log(£(X | 9)))
i=1
where

= 0O, 7f(x | 9) O, X X X
e log(7(x | 6))) = [ [1og (/3% ) +tog(rx )] s o)

= —loay + [ 1og(f(x | 60))f(x | 60) v

lg.g, is the divergence. We stick with the original definition of Kullback & Leibler (1951).



Definition 1.3 (Kullback-Leibler divergence)
Let f; and f, be two densities. The quantity

-~ fon ()

is called the mean information in an observation from f; for discriminating f; from
f2.! We have that l;., = 0if and only if f; = f, almost surely.

The quantity

J(f1, f2) = hat b = /(f1(x) — fa(x)) log (?Eg) dx

is the Kullback-Leibler divergence. Jeffreys noted the “symmetry, positive definite-
ness and additivity” of the divergence, as well as its “invariance to non-singular trans-
formations”.

This shows that Eg, (log(f(X | 6))) has a unique maximum at § = 6 under the condi-
tion of identifiability (if 61 # 6y, then f(x | 1) # f(x | 62)).

Usually, one has 0, — 6o almost surely or in probability as n — 0. Is §y an asymptotic
root of the likelihood equation? That is the case if the MLE is consistent. We investigate
the Fisher consistency of the score. First,

1 a 1¢ 8 0
- g *E = f(Xi]60)) = Eg, | =10 X0
n & 20 | O)) 0o (ag g(f( | 0)))

as n — oo, where

Ea, (55108(F(X | 80)) = [ 351087 (x| €0))f(x | 80)

2 £(x | 65)
" Tay) 1) dx
0

9
—ﬁ/f(x\eo)dx—ﬁl—o

For large values of n and for scalar 6:

~ 82
+ (Gn - 90) ﬁgn(e) (1‘1)
0=>06y 0=6¢

0, ~ 0

O — ﬁén(en) %

1%

£n ()

I This is what is often nowadays termed the Kullback-Leibler divergence of f, from f;.



and thus

S X Slog(f(xi|6)
— ¥ 2 log(f(x; | 0))

0=0,

We therefore have

Theorem 1.4 (Asymptotic normality of maximum likelihood estimator)
The asymptotic behaviour of the MLE is as follows:

Vii(ln — o) % N (0.2(00) "),

where the Fisher information is

2
7(6) = Eo ([felogmx 1) ) > 0.

Under additional regularity conditions, we also have equality of the Fisher information
with the negative Hessian matrix

92
7(6) = o ( 552 lop((X19)).
An immediate consequence of Theorem 1.4 is that 8, ~ N (6, (nZ(6;))1).

Often, the MLE has to be computed by numerical optimization. Equation (1.1) shows a
possible avenue, taking

is called the observed information. Another possible algorithm for calculations of the
MLE is the Fisher’s scoring algorithm,

=

Oiy1 =

which uses the expected information.



Part 2
Robustness

2.1. Critique of the likelihood method

We can show that if the model is accurate, then the MLE will be asymptotically the most
efficient consistent estimator (under regularity conditions).

What is the behaviour of the MLE if the model only holds approximately? Suppose
Xy, Xy ® G(x), which we approximate by F(X | 6).

Example2.1

Let Xy, ..., X, 9 (1—¢)N (po, 1) + ¢eH. What will be the impact of e and H on the MLE?
Suppose H = ¢ for k € R". We can show that the expectation and the variance of the
MLE are strongly perturbated. Express X; as

X; = (1— B;)Z; + Bk

where B; % B(¢) and Z; ifig N (po,1). Then

E (ii i) =E(X;)
i=1

(1= Bi)Z; + kB;)

5 (Ezys, (1= B)Zi +kB;))

(1 —¢)po + ke

E (7o)

E
E

and

Var (in) = = (e(1 ) (3 +) + (1-¢)

If e = 0.05, ug = 0, n = 100 and k is very large, we are easily convinced that the median
will be a “better” estimator in terms of the MSE.

The following material is extracted from Huber & Ronchetti (2009).

In order to estimate the standard error of Normal data N '(u,0?), Fisher proposed to
use the MLE

If the model is correct, this estimator is the most efficient (among consistent estimators).



Despite this argument, the physicist Eddington observed that
L1
i

performs better.

An eye opening example has been given by Tukey (1960). If we suppose a mixture of
good observations A (p,0?) and bad ones N (y,90?) in proportions 1 — ¢, ¢, then even
for small values such as € =~ 0.02, the robust estimator of Eddington performs “better”
than the MLE in terms of the asymptotic relative efficiency (ARE) of S, to S, given by

1 [3(1+808) B 1}

2 2
ARE — nlgl;lo Var (En) /[E (fn)]Z _ 4 n((lliz?)z
Var(S,)/ [E(Su)] Siar 1

Why use the ARE? Note that E (S,) — ¢, while E(S,) = v/2/70 = 0.80. We should
compare

. Var(c1,51)
lim ———L
7% Var (CZ,nSn)

7

with E (¢1,,S1) — 0, E (c24Sn) = cand ¢1,, = 0/E (Sy) and ¢z, = O'/E(gn).

What robustness is trying to do is to broaden the model. The model assumptions may
fail to hold, and so this leads to a question, namely what should a robust procedure
achieve?

e it should have a nearly optimal performance at the assumed model

¢ small deviations from the model assumptions should impair the performance only
slightly

e somewhat larger deviations from the model should not cause an immediate break-
down (catastrophe, absurd values).

Gross errors (termed outliers) occurring in a small proportion are considered a small
deviation. Similarly, small errors (through for example rounding) in a large proportion
of the data are also small deviations.

Remark 2.1

Let M be the set of all probability measures on a sample space (), usually a finite
dimensional Euclidean space. Then, the above ideas of “small deviations” are captured
by the Prohorov metric:

dp(F,G) :==inf{e > 0: F{A} < G{A®} + ¢, forall Borel sets A C B(Q))},



for F,G € M, where
Af = {er: inf ||x — y| <e}.
yEA

the closed e-neighbourhood of A.

Theorem 2.1 (von Strassen)
This theorem is extracted from von Strassen (1965), pp. 423-439. Let F, G € M; then

F{A} <G{A°} +¢, YAcB(Q)andd,e>0

if and only if there exists two random variables X, Y with values in () and laws F and
G, respectively, such that

PUIX-Y|<6)>1—e

The first paper using the term robust was due to G.E.P. Box, in the '30s, on behaviour
of test statistics. The near optimality of performance is usually judged by asymptotic
indicators (with n — o0), such as the asymptotic variance, the asymptotic efficiency or
the asymptotic relative efficiency. But unless the convergence is uniform in the neigh-
bourhood of the assumed model, there are difficulties with this approach because the
results cannot guarantee anything for finite samples.

The theory of robust statistics laid out hereafter is based on the work of Peter Huber
and Frank Hampel, both professors at ETHZ, and is mostly asymptotic in nature. It is
also possible to stay within the given sample and to study robustness with regard to
small changes of the sample. This approach is due to John Tukey, and was termed by
him as “resistance”.

Definition 2.2 (Sensitivity curve of an estimate)

A function of the statistic T,,_1(xq,...,x,_1), the subscript indicating the number of
observations. The sensitivity curve is

SCn,l(x) = Yl[Tn(Xl,.. .,xn,l,x) — Tn,l(xl,.. .,xn,l)].

The asymptotic version of the sensitivity curve is Frank Hampel’s influence function.
The scaling by the sample size preserves the scale.

Example 2.2 (Sensitivity curve of mean and median)
For the arithmetic mean, we have ¥ = (x1 + -+ - + x,_1)/(n — 1), so that

SCy1(x) = n (111 [(n— 1)+ x)] — x)

=X—X

10



which goes to co as x — oo, certainly an unbounded function.

In contrast, if T is the median, then

SC—1(x) =n (med(x1,...,x,-1,x) —med(xy,...,x,_1))

=n (3 (xt9) *7(e0) ~700))
n

=5 (g —3p))-

for n even, n > 4, you can write this and the distance is Op(n). We note that the mean
has an unbounded sensitivity, whereas the median has a bounded sensitivity.

SC(x)

Figure 1: Sensitivity curve for the mean

2.2. Basic types of estimates

In order to construct optimal robust estimates, we need to have a large set of candi-
date estimates to choose from, such as the class of all unbiased estimators, admissible
estimators, etc.

2.2.1. M-Estimators

These were introduced by Peter Huber, who also established their asymptotic proper-

ties. M-estimator stands for “maximum likelihood like” estimators.
Definition 2.3 (M-estimators)

An M-estimator is any estimate T, defined by a minimization problem of the form
Y4 0(xi; Ty) for data x; and T,, which minimizes this sum, where ¢ is an arbitary
function, ¢ is the derivative with respect to 6 of o, that is (x;0) := =% 0(x;6), and
n
, = argmin ) o(x;;6).
o i=1

It can be defined by an implicit equation of the form

n

Y (x;; Tu) = 0. 2.2)

i=1

Equation (2.2), is nowadays called estimating equation. Note that choosing o(x;6) =
—log f(x;0) leads to the MLE.

11



Example 2.3 (Location estimates)
Often, we will encounter T,, = argmin, Y o(x; —6) and ' ; ¢(x; — T) = 0. In this
case, we only need to specify a function ¢ and ¥ = ¢’.

Let & € R be a location parameter for an absolutely continuous distribution function
F. A location family is such that fy(x) = fo(x — 6) for a probability density function
with 8 = 0. Oftentimes, it is possible to express the results for the asymptotic variance
in terms of dFy(0).

Asymptotic properties of M-estimates

The mathematical development is similar to that for maximum likelihood estimators.
A simple theory is possible if ¢ is convex in 6 or if (x;6) is monotone in 6. Assume
that ¢(x; ) is measurable in x and non-increasing in 6.

In the most general case, this may look like

Yy ¥(x;t)

N
+

T\
T; T t

N

To be precise, let T;; = sup{t : /' ; ¢(x;;t) > 0} and T;* = inf{t: Y ; ¢(x;;t) < 0}.
Any Ty < T, < T;* is an M-estimate under weak monotonicity. We have

-

{t:T,T<t}C{t: zp(xi;t)SO}C{t:T,fgt}

i=1

-

i=1

{t:T,’f*<t}C{t: zp(xi;t)<0}c{t:T;j*§t}.

Thus, at a continuity point of the distribution of T,; and T},

P(T, <t)=P (ilp(xi;t) < 0)
=1 2.3)

P(T;*<t)=P (i P(X;t) < 0)

i=1

The exact distribution of T,; and T;;* can be worked out via convolution of the law of

12



P(X; t). To investigate the limiting distribution of T, put
A(t) = A(t, F) = Er (p(X;1)).

If A(t) exists and is finite for at least one ¢, then it exists and is monotone for all ¢,
because of the assumption of monotonicity of i, meaning (x;t) — p(x;s) > 0if t <.
Its expectation exists (but is possibly infinite).

Theorem 2.4 (Uniqueness of minimizer)
Assume the existence of fg such that A(t) > 0 for t < tg and A(t) < 0 for t > to. Then,
both T,; and T,;* converge in probability and almost surely to t,.

Remark 2.2
The existence of ty is related to Fisher consistency.

Definition 2.5 (Fisher consistency)
An M-estimate is called Fisher consistent for the parametric model {F(x;0);6 € ©} if

Er, ((X;00)) = [ $(x;00) dFy,(x) = 0
for any 6y € © and if

Er,, (9(X;01)) = /lp(x; 61) dFg, (x) # 0, for all 6; # 6.

Proof of Theorem 2.4 This follows from applying the strong (weak) law of large num-
bers to n ! Y7 | ¢(x;; o & €) and the exact distributions in eq. (2.3). [ |

One can view M-estimators under a functional point of view. Let
1 n
Fn(X) =n ZHXI‘SX
i=1

be the empirical distribution function. Then, the estimating equation can be written as
an expectation:

0=

|-

P T) = [ 96T dE(x) = Er, (PG Ta))

n
i=1

We can extend this functional to a subset D C M, so that T(F) is the solution of
Er (¢(X; T(F))). Using the empirical distribution from the sample, with T(F,) = Ty,
we recover the previous result.

Corollary 2.6

If T(F) is uniquely defined, then T, is consistent for T(F), meaning that T,, — T(F)

. . a.s. . o1 P
where — is either almost sure convergence, —, or convergence in probability, —.

13



To derive the asymptotic distribution of Ty, it is convenient to first study A(Ty). By our
theorem, this is a consistent estimate of zero, as A(ty) = 0. Since A is non-increasing,

{t:=ATy) <A} C{t: Ty <t} C{t:T, <t} C{t: —A(Ty) < —=A(t)}

We will show that —/nA(T},) is asymptotically normal. If this holds, an expansion of A
around tg will lead to the asymptotic distribution of T,. This requires that the derivative
A (ty) < 0 exists.

Y p(xit)

DI

T: f T t

Assumptions:

(A1) ¢(x;t) is measurable in x and nonincreasing in ¢.
(A2) There is at least one ty with A(ty) = 0.
(A3) Let Iy := {t: A(t) = 0}. Then A is continuous in a neighbourhood of T.
(A4) o2(t) = E (p*(X;t)) — A(t, F)? is finite, non-zero and continuous in a neighbour-
hood of T.
Theorem 2.7
Under assumptions (Al)-(A4),

0p

P (—vin(T) <y) » @ (L)

uniformly in y, where 0y = o (fp).

Corollary 2.8
If A has a derivative A’(tg) < 0, then

d o5
V(T —tg) > N (0'(/\’(1%00))2>

with the variance being given by

2 oG Er (9*(X; 1))

T (W ()2 [_%EF (¥(X;0)) |9:t°]2'

Example 2.4
The arithmetic mean corresponds to ¥(x,0) = (x — ) and —a%lp(x,G) = +1. Then
Ugsy =E ((X - T(F))z)'

14



Recall we assumed ¢ to be monotone. One can look for the root of the equation
Y ¢(x;, T,) = 0, and the result stays the same if we multiply this by n~1. This

converge in probability to A(T) = [ ¢(x, T(F)) dF(x) if X; 4 F. Even if this is on the
asymptotic level, we can look at this in terms of the empirical distribution for finite
sample, namely A(T,) = [ ¢(x, T) dF,(x).

Proof of Theorem 2.7 Let y € IR. It follows
P (—VAA(T;) <y) =P (T; < t)

where y = —/nA(t,) and the sequence {t,} exists for sufficiently large n because of
the continuity of A in a neighbourhood of T'y.

P(T; <ty,) =P (24) Xi, tn) <0>

= P (i Xl,tn - A(tn)) —n/\(tn)>
i=1
z:l

—P< aw) ><dm)

The sequence Y;, = [¢(Xj, tn) — A(tn)]/0(ty) for i = 1,...,n contains iid random
variables with expectation zero and variance 1 (because of the standardisation). We
need to verify a central limit theorem applies.

Lemma 2.9 (Central limit theorem)
P (

Proof of Lemma 2.9 The convergence to normality follows from the Lindeberg condi-

Y,i < z) — ®(z)

Sl
-

Il
=

uniformly in z.

tion: for every e > 0,

E( m,|Ym|>fs)—>o

as n — 0. Since A and ¢ are continuous, this follows from

E@me;wm@n>w@4m

15



as n — oo because of the monotonicity assumption. u

We have thus

P (—VnA(Ty) <y) — @ <y> :

0o

uniformly in y. Note that any T, such that T;; < T,, < T;* has the same asymptotic
behavior. [ |
Proof of Corollary 2.8 If A'(ty) < 0, then

ty =ty — —=2— +o(n"?)

y
VnA(to)

which comes from a Taylor series expansion A(t,) = A(to) + (t, — to)A’(tg) +o(n~1/2).
Thus, taking y = —+/nA(t,) and using the above, we get

P(T; <ty) =P (T; <tg— —=T— +o(n1/2))

Y
VnA(to)
= ()

as n — co. Using Theorem 2.7, we get

asn — oo. |

Remark 2.3
1. The trick of using A(T},) instead of T}, is useful. For example, in the location case,

P(x,t) =p(x —t), wehave Ap(t) = [P(x —t)f(x)dx = [¢(x)f(x +t)dx. 2

2. The general result and a longer list of conditions is in Huber (1967).
3. (a) The result says v/n(T, — T(F)) 4 N(0, Uazsy) where

2 = g
(k)

(b) This type of limit allows us to compute confidence intervals with the help of the
limit and apply them to T),.

ZWe can then differentiate under the integral sign without problems; A is smoother as we integrate over a
smooth density.

16



(c) We can also say

T3
T, ~N | T(F), TY

for n large enough, but it does not mean that Var (T,) = Uazsy/ n, nor that E (T,,) =
T(F).

(d) A more intuitive proof in the case of a consistent M-estimate can be based on a
Taylor series expansion of the estimating equation. T, is in a neighbourhood of T(F),
in an interval which is of length O, (n~1/2), meaning

n

¢uﬂw:0:2¢mJG»+G;iwmm

1=

1

Il
—_

) (T, — T(F)) +o(n~1?).
i=1 T(F)

2.4)

This is hand-wavy, but one can look analysed rigorously. Rewriting this is

ﬁ Z?:l lrb(xi/ T(F))

— 2Ly p(x;,0)

Vn(Ty — T(F)) =
T(F)

after multiplying by /7 on each side of eq. (2.4). Using the central limit theorem,
the numerator converges in law, under mild regularity conditions (given in Huber),
to

N (Er (p(X, T(F))),E ($*(X, T(F)));

given that Er (¢(X, T(F))=0, the expression for the variance simplify. Using a law of
large number, the denominator converges to

[ - soto)

This leads to 03 / (A’ (t0))?, but only if

55 [ #0)

The asymptotic variance of an M-estimate (if it exists), is of the form

dF(x).
T(F)

dF(x).
T(F)

dF(x) = [ Sw(x0)

T(F)

<E< aelp(x'e)‘e—T(F)>)2 <f _%IP(X/G)‘Q:T(F) dF(x))

5.

E (¢*(X, T(F))) _ J 9*(x, T(F)) dF(x)
)

17



4. Multivariate case: if we take 8 = (6y,...,60,) ", then 3 (x,0) = Vgo(x,0) € R” is
the gradient of ¢. The Taylor expansion leads to

-1
(— ) ) ( IIJ(xi/T(F))> +o(n1?)
i=1 0=T(F) i=1

where ' | ¢(x;, T(F)) € R, and the first term is an p x p matrix. This yields

—1
1 n
—= 2 ¥ i,T(F))>+0(1)
B_T(F)> (ﬁ; ’

This time, the asymptotic variance is B"!AB~! where the symmetric p x p matrices

| &

5¥(0)

QU

Vi(T, = T(F)) = ( 1y Suxe)
i=1

A, B are given by
A= [ 9T (x T(F) dF(x)

B:/—%tp(x,ﬂ) dF(x)

T(F)

2.3. L-estimators and R-estimators

L-estimates are linear combinations of order statistics, (x1,...,%n) = (X1),---, X))
where X(1) < X(2) < e < X(y) are ordered. An example of such estimator is the
trimmed mean, for which « - 100% of the observations at each end are deleted and the

mean of the remaining sample is taken. This can be written as

T Yol AniX (i)
= ==l Tl
Z?:l Api
where a,,; = L, i< (1-q)n, thatis 1if an < i < (1 —a)n and zero otherwise.

R-estimates are estimates derived from rank tests. To test the point null hypothesis
) : {the median is 6}, one can use for example the sign test,

M-

59(x1/-~-,xn) = ]Ixi—el

i=1

thus sg is the number of x; greater than 6. If § — —c0,Sg — n, while if § — 00,59 — 0.
In the neighbourhood of the median, Sy ~ 1/2.

An R-estimate could be such that sg(x1, ..., x,) is close to n/2.
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2.4. Influence function

This concept is due to Hampel (1974), who published material from his thesis in JASA.

Definition 2.10 (Influence function)
Suppose T(F) is a statistical functional, thatis T : D € M — R. The influence
function IF7(x, F) at x € R of T evaluated at the model F, provided it exists, is

d

IF(x,T,F) = = T(F)

t=0

where F; is a mixture law, F; = (1 — t)F + tA, and A, is the Heavyside function, whose
derivative is the Dirac 6(x), a point mass at x, given by

0, ifu<x
Ay =
1, ifu>x

or H(u — x), where H(u) is the Heavyside function

H(u) 0 ifu<O
u) =
1 ifu>0

which is a jump function of height 1 at u = 0.

The distribution F; mixes the model F and the point mass at x. A random variable
Y ~ F; can be simulated in two steps:

(i) Generate u ~ U(0,1)
() Ifu <1—t,sampley ~ Fandifu >1—t,sety = x.

F; is a perturbed version of F or more precisely a contaminated version of F.

Example 2.5 (Influence function of M-estimates)
T(F) is implicitly defined as a root of

0= Ag(T(F) = [ 9(u, T(F))dF;
= (1=1) [ 90w, T(R)) dF () +t [ 9, T(E))0: ()
= (1 - DAR(T(E)) + (i, T(F).

We need the derivative of Ar, (T (F;)) with respect to t:

drEy=o

“AR(T(E)) + (1 — t)A%(T(Ft))%T(FJ +(x T(F)) +t a%l’b(x’g) 7()di
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Att =0, we get
Ap(T(F))IF(x) +9(x, T(F))
since Ap(T(F)) = 0. The influence function, it it exists, is thus equal to

(1)
S N ))

If we can interchange the integral and the differential operators, the denominator be-
comes

NT(E) =~ [ Dpc6)|  dF()

0=T(F)

which may be more easily computed.

Example 2.6 (1 functions of common M-estimates)
e The arithmetic mean has ¢(x,6) = x — 6, and each new observation will pull the
mean on either side of 6.
e The medianis (x,0) =2H(x —0) — 1
e Huber function is ¢ (x,6) = min(max(x — 6, —k), k)

Figure 2: Plot of (x, 8) functions for the mean (full red), the median ( ) and Huber’s
function with k = 2 (dashed blue).

2.4.1. Functional interpretation

The operator appearing in the definition of the influence function,

iT(B) — Jim L(E) = T(E)
dt =0 t—0+t t
iy T+ H(Ax — F)) — T(F)I
10 t
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is the Gateaux derivative of the functional T evaluated at F in the direction of A, — F.

4T(E;G) i~ lim T((1—t)F J; 1G) — T(F)

what is itself a function in G.

Banach space

Figure 3: Schematic representation of Gateau derivative in a Banach space

Fréchet differentiability

The familiar meaning of differentiability demands more than the mere existence of the

Gateaux limit

i T((1-t)F+tG)—T(F)
) t ’

For this reason, we introduce the Fréchet differential of a functional.

Definition 2.11 (Fréchet differential)

A statistical function 6(F) is Fréchet differentiable at G € M if there exists a bounded
linear function L (F) such that

0(F) —0(G) — Lg(F = G)| = o(d(F,G))

where d is a distance.

Remark 2.4
1. If 0 is Fréchet differentiable at G, then 6 is Gateaux differentiable at G.
2. A bounded linear functional defined on a subset of M has the form

Li(G) = [ 9¢()dG(x),

where 1 is bounded.

3. The distance function can be chosen as the Prohorov distance (see remark 2.1).

4. We provide an analogy for ¢! (R) assuming f : R — R. The derivative f’(x) exists
if and only if

tim P =S _ oy o 15 — () — - 1) ()] = ol — ).

y—x y—x
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5. We accept thatif F; = (1 — t)F + tAx, then dp(F, F) = o(t).

2.4.2. Asymptotic analysis

With the Fréchet differential, the asymptotic analysis is simplified. Suppose F;, the
empirical distribution based on a sample xy,...,x; where X; ~ F. We can express F;
asEF, =n"1yl | Ay

Lemma 2.12

Assuming that 6 is Fréchet differentiable with respect to the Prokhorov distance,

0(F,) —O(F ZIF ;) +o(dp(Fy, F)).

Remark 2.5
By Donsker’s theorem, \/n(F, — F) converges weakly to a Brownian bridge. From this,
it can be shown that dp(F,, F) = Op(n~1/2) and therefore

0(F,) — 0(F ZIF n=1/2),

Proof of Lemma 2.12 Because 6 is Fréchet differentiable by assumption,
0(Fy) — 6(F) = Lp(F, — F) 4 o(dp(Fy, F))

fZLP — F) +o(dp(Ey, F))

We need to show that Lp(Ay — F) = IFg (x). As 6 is Gateaux differentiable,

(0((1 —t)F +tAy) — 0(F))
. :

IFF (x) = lim

0 is also Fréchet differentiable, thus

6((1—t)F+tAyx) — 6(F)
t

1 1
= Le(tAc — tF) + So()

= Lr(Ay — F) +0(1)

using the linearity of Lr and remark 2.4 (5). This implies Lr(Ax, — F) = IFp (X;). W

Lemma 2.13
The expectation of the influence function vanishes over the domain, meaning

/IFF (x) dF(x) = 0.
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Proof We know that IFp (X) = Lg(Ax — F) and, from remark 2.4 (2),
Le(Ax—F) = [ yr(w)d(ac = F)(w)
= yr(x) = [ yr(u) dF(w).

implying that

J1Fe () aF () = [ pr(x)dF(x) — [ () dF(n) =0.

We are now ready to provide the asymptotic normality of the estimator 6.

Theorem 2.14 (Asymptotic normality of 8(F,) assuming Fréchet differentiability)
Under the assumption of Fréchet differentiability of 6(-),

Vi(e(F) — 6(F)) % N (0, ([Fr (X)) ).

Proof In Lemma 2.12, it can be shown that the error is o, (n=1/2), so that the asymptotic
distribution of 0(F,) is the same as the limiting distribution of

\}ﬁlflle (X;)-

We know that E (IFf (X)) = 0 by Lemma 2.13 and that Var (IFf (X)) = E ([IFF (X)]2>.
Therefore, by the central limit theorem,

VA(B(F) ~ B(F)) = Vit Y IFr (X)) +0
i=1

where 0 2 0 and the statement follows. |

2.4.3. Interpretation of the influence function

We now tackle the asymptotic approximation of estimates. Any function T(F) such
that the corresponding estimator T(F,) has an asymptotically normal distribution can
be locally approximated by an M-estimate, whose asymptotic properties remain the
same. We simply have to choose

P(x,0(F)) IF (x).
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Example 2.7
The trimmed mean can be asymptotically approximated by a Huber estimate.

2.4.4. Qualitative indicators

Various qualitative features are of interest.

1. The boundedness of the gross-error sensitivity,

7" =sup |IFF (x) ],
xeR

which is finite for all Fréchet differentiable estimates. If 4* is infinite, a few outliers
can lead to wrong estimates. Estimates with finite 7* are called B-robust.
2. The boundedness of the local-shift sensitivity,

v — sup I ) IF ()|
x#£y |x_y|

If A* is large, a small change in an observation may have a large impact.
3. The existence of a rejection point

p* =inf{r > 0:IF (x) = 0if |x| > r}.

This concerns estimates that completely reject selected observations.

It is possible to design estimators for which the qualitative indicators are good (heuris-
tically giving ¢ that are continuous, bounded and vanish for |x| > k for some k € R).

Other than the previously defined function, we introduce the
e skipped mean: ;(x;0) = xI_j<y<x

e Hampel’s three points redescending estimator, for which

Cf—b(c+x) if —c<x<b

—a if —b<x< —a

x—0 if —a<x—-0<a
lpu,b,c(X;G): .

a fa<x<b

—C%b(c—i—x) fb<x<c

0 otherwise

e Tukey’s biweight function, given by ;. (x;6) = x(1 — (x/k)z)Z]I‘x‘Sk.

In terms of our qualitative indicators, the mean only satisfies (2), the median (1), Huber
satisfies (1) and (2), but not (3). Note that the median does not have low local-shift
sensitivity, in contrast with Huber function. In contrast, the skipped mean only satisfies
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k
—k k
—k
(a) mean (b) median (c) Huber
¥e(x) ¥(x) ¥e(x)
k
—k k 4 —a a b ¢ —k _k k. k
V5 V5
—a
—k
(d) skipped mean (e) Hampel’s three-parts (f) Tukey’s bisquare

(2) and (3), since it vanishes and thus is bounded. Tukey and Hampel estimators satisfy

all the qualitative requirements.

The concept of robustness goes back to precursors such as Daniel Bernoulli (1769) who
proposed, rather than using equal weights for the sample, to cover points by a semi-
circle and weight the observations accordingly. He did not address how broad the
semi-circle should be. This is an example of redescending M-estimator.

The median is an old idea as well, since ming } /" ; |x; — 6| corresponds to minimization
of the residuals. In the case of simple linear regression, this leads to }_; ; |(y; —a — bx;)|.
This is undoable, and a partial strategy was proposed by Besikovic.

2.5. Optimal B-robust estimates
2.5.1. B-robust estimates

B-robust means that the estimator has bounded influence, |IFF (x, T)| < b < oo. Let
F(x;0) be the model of interest and assume that dF(x;0) = f(x;0)dx, 6 € ® = Rin
the subsequent examples.

A natural question is: find ¥ (x, 6) which satisfies the following:

e Fisher consistency: for all 6, [ ¢(x,0)f(x;0)dx = 0;
e bounded influence: [IFg(,q) (x, ) [ < b(0).
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Which ¢ minimizes the asymptotic variance subject to these two constraints?

If the boundedness requirement is dropped, then

0
Pae(x, 0) o« 30 log f(x;0)

solves the equation. If (¢ is not bounded, then what?

Example 2.8 (Gaussian scale problem)
The model is F(x;0) = ®(x/8), referred to as the normal scale problem. The likelihood

score is
d 1 /x\) 1 x¢(x/0) 1 x?
aelog(e4’(e)) 0 @ex/e) 0P
o x? — 62,

This is bounded from below, but not from above. We can truncate at k, and this idea
does work somehow. There are however two problems with this solution.

First, the influence function

e, (x, 0)
S =S, (x,0)f(x;0)d

is bounded by a constant b rather than k, since

X = IFP(x/G) (x/ lPMLEk)

k

)| < =b.
| G, (x,0)f (x;6) dx

| lFG (x/ lI)MLEk

Second, the estimate §(x, ) is not automatically Fisher consistent.

/lpMLE(x/G) dF(x;0) =0 » /lPMLEk (x,0)dF(x;0) =0

S(x,6) 5(x,0)

j /\ | /

Figure 5: (Truncated) score function for the Gaussian scale problem
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Standardisation: from now on, all the functions (x,0) we considered will be multi-
plied by a constant such that

3
/—%tp(x,é)f(xﬁ) dx = 1.
As a consequence, we have

o IFp (x,9) = ¢(x,0)
e the asymptotic variance of the M-estimator is [ 2(x,0)f(x;0) dx.

From Fisher consistency,
[9(xe)rxe)dx=0
for any . Thus,
]
= / p(x,0) f(x;60) dx = 0.

Under regularity conditions, we can interchange the derivative and the integral signs
so as to get

[ 2 g0y dar [ px0) 2 fxe)dx =0,

which implies that

_/%IP(x,B)f(x;G) dx = /w(x,B)S(x,e)ﬂxl-g)dx

since S(x,0) = < log f(x;0) = f(;;e) afg’é;e). If ¢(x,0) = S(x,0), then

[ - 555 0) (i) dx = [ $2(x,0)(x:6) dx

The numerator and the denominator appearing in the expression for the asymptotic
variance of the M-estimator both agree in the case of maximum likelihood if we take 3
to be the score function. It is not true in general for M-estimators that the asymptotic
variance will be equal to 1, that is

/ — O () dx 7 [ 92 0)f(x:6) dx

For standardized ip-functions, we have

1= /tp(x,G)S(x,G)f(x;G) dx.
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Remark 2.6 (Fisher consistency)

Suppose that [ ¢(x,0)f(x;0)dx = a(#) # 0. How could one modify §(x,6) to create
a Fisher-consistent version of it? If we can calculate a(6), then ¢0qi(x,0) = ¢(x,6) —
a(0) will be Fisher consistent. This trick is also used for weighted likelihoods.

2.5.2. Minimum variance B-robust estimation

Lemma 2.15 (Hampel)
Let F(x; 0) be a regular model with maximum likelihood estimator given by ¥\ (%, 0).
Then,

¥p(x,0) [¢MLE(X,9) —a(h) } =

—b

" e (x, 0) — a(8) if [hae — a(0)] < b
sign (Yavig —a(0)) b, otherwise .

is the optimal B-robust estimator.

.
.,

2 P(x,0)

Figure 6: Optimal B-robust estimate.

Proof We construct ¢(x, 0) for a fixed value of 6.

Let ¢(x, 0) be an M-estimate such that

[ g0 s e dx =1,
[v(xe)f(x0)dx=o.
Then
| (e (x,6) — a(®) — 9(x,6))* f(x;0) dx
— [ @ane(x,0) = a(8))” Flx0) dx + [ 42(x,0)f(x;6) dx
=2 [ (Paue(x,0) — a(8)) ¥(x,0)f(x;0) dx
= k(®)+ [ (pus(x,0) = a(6))” F(x;8) dx + [ 93 (x,0)(x;6)
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x(x) =x*—1 x(x)=x2—1

Figure 7: Estimate for the normal scale problem with different values of k. In the left plot, g,
is shifted by a(f) to preserve Fisher consistency.

a constant in 6 plus the asymptotic variance of the ip-estimates. The cross term is con-
stant because one can eliminate a(#) and one can show that

| O (e 0)f (x:8) dx = v (6),

where S(x,0)cmie(0) = Pmee(x,0) and —2k(0) = cype. Minimizing the asymptotic
variance requires minimizing the left hand side. [ |

Example 2.9 (Normal location and normal scale problems)

The normal location model is F(x;0) = ®(x — 0) and ¢(x,0) = ¢p(x — 0). It is enough
to construct ¢ for 6 = 0, as only one function x(u#) needs to be determined. For the
normal scale,

o= (3) - 1=2(2)

The corresponding estimate Y, x(x;/8,) = 0. The a has a multiplicative effect on
this estimate. With a smaller bound, the negative values of x(x) are also affected (see
the right panel of fig. 7). Note that the estimate in fig. 7 is linked to Huber’s second
proposal, which looks like the square of the Huber estimator.

If b tends to zero, the corresponding estimate satisfies Y, x(x;/8) = 0. 8, is such that
half of the x; satisfy |x;| < 8,,. Thus, 8, = med(|x1],..., |xx]).

This has been generalized to the model where both the location and the scale are un-
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H

Figure 8: Plot of the limiting estimate when b — 0

known. The estimator

-~

6, = median(|x; — med]|,...,|x, — med|),

where med = median(xy, ..., xy,), is the median absolute deviation (from the median)
estimator, also known as MAD. The MAD is such that half of the observations are
between + MAD. This can also be achieved with quantiles. The interquartile range
q75% — do59 also covers the middle half of the distribution. For a symmetric distribu-
tion, %(q75% — G259 ) = MAD (they have the same asymptotic variance). The problem
now boils down to the estimation of q75¢,. The choice is not trivial.

go2s median  qo7s

Figure 9: Quartiles of a distribution function F(x)

Breakdown point

The following part was covered solely in the exercise session and is included merely
for completeness.

Definition 2.16 (Breakdown point)
Let T be a statistical functional. The breakdown point BP of T for the distribution F is
defined as

BP := min{s : sgp{|T[(l —¢)F+eH||} = oo},
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where H is any distribution function. The term supy; {|T [(1 — &)F + eH]|} is the maxi-
mum (asymptotic) bias of 6.

The finite sample equivalent notion for an n-sample is defined analogously. We con-
sider the notion in the case of e-replacement, which gives

1 .
BP, := — min {k cosup {|T(X—, Vi) = T(x1,..., xn)|} = OO}
n X Ve

for X,_y a subset of size n — k from {x1,...,x,} and ) subset of k observations from
an arbitrary distribution.

High breakdown is achieved by the median and the LMS, notably, which have ¢ = 0.5.
High breakdown estimates are difficult to compute because of the non-convexity of the
optimisation problem.

2.6. Robust minimax theory

Huber considered the following game with two players, one of which chooses a distri-
bution, while the other chooses an estimator. The models player 2, Nature, is allowed
to choose are F(x;0) = F(x —6) with F ~ ®. Player 1, the statistician, chooses an
estimator ¢(x — 0) = ¢(x,0). There is a payoff from player 1 to player 2 given by the
asymptotic variance of your function under the chosen model, Varg (). On the other
hand, player 2 must pay an entry cost to play the game.

As we will see, it turns out there is a minimax solution to this problem and an optimal
choice of g and Fy. The payoff matrix has a saddle point if the distribution F € F has
special properties, namely F is convex and compact. This means Varg, (¢o) < Varg, (¢)
for all 1 and Var, (g9) > Varp (¢g) for all F. For couples (1, F) we therefore have

Varg (l[]()) < Varpo (l/)o) < Var[:0 (l[]) . (2.5)

Player 2 maximizes his gain by choosing Fy, while player 1 minimizes his loss by taking
¥o. Thus Varg, () = miny maxg Varg (¢) . The optimal choice of ¢y is ye under Fy,
thus the likelihood score for Fy, that is —% log f(x) = —f'(x)/ f(x). The other one is
not so easy. We want Varr (¢p) < Varg, (). Let ¢r be the MLE for the distribution F.
Then

L Varg () < Varg (o) < Varg, () =

Z(F) 1(K)

or Z(Fy) < Z(F) for all F. The saddlepoint is determined by the least-informative
distribution F, that is, the one minimizing Z(F) over the set F.

It is not difficult to show that Z(F) is a convex functional. So, if F is convex and
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F,G € F,thenZ(F;) = Z((1 — t)F 4 tG) is a convex function in ¢.

Theorem 2.17 (Huber’s minimax solution under e-contaminated normal distributions)
Let

F ={(1 —¢)®+¢eH : H absolutely continuous and symmetric around 0} .

The optimal robust estimate g for the least informative e-contaminated distribution
Fye Fis

o (x) = min(k, max(x, —k))
where

¢(k) _
2T —20(—k) =

s (2.6)

Proof of Theorem 2.17 The optimal fj turns out to be

[ a—pmexp(—k(xl k) iffxl >,
e = {(1 () it [x] <k,

and accordingly, since ¢y should be bounded for the variance to be bounded,
—&lo =k ifx<—k
4 log fo(x) if x < —k,
S fo(x) i

o(x) = fo(x) =99 (x)/¢(x) if x| <k,
L log fo(x) =k if x > k.

We want

iI((1 —HF+tG)| >0
dt —to

for all G. This means [ (2¢} — ¢3)(g — fo) dx > 0. This inequality holds true for the
following fo:
Conditions

(a) there is a k > 0 such that fy(x) = (1 —€)¢(x) on [—k, k] and (¢ — fo)(x) > O for
—k<x<k
(b) 2y} — y3 is constant for x € (—oo, —k) U (k, o).

For this choice,

[ g6+ (g~ fo)dx =0,
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fo(x)

—k kX

Figure 10: Optimal choice of f

since integrating a constant against a difference of densities is zero. 7, is zero because
the function is constant, 3 = k2. While the right hand side of eq. (2.5) is easy to prove
if g is the maximum likelihood estimator under Fy (exercises), the second inequality
is more difficult to prove for a given F. We need to introduce a lemma.

Lemma 2.18
If Fis convex and F, Fy € F and ¢y = Py (Fp), then

1. We have

d 1
dt Varpt (l[)o)

= [ 49D ~ fo)x) dx

t=0

where F;(x) = (1 —t)Fy(x) 4+ tF(x) and similarly f;(x) = (1 — ) fo(x) + tf(x).
2. 1/Varg, () is convex.

Proof of Lemma 2.18 We have using the quotient rule that

d 1 d(w’

dt Varg, (yo) ~ dt S w3 fe —o
20/ 900 (S 9olf — fo)) (S ¥8f) — (J wofo) S w3 (f — fo)
(f ¢(2)ft)2 t=0
_ 2 9hf) (S b (f — o)) ¥Bfo) (S wefo)” S ¥R (f — fo)
(f ¥3f0)? (f ¥3f0)*
~ [y ~¥h)(F - f)

with a slight abuse of notation. In the last step, we used that fact that ¢9 = PYuie(Fo)
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and thus [ ¢} fo = [ ¥3fo. We get

1 _ u(t)2 —w
Vars, (o)~ o)~ W

where u, v are linear in f, v > 0 and one can easily show that

2(u'v — uv)?
1
w (t) = 703 Z 0.

Remark 2.7
1. If F is convex, then 1/Varg (1) is convex. If fj is such that for all f such that for
all F € F, then

J w9 - fo) 20, @7)

then f is optimal. Therefore, Varr () < Varg, ().

2. One can show that maximizing Varr (¢) is equivalent to maximizing Varr (¢F),
which in turn is equivalent to minimizing the information Z. Indeed, since it holds
true that Z(F) = 1/Varg (¢r) and if F is convex, then

i 1
dt Varr, (o)

= %I(F) , with Z(F) convex.

t=0

t=0

We want to show eq. (2.5). The left hand side follows from an exercise, in which
it is shown that ¥p(x) = Pve(x; Fo) = log fo(x). For the right hand side, we use
Lemma 2.18. We look for fj such that for all f such that F € F, eq. (2.7) is satisfied, and
then remark 2.7 (1) leads to the result. We see that

20p(x) — 5(x) = —k*, i [x| > k (2.8a)
f(x) — fo(x) >0, if |x| <k (2.8b)

Then
/ <2%(x) B lpé(x)) (f =fo) = / (z%(x) —5(x) +k2) (f - fo)
- /kk (2%(") — ¥5(x) +k2) (f=fo) =0

using eq. (2.8b) asboth2 — x? +k? > 0 and f — fo > 0if |x| < k.
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£ k 1/I(F0)

0 oo 1

0.01 1945 1.065
0.05 1.399 1.256
0.10 1.140 1.490

Table 1: ¢ contaminated normal distributions least informative for location.

It remains to prove eq. (2.6). Since fj is a valid density,

k ()
1= ./_k(l —e)p(x) dx+2/k (1— &) (k) exp(—k(x — k)) dx

= 1=01—-¢){P(x) —P(—k)} +2(1—¢)p(k) {11{ exp(—k(x —k)) )

& 1=(1-¢ (1—2<I>(—k)+2§<k)>

€ op(—k)+220)

<:>l—£ k

Remark 2.8

Huber guessed the result. He supposed that in the middle, fo(x) = (1 — €)y(x) for
x| < k and that the tails are such that the difference 2¢)(x) — 93(x) is constant for all
|x| > k. We only need to verify this is indeed the case.

Remark 2.9

We need to choose ¢, which readily gives by eq. (2.6) a value of k. The rightmost column
of table 1 gives the asymptotic variance when choosing the optimal estimator for Fy.
Table 1 is extracted from Huber & Ronchetti (2009), Exhibit 4.3.

Theorem 2.19 (Minimax solution under bounded variance)
Let

F = {F symmetric, absolutely continuous with / X2 f(x)dx < b} .

Then, the minimax solution (¢, Fy) comprises the optimal robust estimate p(x) = x
and the least informative distribution given by fo(x) = ¢(x/v/b)/V/b, the density of
N(0,b).

Proof We want to show eq. (2.5). Again, the right hand side follows from the proof that
Po(x) is the MLE for Fy, which is S(x). For the left hand side of eq. (2.5), we know that
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x)dx =1, [xf(x)dx = 0and [ x?f(x)dx < b. We want eq. (2.7) and suppose
q PP
that

20h(x) — ¥3(x) = &+ px — 74
/ ¥ fo(x) dx = b.
Then, we have
@) = 9B () (f — o) () dx
= [ @+ pr =72 ~ fo) (x) dx
= [alf = )@ dx+ [ Bx(f — fo)(x) dx+ 9% —* [ $Pf(x)dx 2 0

since the first two terms are zero, 72 [ x?fo(x) dx = y?band 2 [ x?f(x) dx < 7?b.

We need to find the corresponding fy of §. We solve 2¢) — 3 = a + Bx — 7%x and
guess that 1p(x) = yx + &. Finally, we know that

Po(x) = yx + & = Pwe(x; Fo) = S(x),
which implies that

log(fo(x)) = %xz +ax+c

fo<x>o<exp{'§(x—f)2}

where ¢ is a constant. This is nothing but the kernel of a N (& /7y, —1/7) distribution.
Because of the symmetry requirement of fy, we have ® = 0 and b = —1/7 for the
variance. This shows that the minimax solution is

o) = o (22)

and p(x) = x. [ |

2.7. Robust regression
The classical least squares goes back to Legendre and Gauss. The problem setup is

y=X0+¢
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fore € R”,0 € R? and

i=1

2
o~ n p
0 = argmin Z (yi — Z Xij9j> .
4 =
The solution

n p N
Z Yi— Xi]'ej Xik:()/ kZl,...,p
i=1 j=1

or X" X8 = X "y. If X has full rank, then

0=X"X)"xTy
and

7=Hy=XX"X)"X"y

and H € R"*" is a projection matrix, HH = H. In particular, H has p eigenvalues
equal to 1 and (n — p) equal to zero, thus tr(H) = p. This estimator is optimal if
& id (0,02), but however non robust: it has breakdown point 0 and an unbounded
influence function (exercise). Note that the diagonal elements of H, h; := H;;, satisfy

0 < h; <1 and “corresponds to the self-influence of y; on its own fitted value ¥;”.

What happens if we imagine a sequence of regression problems such that n tends to
infinity and p may also grow? The answer is that asymptotic normality and a formula
for the asymptotic variance given by ¢(X"X)~! both hold, provided we have inde-
pendent errors from a distribution with finite variance.

Proposition 2.20
Assume that €1, €, . . . are independent with mean zero and variance 2. Then

~

Vi=Xi0 >E(y;)), asn—o
if and only if

h = max h; — 0, asn — oo.
1<i<n

Note that X;, 1 < i < n denote hereafter 1 x p row vectors.

Proof Sufficiency of h — 0. If E (¢) = 0, then E () = E (y) = X0. It follows that

Var (§) = E (HesTHT> — HE (seT) H = ¢?HIH = o?H.
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In particular,

p
Vi= ) Hiwk
=1

which implies Var (7;) = Zzzl (Hj)?0? = h;jo? using independence of the ¢; and since
H is symmetric and idempotent. Then, by Chebyshev’s inequality,
]’li(T 2

P (7 —E@)|=0) < =

The necessity of h — 0 is more difficult. Since the fitted values are such that
Yy =Hy = H(X0 + &) = X0 + He,

we look at

p
Vi —E(¥i) = ) Hiex
=1

= I’liEi + ZHikgk-
k#i

Then, since both terms are independent, we have the lower bound

P (|?I —E (]//\l)| > 5) >P <hi€i >0, ZHiksk > 0) +P (hl-el- < _512Hik€k < 0>
o kZi

=P (hjg; > )P (Z Hjrer > 0) + P (hie; < =96) (1 -P (ZHiksk > 0>>

ki ki

1) 1)
> mi > 2 <2
mm{P (81 hi)'P(sl hi)},

which completes the proof. u

Remark 2.10
Note that since the maximum is greater than the average, max(h;) > h; = p/n. This
implies that unless p/n goes to zero, consistency of all i; cannot happen.

One can even show more: if a € R” and such that a' a = 1, then a ' 8 is asymptotically
normal if and only if max(h;) — 0. If it is not the case, there is at least one residual
value that does not have expectation zero.

We define the residuals as r; = y; — §; = (1 — h;)y; — L. Hixyg. This is called the ith
residual. If }; is close to 1, then y; has little influence on the estimate r; and a gross error
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in y; may not be visible in ;. The error in y; may however show up in another residual
1%, if Hj happens to be sizeable. There is a large literature on procedures for finding
outliers exists (regression diagnostics). Many are based on leaving out one observation
and observing the effect.

10

Figure 11: Plot of least square fit with (dashed red) and without (full black). The outlying obser-
vations is flagged in red. Grey lines correspond to fit from leave-one-out cross validation.

Without loss of generality, assume that X' X = I, in which case Hy, = X;(X"X) 71X/ =
X;X;|. We now delete one of the observations: set X — X_; = Xandy — y_;; we are
after  — 0. Then

(XTX) = Y X X! =X"X =X/ X;
ki
and

U XX
XTX -1 — I + 1 1
(X7X) 1—XX"

by the Sherman—Morrison formula. It follows that
~ ~1~\—1
0= (xTx) X'y

- (x'x) " T ux]
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Note that
XXTy=x (X[ X - x])y=(Ha Hp - Hu)y=7

which implies 8 — 8 = r X, /(1 —h;) € RP; this is the sensitivity. The fitted values
satisfy

i 5 7 hir;
X:0—X.0= i _ ili
19 1 1 7}11

X“?_1fm'

Leave-out-one residuals are then

- —~ 7
yi—Xi0 =yi = X; <9+1_lhiXiT)
o1
T—m - n

=ritr
Another diagnostic is Cook’s distance, defined as

1 - 0
D; = W”V—HH

-1

where 5% = (n — p) 1 LI r? is the empirical variance estimate. Then

7= X6 =X+ (7~ XX
and the difference
Hy;
~ ~ I .
y-y= 1—n :
Hpi
with
r 1 2
_ 1’1-2]’11' 1
C (11— k)2 ps?

All these efforts are easy to fool through masking! One can think of several outliers

occurring in the same region.
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2.7.1. Me-estimate

We can simply replace the least square criterion Y_; 7 by Y, o(r;), where ¢ is convex and
exhibits subquadratic growth. This is a proposal of Huber.

The estimating equations become
T_ v NxT
LYr)Xi =) ¢y —Xi0)X; =0

i=1

where ¢ = ¢’. In order to achieve the correct scale behaviour, the residuals need to be
standardised.

The error scale 0 is either estimated simultaneously or by a preliminary robust estima-
tion! The influence function is

o —Zj0\ _
o

where 6, 0 are the values under the model for which we compute the influence function
and Vx = [XX' dH(X) where H(X) is the distribution of the covariates. Note that
[IF(Zo, yo)|| is unbounded! It is indeed easy to drive to Vy ' Zy to infinity.

In terms of asymptotics, if n — oo and p is constant,
0N, (e,v : (xTx)—l)
where v is a modifier that depends on the scaled variance,

L EW ()
Ew ()P

2.7.2. Alternative estimates

Other than M-estimators and ordinary least squares (OLS), there are other alternatives
for regression. These include ¢ penalties such as least absolute deviation (LAD), which
consists of minimizing Y1 ; |r;|. The least median of squares (LMS) estimate was the
first working proposal in the robust literature and is due to P. Rousseeuw. This estima-
tor minimizes
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where r; = 7;(0) = y; — X;0. Under some conditions, this is consistent and we have
d

n'/3(Opvs — 0) 5 N, »(0,Y); note the slower rate of convergence.
MM-estimates

In order to eliminate the influence of leverage points, it seems natural to use redescend-
ing y-functions.

Example 2.10 (Tukey’s bisquare)
Tukey’s bisquare function is defined as

Yo = x(1 — %)My <1

Integrating out t,;, we recover

(1-(1-x2%3) if|x] <1

otherwise .

obi(x) =

A= =

The idea is thus to use bounded g-functions and consider for example

E (2)x =0

This will have multiple solutions and the difficulty is to select a right one.

Regression estimates based on robust scales are analogous to estimators which mini-
mize the estimated variance of the errors. Using an M-estimator, such that ¢(u) is a
bounded function, the corresponding ¢ is redescending. Gyobust = 0 is such that

where § can be for example is 1/2. If we minimize a'q with regard to 0, this leads to an
M-estimator that is computable and unique. This idea bears the name S-estimator .

Historical notes

M-estimators with unbounded ¢-function have unbounded influence function. To cor-
rect for this, proposals were made involving the weights of the observation depending
on their position! Colin Mallows suggested taking

3y () X wia)) o
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where d(X;) measures the outlyingness of the observation X;. For example, one can
take the Mahalanobis distance, (X; — X)E‘l(xi — X) . Another proposal using weights
was given by Schweppe, namely

iy (10975

Both can have bounded influence. Kraster and Welsch showed that the Schweppe esti-
mator with the Huber i-function is the optimal bounded influence estimator.

n
i=1
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Part 3
Rank-based statistical procedures

3.1. Introduction
3.1.1. Order statistics, ranks and their properties

Given a vector x1,...,xy = x, we denote by o0;(x) the ith smallest coordinate of x.
We will write x(;) = o0;(x), meaning that xq) < -+ < x(y). Consider a collection of
random variables Xj, ..., X, usually independent and identically distributed. Then
X(jy = 0i(X) is the ith is the order statistics. The gap is the distance between two order
statistics. For x = (x1,...,xy) such that x; # x; for all i,j with i # j. Let r;(x) be the
rank of x; among the x;’s. The r;(x) is the number of x’s that are less than or equal to x;
and x; = x(,,). The order statistics and the ranks correspond to a decomposition of the
data into ancillary and sufficient statistics and having both is sufficient to recover the
sample. We denote by r;(X) = R; the rank of X; among Xj, ..., Xy. The collection of
ranksis R = (Ry, ..., Ry) and we denote by X the set X' = {x(;) < x(5) < -+ < x() }-

Ranks are well-defined only if a tie or a coincidence between two values has probability
zero. We will thus assume absolute continuity hereafter.

Theorem 3.1
The joint density of X = (Xj,...,Xn) is f(x1,...,xn). It then follows that the joint
density of the order statistics X(q), ..., X(y) is equal to

frxayoxq) = 1 fO ) Xy M ex

meSN

where Sy is the symmetric group of all permutations of {1,..., N}, thus |S,| = N!

Corollary 3.2
If f(x1,...,xy) is invariant under permutations of the arguments, then

f*(x(l), .. .,X(N)) = N'f(X(l), . 'rx(N))]Ix(,)GX'

Proof of Theorem 3.1

S [ femdn - dy

/Af(x(m), s Xy Ay o Ay

Il
A
o7
—
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:/"'Af*(xm)w-vx(nm)dx(l)“'dx(N)

as the Jacobian of the linear transformation of (x1,...,xn) = (X(r,),- -+, X(ry)) I8 £1

for all events {R = 7}. It remains to associate the corresponding densities

Theorem 3.3
If X = (Xj,...,Xn) hasjoint density f(xq,...,xy), then

FG () o X))
f*(X(l),. . .,X(N)) ’

P (R =7 Xg) =xq) X = x<N>) -

Proof First note that the joint density of (R, X(.)) is f(x1,...,xn). It follows that

P(R=rm, (X, - X)) € A)

:/__ f(x(ﬁl)""’x(m\f))

' (X(1y, ..., X dx/y - - dx
A f*(X(l),...,X(N)) f ( 1 (N)) (1) (N)

by a change of measure.

Corollary 3.4

If f(xq,...,xN) is invariant under permutations of the coordinates (this holds true if
fx1,...,xn) =T, f(x;)), then the quantities R = (R, ..., Ry) and (X1y -+ X))

are independent with P (R = 1) = 3; forall w € Sy.

In the case of a sample from a symmetric distribution function, X; ~ F, with f(x) is

such that f(—x) = f(x) (so that F(x) + F(—x) = 1), then | X;| and

1 ifX; >0,
sign(X;) = ¢ -1 ifX; <0,
0 ifX;=0,

are independent. Indeed, P (sign(X;) = 1) = } and

P(I1Xi| <tsign(X;) =1) =P (0 < X; <t) = F(t) - F(0)
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On the other hand,
P (|X;] <tsign(X;) =—-1) =P (-t < X; <0)=F(0) — F(—t)

3.2. Examples of rank statistics

A statistic T(Xj, . .., Xn) whose value only depends on the ranks is called a rank statis-
tic. Note that the ranks (R, ..., Ry) do not change if we apply a monotone increasing
transformation to Xy, ..., Xy-

3.2.1. One sample statistics

In this case, the signs are used along with the ranks.
Proposition 3.5 (Sign test)
Consider the null hypothesis

My X, Xn S E, med(X) = 6

S X1, XSG, med(X) # .

Another popular null hypothesis is that of symmetry, which has
X1, XN SF, f(x)=f(—x), (med(X)=0),

JA:X1,..., XN iid G, g(x) not symmetric.

The statistic is

N
S(6) = ) _ sign(X; — 6p)
i
or

S(6p) = number of X; > 6
N
=) H(x;i — o).
i=1
Note that the Heavyside function can be expressed as H(y) = I,>o = % (sign(y) + 1).

Under .74, the number of X; > 6 follows a Binomial distribution B(N,1/2). In using
this as a test, we reject 74 : 6 = 0y in favor of 7 : 0 < 6y if S(6y) is sufficiently small.
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Table 2: Calculation of the null distribution of the sign test

values of S 0 1 2 N
P () /2N Na/2N 2N - (172N

For a given a € (0,1), we look for k, such that

B () ()

This implies that ag + (ka'i1)(1/2)N > . We then reject 4 if S < k,. This is a test of
size P 4, (false rejection) = . To get exactly level a, randomization is necessary.

Any null hypothesis %) : 0 = 6y can be tested. If we collect all 6y not rejected, the two-
sided test will generate a confidence interval with confidence (coverage probability)
1-— 20(0.

Proposition 3.6 (Wilcoxon signed rank test)
We consider

Ky X, XN S, f(Bg—x) = f(0+x)

the hypothesis of symmetry of f around 6y. We look at R := r;(| X; — 6g|), the rank of

|X; — 6p| among | X1 — 60/, ...,|Xn — 60| Then

N
W (60) = Y Ix,~g,R/
i-1

This remarkably simply idea is almost as powerful as the Student’s {-test. From the
general theory of ranks and signs under symmetry, we know that under %, W+ has a
distribution that does not depend on the particular f.

Table 3: Calculation of the null distribution of the signed rank test

values of N 0 1 2 3 4 5 6

N=1 1/2 1/2 0 0 0 0 0
N=2 1/4 1/4 1/4 1/4 0 0 0
N=3 /8 1/8 1/8 2/8 1/8 1/8 1/8

For general N, there is mass on the first N(N + 1) /2 observations.

We wish to test the same null hypothesis as that of the Wilcoxon test, namely symmetry.
A broader class of statistics can be obtained by assigning a score to the ranks.
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Definition 3.7 (Linear rank statistic for symmetry)
A linear rank statistic for symmetry is of the form

Lu(60) = 3 a(R}) sign(X; — do)
i=1

where (a(1),...,a(N)) is a vector of rank scores. You can easily prove that under .7,
E (L(60)) = 0 and Var (L(f)) = L (a(0))?.

3.2.2. Two sample statistics

We mostly consider the setting where the null consists of equality in distribution for
the sequences X, Y, namely Xy,..., X, iid Fand Y7,...,Y, iid F. We think often of the
alternative .74{ where the density of Y is f(y; — A) rather than f, but the framework is

much more general.

Proposition 3.8 (Wilcoxon two sample test)

This statistic, proposed in Wilcoxon (1945), consists of the sum of the X ranks among
the pooled observations, that is

W=y R

s

i=1

where R; is the rank of X; among {Xy, ..., X, Y1,...,Ys}. If Fx and Fy are continuous
(meaning there are no ties), then

T (k)
"

P (W =k) =

where 71, , (k) is the number of ways to select m among {1,2,...,m + n} such that their
sum equals k.

Lemma 3.9 (Mann-Whitney recurrence relation)
The recurrence relation gives the distribution of 77, , (k) as

T (k) = nm,n—l(k) + nm—l,n(k —m—n).

The interpretation is as follows; consider without loss of generality the largest value
of the combined sample, with rank m + n. Either this observation is Y(,), in which
case it does not contribute to the value of the statistic and the sum k must be obtained
from the remaining observations. Otherwise, if the m + n rank corresponds to X (m) its

"1711 contribute

contribution to W is m + n, meaning the other m — 1 observations {X(]-) } -

exactly k — (m + n).
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Proof On the right hand side, the selections are among {1,...,m +n — 1}. The initial
conditions are

) 1 ifk=1+---4+m
Um0 =
" 0 otherwise;

) 1 ifk=0
7'[(), =
" 0 otherwise.

and the recurrence is given by

1 ifk=1,2
m(k) = mo(k) + o1 (k—2) = _
0 otherwise

since 7119 = Ix—1 and 71 = I;_p, and

(k) = a1 (k) + 12k — 4)
= mp0(k) +m1(k —3) + 1,1 (k —4) + mop(k—7)

If the sample has ties, then the resulting distribution cannot be applied directly. u
Proposition 3.10 (Mann—-Whitney test)

This test, due to Mann & Whitney (1947) counts among all m - n pairs (x-value, y-values)
the number of times that x exceeds y and is given by

m n m n
M=) ) Dxow = ), ) Ixgoy,
i=1j=1 i=1j=1
m
=) (Ri—i)
i=1
oy mm+1)

2

if there are no ties. Indeed, there are R; — 1 values of Y less than X1y, Ra =1 values
less than X(z), of which 1is X(l), etc.

Sometimes, rank statistics are in the form of what is called U-statistics.
Definition 3.11 (U-statistic)

A U-statistic of a single sample (Xj, ..., Xy) is based on a kernel h(Xj, ..., Xy) and
equals

49



where the sum runs over I'y,, all possible combinations (') of index sets of size r.

The expectation of a U-statistics clearly is equal to E (h(Xj, ..., X;))

Example 3.1 (Examples of U-statistic)
An example of kernel of rank » = 1 is the mean, with kernel /(x) = x, while for r = 2,
we have i(x1, x2) = 3(x1 — x7)?

In the two-sample case, one considers kernels of the form h(Xil, e X Y,
The U-statistic is then

-1 -1
m n
(r> (S) Y Y h(X e X YY),

Cir s

Y;,)-

The Mann-Whitney statistic M is a two-sample U-statistic withr = s = 1.

Definition 3.12 (Linear rank tests)
In the bivariate setting, we define linear rank tests as

n+m

L= iﬂ(Rz‘) = ; a(R;)c;

i=1

where ¢;, termed regression constant, is a binary indicator

1 f1<i<m
Ci =
0 otherwise.

and R; is the rank of X7,...,X;; for1 <i < mand therankof Y3,..., Y, form+1 <
i<m+n.

3.3. Locally most powerful rank tests

The whole theory will be done with the two-sample Wilcoxon test. Consider the loca-
tion shift case where X1, ..., X}, id f(x—A)and Yy,..., Yy iid fly)and 74 : A =0
against the alternative 4 : A > 0. We denote by a(1),...,a(m + n) the score given to
the ranks (an increasing function), a mapping a : {1,...,m +n} — R. We reject 7 if

Y"1 a(R;) is greater than the critical value. How to choose a(1),...,a(m + n)?

This test will reject if the ranks (Ry,...,R,) € R where R is the rejection region. Of
course,

m
R = {1’1,...,rm,rm+1,...,rm+n;2a(ri) > critical Value}.
i=1
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Because of the uniform distribution of the ranks,

|R]

P (rejection) = m

The power of the test is equal to

Py (rejection) = )} PA(Ry=r1,...,Ru=rm).

A

Figure 12: Power curve and local power at zero for location-shift test.

The size « is linked to the critical value. The slope of the tangent is called the local
power, which is defined as

d
local power := ——Px (rejection)| .

To find the distribution of the order statistics, we present the following general result.

Theorem 3.13

Let (Xj,...,Xy) have a joint distribution f(x) invariant under permutations of the
arguments. Let T(X, ..., Xy) be some statistic. The expected value conditional on the
ranks,

E(T(X)|Ry=r,...,Ry=ry)=E (T(Xm)w--fX(rm))

Proof The proof relies merely on relabelling. The independence between ranks and
the order statistics readily gives

E(T(X)|Ry=ry,...,Ry=ry) =E (T(X(rl),...,X(,N)) | Ry :rl,...,RN:rN)

=€ (T(X1) -+ X)) -
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Choose T(Xjy,...,Xn) = g(X)/ f(X) where ¢(X) is an alternative density absolutely
continuous with respect to dF(x), meaning f(x) = 0 implies g(x) = 0. Then

P\ f(Xa, . Xn)
/ g(xq, ... xN)N'f(xlz---/ xn)dxg ... dxy
fX1,.. )
{Rl 1, RN
:N!Pg(R1:r1,...,RN=VN)~

‘ R1 =1,-.. RN = 7N> (3.9)

To get the conditional probability with respect to only the first variables, we can inte-
grate out the remaining ones. We present another proof instead.

Lemma 3.14

Let Xq,..., X iid Fx (with fx = f(x — A), the alternative) and Y7,..., Y, iid Fy (with
fy = f(x)) and assume that fx(t) > 0 implies fy(t) > 0. Further denote V = (X, Y).
Then,

m

-1 m
P (rank(X;1) = r1,...,rank(Xy) = rp) = <n+m> . (QJm)

where V(r) are the order statistics of Vy,..., V4 iid Fy.

Proof

P (rank(X(l)) =T11,.. .,rank(X(m)) =Tm | X(l) = t]/ . '/X(m) = tm)

_ nl(Fy(t))1 7 (By(t2) — Fy(t))™ 171 - (1 — Fy (f))"™ 4
(rm=Dlrz—r =D (n+m—rp)! '

This needs to be integrated with regard to the joint density of X(y),..., X(;,), given by
m!fx(t1) fx(t2) - - - fx(tm). We have

P (rank(X( )) = rl,...,rank(X(m)) = rm)

/ / n!(Fy (1))~ (Fy(t2) — Fy (1)) " -+ (1= Fy (tm))" "
(m=Dlrz—r =l (n+m—ry)!

x ml(f{fx(t,»)> dty - dty,
= (nnimn; / / 8ri,e. t1/---,fm)(ﬁf1/(ti)>1<lﬁfx(ti)) dty - - - dty

H <ty <Lty

B<ty <<ty

where the g-density, the joint density of (V{,,),..., V(,),. .-, V{s,,)), is given by

(n +m) (B (1)) fy(b1) - (1= By ()™~ ™ fy(tm)
(=D rp—ry =1 (n+m—ry)!

gr(t) =
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yielding

m'n! m f (Vfi)
P (rank(X(l)) = 7’1/~--/rank(X(m)) - rm> - WEg <E JM)

making use in the last step of eq. (3.9) and theorem 3.13 to conclude. u
We now return to the power at the alternative A, which is
-1 m —
n-+m I\
( A) = ( ) E A S DA
P L y\om [ fViy)

(r1eeestm i=1
reject

where Vq, ..., Vg w f. The local power, given by the derivative of the power B(-) at

A evaluated at A = 0, is

da _ ntm\ f
dA'B(A) A=0 N (rl,..z.,rm) ( m ) 1221 E ( f (V(Ti))> .
reject
This holds because
dA g f(V(Ti)) - 1:21 f (V("i) A)gf<v(fj) A) (Ef(v(rl)>>

using the product rule. We now know how the locally most powerful test for a shift in
location behaves. It has to be based on the score

aopt(r) = E (J;(V(,))> .

Example 3.2
One can now ask many questions, for example

e for which f do we find E (—f’(V(,))/f(V(r)) — A+Br

e what score is best for the normal density f(x) = ¢(x)?

Definition 3.15 (Score-generating functions) )

We can always represent V(,) as F’l(U(,)) where Uy, ..., Uyym = U(0,1) and F(X) =

J*., f(u) du, which implies the expected value F scores are given by

i) =€ (-4 (F i) ) =€ (o).

where N = n + m. The function ¢f(u) = —f'(F~Y(u))/f(FY(u)), for0 < u < 1,is
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termed score generating function for the expected value F scores aopt = E (q) f(V(r))> .
If the latter are hard to calculate, we can resort to the quantile F scores,

o = Pf <n+;+1> = 95 (E (Um)) -

Remark 3.1
The optimal score for the signed rank test

N
; sign(X;)a" (R})
i) =€ (~2(x10)).
What is cp}r(u)?

The distribution of | X| is
P(X|<t)=P(—t<X<t)=F(t)—F(—t)=2F(t)—1

assuming symmetry of X about 0. The inverse of G(t) = 2F(t) — 1 fort > 0is F~1((1+
u)/2) and so

1+ U
_ -1 ()
X| () =F <2 > .

For a sample Xj,..., Xy i Fand X1y < [X[@) < -+ < |X](n), we consider an

equivalent sample from the uniform distribution with Uj, ..., Uy M u (0,1) and

- (052

3.4. Asymptotic distribution of rank tests
Asymptotic distribution under the null hypothesis

Consider for example the Mann-Whitney test. The mean and the variance of the test
are

1 1
E(M)= Em(m—i—n—i—l), Var (M) = Emn(m—i—n—i—l);
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see the exercises. With the same method, one can solve the general linear rank test.
Assume that an(r) = @(r/(N+1)) forr=1,...,n+m.

Lemma 3.16 (Asymptotic mean and variance of linear rank tests)
Consider sequences of experiments indexed by N = m + n such that N — oo and
m/N — A € (0,1). The asymptotic mean and variance of

Ly 1 R
Ty = — = — ,
NN N§¢<N+ )

where R; is the rank of X; in the combined sample, are given respectively by

1
lim E(Ty) = Ap = /\/O ¢(u)du

N—oo
and
1
lim NVar (Ty) = A(1 - A) /O (9(u) — )2 du.

N—oo

The variance we obtain only makes sense if 0 < A < 1 and [ ¢?(u) du < c.
Consider for example ¢(u) = ¢f(u) = —f"/f(F"Y(u)) and

/01 qo}(u)du = /01 {—{: (1—"_1(11))}2 du.

It is natural to make a change of variable F~! (%) = x meaning F(x) = u and f(x) dx =

du. Thus,
[ dean= [0 V[ L] sa

F1(0)
= Z(F).

For this particular ¢, we need a finite Fisher information.

Proof We will replace

NTy =L ——E (p( d )
N N
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where ¢y (i) = T4 where A; is the the event that the i observation is from the X-
sample. The vector ¢y = (cn(1),...,cn(N)) is the vector of regression constants. Let

Ni (N-'l—l)

where By, ..., By ~ B(p) where p = m/N. Thus,

E(TN)zilﬁlz(p(Nil> —>)L/Ol(p(u)du

1

as N — oo. If ¢(u) is Riemann integrable, then

N .
NVar (Ty) = % Z % (1- %) e (N;l) (3.10)
]
+ = lZ]]ZlCOV(Bl,B) (N+1>¢(N+1> (3.11)
i

where

N —2)im!(N —m)! my 2
m—2)I(N—m)IN! (N)
2

_
(

mm—1) m

N(N—-1) N2
:_m(N—m)
N2(N—1)

Another easy proof for the covariance is derived as follows: since Y-~ ; B; = m,

N m m N
Var <i§Bi> =0=Ng (1 - N) +2<2)x
and solving for x, we get
Cov (By, Bj) = —m (1 - %) (N(N—1))"!

The behaviour as N — oo of the right hand side of eq. (3.10) is A(1 — fo
Analogously, we recover —A(1 — A)@? for eq. (3.11). This requires a few more marupu-
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lations to show that the diagonal terms (with i = j) are of lower order and negligible.
Together, this gives

A=) [ [ e ([ ot duﬂ =201 [ (p) - §)* du

Remark 3.2
In the one-sample case, Ly = YN, sign(X;)¢(R;" /(N +1)).

We now aim to derive the asymptotic normality under the null hypothesis. Historically,
this question has been instrumental for developing asymptotic.
Under the null hypothesis,

N

E(Ly) =E | ) cn(i)an(Ry) | = Neway

i=1
because E (ay) = ay for a rank R, where ay(r) = ¢(r/(N +1)),ay = N"1EN an(i)
and cy = N1 Zilil en(i).
It will prove easier to consider another score for derivations.

Theorem 3.17 (Projection method)

Let Ry = (Rn(1),...,Rn(N)) be the vector of ranks derived under the null hypothesis
from a vector Z = (Z;,...,Zy) with iid coordinates distributed according to F, abso-
lutely continuous with density f. Put U; = F(Z;) and let ay = (an(1),...,an(N)) bea
vector with entries ayn(r) = E (go(ll(,) )), a measurable score generating function which

is not constant and such that fol @*(u) du < co. Then,

N
Ly =) en(i)a(Ry(i))
i=1
has the same asymptotic distribution as Ly = Néeyay + Zfil(cN(i) —on) ().

Using Theorem 3.13, we have
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If we project Ly onto the subspace of square integrable functions defined by the span
of Ry, we get the conditional expectation

E (EN | RN)

and this turns out to be Ly. Indeed,

Remark 3.3 (on the projection method)
Consider a sample Zy,...,Zy. If we are dealing with a complicated statistic Uy, we
would like to approximate it by a statistic of the form

N
Uy =) hi(Z),
i=1
where h;(Z;) can be found as the projection E (Uy | Z;) .

The proof of the following fact will be omitted:

Var (Ly)
Var (Ly)

as N — oo; this is a sufficient condition for asymptotic equivalence (i.e. Ly and Ly
have the same asymptotic distribution). 3 In our case,

Var (Ly) _ 1 S (en (i) — en)? 2 (an (i) — an)? . Var (ay(ranks))
Var (Ly) N it (en () = en)2Var (g (W) Var (¢(U))

which can be proved in various ways!

Corollary 3.18 (Asymptotic normality of linear rank tests)
If max; (e (i) — en)?/ LN, (en (i) — en)* — 0as N — oo, then it holds that

Ly —E(Ln) 4
) = N(0,1)

as N — oo.

3See for example Van der Vaart, Asymptotic Statistics, p.176-177.
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In the two-sample case, m of the cy (i) = 1 and n of the ¢y (i) = 0, which imply ¢y =
m/N, so

V {lent -} = ma{ ()" (1- %)}

and
Bt = (1= 50 (3

m m m m
=m(i-5) (-5+x5) =My (-%)
since cn (i) is binary, each term is either 1 — m/N or —m /N and there are respectively
m and n of them. Does

)2

1 max
N

2=

m
N -0

Z‘ii —~
Zl=

as N — oo? Yes, unless m = N or m = 0, since the denominator converges to A(1 — A)

and the numerator to max(A, 1 — A)2.

Asymptotic distribution under the alternative

Let Z3,...,Z, be observations and let Ry (i) denote the rank of Z;, the number of Z
values that are less than or equal to Z;. Alternatively, we can express Ry /(i) as Ry (i) =
NFy(Z;) where Fy(x), the number of Z; < x upon N, is the empirical distribution. The
latter can be analysed as a stochastic process indexed by x. The representation

N .
N L en(an(Rn(9) = [ av(NEx(x)en(x) aF(x).

can be used to get asymptotic results. Another way to obtain the power is by means of
asymptotic arguments, and this is what is used in practice.

3.5. Asymptotic power and Pitman efficacy

We begin by illustrating the concept with the Student’s ¢-test.

Example 3.3 (Power of test for Student’s t-test)
Let X3,..., XN id (u,0?), where 74 : u = 0 versus 7 : u > 0. Under the null
hypothe51s,

X
Ty = VNZN ~ iy g,
SN
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where Xy = N71Y N, X;and S3, = (N - 1) 712N (X — Xn)2

To have P (rejection) = &, we reject if Ty > ty_1(1 — &) = 31, = (1 —a), for
large N. At u > 0, this test has power

Py (rejection) = Py, (Tn > 31-4) -

and it is not easy to work out, since Ty follows a non-central Student-t distribution. It
is apparent that as N — oo, the power goes to 1, except at the null hypothesis, provided
that the test is reasonably behaved. Hence, this situation is not terribly interesting.

B(n)

0.5 1 H

Figure 13: Power as a function of Nj, for Ny (dashed red) and N, (black) where N7 < N for the
JH n=0

Pitman’s idea was to compute the power at a local alternative uy — 0 so that the power
at uy converges to a number € (0,1) as N — oo.

Example 3.4 (Location shift for Normal distributions)
This is an example of a Student’s t-test for known ¢. We reject if

> 31—

VNXy
o
since Xy /0 ~ N(0, N~1) under /4. The power of this test statistic is
VNX
Pu < N > 31-u

since Xy /0 ~ N (u/o, N~1) under the alternative. Thus,

(e S )

L —
o & o
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=1-® <5l—v< - \/Ny>

o

=0 (m _51—04)

ag

converges to 1 as N — co. What should py be in order for ®(vVNu/o —31-4) — B
for B € (0,1)? Taking un = h/+/N will work! In general, the power at the alternative
h/+/N approximately

 (hep — 31-a)
where ep is the Pitman efficacy.
The power at the alternative py is f(un) = ©(h/0 — 31-4)

3.5.1. General formula for the Pitman efficacy for test statistics with
Gaussian limits

Consider the test statistic Ty = T(Xy, ..., Xn) with X; id Fy for 6 € R. We wish to test
an hypothesis of the form 7% : 6 = 0 versus 4 : 8 > 0 for an arbitrary family. Then,
for statistics that converge in law to a Gaussian distribution, we have

VRINZEON) 4, e 1) (3.12)
o (On)
where p(-), o(-) are appropriate location and scale functions, respectively. We term
On = h/+/N the Pitman alternative. Similar expressions can be derived for x? or F
limits.
Example 3.5 (continuation of example 3.3)
In the setting of example 3.3, we had under 74, Ty ~ ty_1 ~ N(0,1) for N large.
Taking y(y) = u/oand o(i) = 1, we have

meimﬂN:\/ﬁ XN_VNJF,”*N*ﬂiN
SN o Sn SN o
Xy — 1 1
:mNsﬂNme(S_)
N N U
4 N(0,1)

since the term #(1/Sy — 1/0) — 0 by Slutsky’s theorem. By the central limit theorem,
the first term is asymptotically normally distributed and so eq. (3.12) holds for the
Student’s t-test. Whether or not eq. (3.12) holds needs to be checked in each case.
Theorem 3.19 (Power at Pitman alternative for test statistics with Gaussian limit)
Assume that eq. (3.12) holds, u(0) is differentiable at zero and ¢ (#) is continuous. Then,
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the power at 0, converges to
3 W0 W)
1-o (31_,,( h 0 )~ Dk (0) 3-u (3.13)

where the test has asymptotic level a and leads to rejection of 74 rejects for large values
of T),.

Proof To achieve asymptotic level a, we reject the null hypothesis if

\/ﬁw >3- & Tp> “u(O) + 0;(/%)31—1x

The power at 6, is asymptotically equal to

Bi6n) =Pa, (T > u0) + =251, )

V() ~ u6n)) _ V(=5 (O o(n 1)
)
converges to —hy'(0) /0 (0). The asymptotic power is thus equal to eq. (3.13). [ |

Definition 3.20 (Pitman efficacy)
We define the Pitman efficacy as

ep(test, Fy) =

For positive location shift, ep > 0. One is interested in local alternatives 6 > 0, but
0 ~ 0.If 0 = h/+/n, the power at 0 is

B(0) ~ ®(V/nbep — 51-0).

The bigger ep, the better the test.
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Figure 14: Location shift of § > 0 (red dashed curve) against postulated null distribution with
0=0.

Example 3.6
For Student’s t-test,

and the same for the Z-test.

3.5.2. Asymptotic relative efficiency of tests

Definition 3.21 (Asymptotic relative efficiency)
Let Test A T4 and Test B Tp be two competing tests. The ratio
2
ep(Test A, F)
ARE(A,B) = | ————=%
(A/B) ( ep(Test B, F)

is called the asymptotic relative efficiency of Test A relative to Test B, also denoted
ARE(Test A relative to Test B). At a local alternative § and assuming both tests have
level , the two tests have equal power if /ipep(Test A) = /ngep(Test B) when

"B

ARE(A,B) = =
A

If Test A is more efficient that Test B, it reaches the same power with fewer observations.

Note

Historically, Pitman studied ratios of sample sizes. The asymptotic power allows rela-
tively easy comparisons with existing tests. Note in passing that Theorem 3.19 is due
to Noether!

Example 3.7 (ARE for Wilcoxon’s signed rank test)
To compute u'(0)/0(0), we need to know p(60) for small values of 6 and ¢(0) (where
02 (0) is the asymptotic variance of the test statistic under the null).
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Recall the statistic is given by

_ N
Ty =) _sign(X;)R;
i=1
N(N+1)

N
=2) IxsoR — >

i=1

where R} is the number of |X;| less than or equal to |X;|, #{|X;| < |X;| 4 1}. Then

TN o N — 1u(1) n 2 U(Z),

IN=Nw+) - NN TN

where

N 7E
UI(\}) = (2> Z ‘51gn(Xi+X,»),

I
_
A

~

are proportional to respectively a two-sample U-statistic of degree (1, 1) and a U-
statistic of degree 1.

Lef F be continuous around 0. Put G(x) = F(x — 0). The expectation of Ty at G is equal

to
%E (sign(Xq + X2)) + NL—HE (sign(X1))
N-1 (P(X1 >—X2)—P(X2< —Xl))+i(P(X1 >0)—P(X1 <0))

“N+1 N+1

since it suffices to calculate the expectation of the kernel of the U-statistics, where
P(X;>0)=1-G(0)=1—F(-9)
P(X; > —Xo) :/P(X1 > X, | Xo = x) f(x — ) dx
- /(1 ~F(—x—0))f(x —6)dx
For large N, only
P(X1>—-X2)—P(Xa<—X7)=u()
matters. For the variance under /%), recall the formula

1

N
— 2
Varss (TN) = N v 12 21
i=
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N(N+1)(2N +1)
6N2(N +1)2

1

" 3N

and ¢(0) = 1/+/3. If one compares the Wilcoxon test to the t-test, one finds (see exer-
cises)

ep(Wilcoxon) 2 _0
ep (t-test) N

if the variance of F (and G) is infinite. Actually, the Wilcoxon test is never too bad a
choice when compared to the t test meaning (there is a universal lower bound of 0.864
for the ARE).
Remark 3.4
1. A similar theory can be developed for tests with an asymptotic x>-distribution.
2. The Pitman alternatives and the behavior of the likelihood ratio of the Pitman al-
ternative versus the null has been studied extensively by Lucien LeCam, who inves-
tigated contiguous sequences of laws, under the name local asymptotic normality.
Equation (3.12) can be checked using this theory.
3. Other asymptotic comparisons of tests have been developed. The most popular is
Bahadur’s slope. This is also linked to Chernoff’s results on large deviations.
Example 3.8 (Normal shift)
For x — o0, we have

1—®(x) ~ <P(xx) = \/217Txexp (";)

which goes quickly to zero. We had for the power the formula ®(v/ny — 31_,). Thus

exp (~3(vin —51-4)?)
\/E(\/ﬁy —31-a)

1—B(p) ~

and

%log(l CB(G)) ~ - (Vi — 31-a) — log(v27e(vnp = 31-0))

2n n

meaning log(1 — B(p)) ~ —3npu® We also have 1-B(p) ~ exp(—np?/2), which resem-
bles the Chernoff bounds for large deviations.

For many tests, n~!log(1 — B(p)) ~ —3c() at a fixed alternative p. c(y) is called the
exact Bahadur slope.

We left many additional topics untouched, in particular regression. Others we only did
in the exercises, including notably the Hodges-Lehmann estimators.
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Part 4
Nonparametric regression

4.1. Smoothing

We consider regression model where the response variable y varies smoothly with the

covariate x. Suppose we have measurements y; = f(x;) + ¢; where ¢; ESYg (0,02?) at
equally spaced nodes x; = xg + (i —1)Afori=1,...,n.

[ ]
o .
w L4 .' ®e °® tn.
L -... ~ .... *
e o ° hd
Sﬁ ] ..c
L ]
[ ]
o %
— 8 .
) S
g
L[] ® o
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LI ....- .
.. L ] L]
S | . oo . .-.
-.. % o
° L
e ® oo o
[ ]
< T T T T T
0 2 4 6 8 10

-~

We wish to estimate f from the observations. Our goal is to estimate f(x) by f(x); a

simple linear estimator is of the form

i Wi(x)y;

i=1

~ 1 & 1
flx) =% ;Wiyi =W

for weights W, {W;}. This leads naturally, if one averages over values close to unob-
served x’s, to

~ 1 k
f(xi) = ﬁjz Yi+j

=—k

a moving-average estimator akin to those used in time-series. This estimator, the mean
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of nearest neighbours, does not work at the boundary. Its mean and variance are

R k
Fo) = g X (Flaie) +eisy)
]

—k

LY S+ Y g
- - Xiti
2%k+1 2, 11 k1
which means
~ 1 k
E(f(xi)) = 57— ) flxi))
( l) Zk+1 2

R 2
Var (f(xl)> ZkUT'

4.1.1. Bias and variance of nearest neighbours smoothers

We begin with a definition.

Definition 4.1 (Ho6lder continuity)
If f(x) € c'([0,1]), namely it has a continuous first derivative, then f(x) has a Holder
continuous first derivative if

f(x)—f )l <Clx—ylf, 0<p<1

for all x,iy € [0,1]. If f had a second derivative at x, then |f'(x) — f'(y)| = o(|x —y]|)
(B > 1). In the case = 1, f’ has a Lipschitz-continuous first derivative.

We usually consider ¢? functions for p > 2 or assume Holder continuity of the second

derivative. Suppose E (&;) = 0, ¢; " Fand Var (¢;) = 0% < 0. We consider fitted values

- 1 i

Yi=—= ) Yiij
2k+1 =,

Theorem 4.2 (Optimal bandwidth for nearest neighbours smoother)
Suppose f : [0,1] — R is twice continuous differentiable and |f”(x)| < M for all
0 < x < 1 since we are looking at a compact set. In this case, k = O(n4/ 5) is the
optimal spacing choice and leads to a mean squared error of O(n*/?).

Proof We already have Var (17,) = 0%/(2k+1) = O(k™1). A Taylor’s expansion of
f(x) around x; gives

2

F) = F) + () (=) + () 0
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The bias is

bias(Y;) = ( )
)2
2k+1 Z (f/( )(xi+j—xi)+f”(§xi+]_)(xlﬂle)>
1 f/(xz) 1 koq // j 2
T %tln— 1j§1+m Z 2f (Cx,-+j)<n_1>

since our points x; are equally spaced, the distance between any two adjacent points
between x; = 0 and x, = 1is 1/(n — 1). The first sum vanishes since it involves an
odd function. Thus

< 5GHT (nil)Zi ?

j=—k
B M k(k+1)(2k +1)
22k +1)(n —1)2 3

-o(32)

If we put k(n) = n* = nh(n), then h(n) = n*~! is called the bandwidth.

- —- Squared bias
----- Variance
—— Mean squared error

Figure 15: Squared bias and variance trade-off curve

The mean squared error of Y; or the sum over all Y; is equal to

bias(V;)* + Var(V;) = O(:4>+O<k) :O(h4)+o(nlh>

and the bias-variance tradeoff is minimized when both are of the same order. If we

-1/5

want h* = 1/nh, this is equivalent to h°> = n~! and so choosing h = n leads to
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k = hn = n*/5. Thus, the mean-squared error is of order O(n~%/5), since it is the order
of both the squared bias and the variance. [ |

In parametric and robust statistics, we are used to O(n~!). As the dimension of the
smoothing problems increases from d = 1, the rate of the the mean squared error be-
comes O(n %/ (4+4))  This is sometimes known as the curse of dimensionality.

In determining the optimal value of the bandwidth &, both 02 and f” play a role.
If we assume Holder continuity requirement instead of boundedness of the second

derivative, we get from the Holder bound

j
n—1

j

n—1

‘ B

bias(f(xi)) <C)_
ljl<k

If B = 1, we recover the result of our theorem. One cans show that with f € ¢°([0,1])
and Holder continuous with coefficient 8, the optimal mean squared error is of order
O(n~") wherer = 2(s+ B)/[2(s + B) + 1]. As s increases, r approaches 1. If f =s =1,
we get the rate ¥ = 4/5.

4.2. Smoothing splines
4.2.1. Splines

A spline of degree p with knots t; < t, < --- < tyisafunctions : [t;, t;] — R such that

e it has p — 1 continuous derivatives s/, s”, .. ., slp=1),
e on each interval [t;, t;;1], it is a polynomial of degree p.

We will call the space of these functions 8P (xy, ..., x,).

Proposition 4.3 (Dimension of the spline space)
8P(x1,...,x¢) is a vector space of dimension k + p — 1

Proof For si,sp € 8P(x1,...,xy,), it is obvious that ays1 + azsp € 8P(xq,...,xy,) if
a1,a2 € R. The dimension is (k —1)(p +1) — (k —2)p = k+ p — 1 because of the
restrictions: there are k — 2 interior points, each with p restrictions due to the require-
ment of continuity of the derivatives. |

In order to fit splines, choose a basis by (x), ..., bk+p_1(x) and find 61, ..., §k+p—l such
that the observations yy, ...,y are close to ij; = §1b1(xi) +t §k+p,1bk+p,1(xi). If
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Figure 16: Cubic and linear spline fit with knots at the observations.

we fit by least squares, we obtain

th

. -1

o= | =(x"x) xTy
é\kerfl

with

bi(x1) -+ bepp-1(x1)

X — . , .
bi(xn) -+ bk+p71(xn)

The fitted values will be

where H is a linear application and thus the smoother is linear. H is a projection matrix
(it projects onto the span of X) and thus all its eigenvalues are either 0 or 1. Other inter-
esting things to look at are the eigenvectors of H, filtering the signal if the eigenvalue
is 0 and letting it pass if the eigenvalue is 1. The columns of H are impulse responses.
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4.2.2. Optimality properties of splines

Proposition 4.4
Let f(x) be a differentiable such that fxxl" (f'(x))?dx < oo. Lets(x) € 8 (xy,...,xn)
with s(x;) = f(x;) fori =1,...,n. Then

/(f’(x))2 dx > /<s’<x))2dx,

This property has analogues, as for example cubic splines minimize |, xxl" (s"(x))? dx.

Proof It is enough to consider a single interval [x;, x;1). Write
Xit1 2 Xi+1 2 X
[ @ s @) ar= [ (@) - [

—Z/Xi+1 s'(x) (f'(x) —¢'(x)) dx.

i

(s’(x))2 dx

The integral of a square is positive, so it remains to prove that the last term is zero.
Using integration by part

/)cx£+l<5/(x) (f(x) —s'(x)) dx = §'(x) (f(x) —s(x))

i

[T ) () - s(x)

i

Xi

The first term equals zero because f(x) = s(x) at the data points x;, x;,1 and the second
term vanishes because s/ (x) = 0. [ |

In more generality, the odd degree splines have an interesting property. For a spline
of degree 2m — 1, [ s(m) (x)2 dx is a minimum. The difficulty with this approach is the
choice of the knots location. You want many knots where the curvature of f is high and
less knots where the function is flat or constant.

4.2.3. Natural smoothing splines

Take (x1,...,x,) as knots and consider the space of natural splines
83 = {s €8xy, .., xpn) 8" (x1) = 8" (xn) = 0} :

Note that dim(83(xy,...,x,)) = n+p —1 = n + 2. The 2 additional conditions reduce
the dimension of 83 to 7.

Problem 4.1 (Rensch’s problem)
Find s(x), a natural cubic spline, such that -7 ; (Y; — s(x;))?> < M for M > 0 and s(x)
should minimize | xxl” (s"(x))?dx. If M = 0, this yields the interpolating spline, which

passes through all the points. If M is large, s(x) is smooth.
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The cubic spline s(x) should minimize Y7, (Y; —s(x;))? + A f;l" (s"(x))?>dx.* This is
equal to the goodness-of-fit plus A times a smoothness penalty. This is the same prob-
lem as Rensch’s, except that it is formulated using Lagrange multipliers. The case
of A = 0 gives the interpolating spline (rough), while A — oo is the least-square fit
(smooth). The best choice in terms of variance-bias trade-off lies in between. We are
now going to study the computations of s(x).

For computational purposes there are two convenient parametrizations. The first is
obtained by writing s(x) € 83(x1,...,x,) as a linear combination of the B-spline basis.
B-splines have minimal support and can be computed efficiently. The second is by way
of the second derivatives at the interior knots, where we work with natural splines for
which the second derivative is zero at the two extreme knots. When using the B-spline
basis, these two constraints have to be explicitly added.

4.2.4. Natural splines determined by their values and second
derivatives

Proposition 4.5 (Solution to Rensch’s problem with the natural splines formulation)
We denote the node vector by x = (xq,...,x,) and by d; = x;11 —x;, 1 < i < n, the
gap between successive knots. Consider the vectors s = (s(x1),...,5(x;))" € R" and
v =(s"(x2),...,8"(x,_1)) T € R"2. Indeed, because the spline is natural, we do not
need to record values vy = s"(x1) = v, = s"(x,) = 0.

Ifs € 83(xy,...,x,), thens” € 8'(xq,...,x,). The second derivative s”(x) is a continu-
ous piecewise linear function, with value v; at the interior knot x; and zero at the end
knots. It thus is for x; < x < x;11 equal to

(x — xi)vip1 + (Xip1 — X)0;

" _ %o, J—
s'(x) = Fw—— (x —x;) +v; i ,

which is a linear function in x with the required values at the boundaries of the interval.

U3 +
Slope from v; to v;;1:
Uit1 — Ui
01 =04 =0 +}+ } } |
ot — X
X1 X2 X3 X4 i+1 i
Uy +

If we integrate it twice and choose the constants of integration in order to obtain the

X pi1
“For a spline of degree p, it should minimize Y} ; (Y; — s(x;))* + A [, () (x)2dx
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required values s; at the knots, we obtain

S(x) _ (x B xi)si+l ;_ (xi+l — X)Sl' _ %(x _ xi)(xi+1 _ X)E (414)

- X — X; Xiy] — X
2 {0 o (2 ) -

The last equation requires checking. Clearly, s(x) is a piecewise cubic and its values at

where

the knots are as required, s(x;) = s;. This is evident, because the cubic part is equal to
zero at the knots and the linear first term interpolates the values s;. The first derivative
is easily calculated as

S; — S; 1 - 1 _ 1 v .
s'(x) = % = (i = )2+ 2 (x = 1) E = < (x = %) (xi1 — %) {Hll] )

while the second derivative is

2 Vit1 — U 2 Vi1 — U
() = 22 2 — )| 0| B [N

NN

The last equation shows that the cubic polynomial in eq. (4.14) does have indeed the
correct derivative values at the knots, because

1 1
s"(xi) = 3 {vina + (1+Doi} = 3 (01 —v) =

and analogously s (x;+1) = v;+1. The only way in which the function in eq. (4.14) can
fail to be a spline is by discontinuity of the first derivative. Take any interior knot x; for
1 < i < n. There are two ways in which we can compute the first derivative. Once at
the right boundary of the interval [x;_1, x;], which leads to

Si = Si-1

s'(x;) = ———+

1
i 8(xi —xi-1)(20; +v;-1),
i

and once at the left-hand boundary of [x;, x;1], which gives

—_

Sit1—Si
s'(x;) = 7%1‘1, -+ ¢ (i = x0) (051 +200).
1

These two values must be equal, that is,

Si+1 —Si  Si—Si—1 _ Si-1 1 1 Sit+1
- o il Skl E e
1

d; diq di1 i-1 di d;
= X i S i)+ S,
=5 i-190i—1 3\ i—1)0j 6 i%i+1
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which can be written as a system of n — 2 linear equations linking the vectors s and v,
namely Q's = Rv where Q € R"*("~2) j5 a tri-band matrix and R € R("=2)%(1-2) jg 4
square, invertible and tri-band matrix with diagonal values (d; — d;_1)/3.

The smoothness penalty is equal to the integral of the square of the second derivative
of the fitted function, (s”(x))? dx. We have

/x (5" ()2 dx = 8" (x)s' (x)

1

where we made use of the fact that s”(x1) = s”(x,) = 0 and that s"(x) is constant on
each of the intervals. The smoothness penalty can be re-expressed as

v'Q's=v'Ro=v"RR7!Q's=s"QR'Q"s.

since R = R". For a natural cubic spline s(x), we have in summary to minimize

i(Y,« —s(x;))? + )\/;n (s”(x))2 dx (4.15)

i=1
=(Y—-s)"(Y—s)+Av'Ro
=Y'Y-2Y's+s's+As"QRIQ's

From this, the criterion that s should minimize is
sT (1 + AQR’lQT) s—2sTY+Y'Y.
This leads to
2 (I + AQR‘1QT> Sopt —2Y = 0.
The optimal solution can also be written in terms of v:
Sopt =Y = AQR™'Q "sopt = Y — AQuopt
meaning

QTSopt = Rvopt = QTY - )\QT Qvopt
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and thus
-1
Vopt = (R + /\QTQ) QY.

Computationally it is easiest to compute first v and then s, because it avoids the compu-
tation of R™1. It turns out that R + AQ ' Q is banded of width 5 (with a main diagonal,
and two diagonals above and two below), and that

Ty Yin =Y Yi—Yiq

Q d; diq

Proposition 4.6
The cubic smoothing spline is the natural spline that minimizes the criterion (4.15)
among all functions defined on [x1, x,,] with absolutely continuous first derivative.’

Proof Suppose f(x) is a good smooth element of this space close to the observations Y.
Let s(x) be the natural cubic spline such that f(x;) = s(x;), meaning the goodness-of-fit
criterion in eq. (4.15) is the same for f(x) and s(x). But from the optimality properties
of splines, which states the the squared second derivative is minimized among all such

functions interpolating a given vector s, we have

/(s"(x))2 dx < / (f”(x))2 dx,

which proves the claim. u

The reason for the popularity of smoothing splines is the low dimension of the spline
space.

where (b1(x),b2(x),...,bn(x)) is a basis of the natural cubic spline space.
4.2.5. Summary on linear smoothers

The data comes in pairs (x1, Y1), ..., (x4, Yu), such that the observations Y; = f(x;) +¢;
where ¢; is a random error. Thus, we have a noisy observation of a smooth function
and attempt to retrieve the signal, as Y = HY. Thus,

) = iyjhj<x>, %€ (X1 ) X}
L

and h;(x;) returns the ith element of the column vector h;, namely H;;.

5f'(x) absolutely continuous means there exists f’(x) is such that j: f"(x)dx = f'(b) — f'(a) for all
x1<a<b<x,.
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Example 4.1 (Linear regression)
If f(x) =60+ 61b1(x) + - - - + 6,bp(x) is in the (p + 1) dimensional space, the

H=B(B'B)'B'

where B;; = (bj(x;)) € R™*(P+1)_ The eigenvalues of H are equal to either 0 or 1. The
trace tr(H) = p + 1, corresponding to the number of coefficients, or equivalently the

number of degrees of freedom of the model.

It is often true that H1 = 1, given the sum of the rows is 1.

Example 4.2 (Nearest neighbour smoothing)
Fork =1,n =7, we have

Il
O O O O O WMk
O O O O WRFRWFNI-

O O O W—WFW= O
O O WrRW—W— O O
O WRWRW~, O O O

NRWRw—= O © O O
N—w= O O O O O

Generally, each row contains the value 1/ (2k + 1) in position i — k, ..., i + k. You need
to adapt ad-hoc the values near the edges. This Toeplitz structure gives rise to interest-
ing patterns, since the eigenfunctions behave like sinusoids.

The eigenvalues are no longer 0 or 1 and may even be negative.

Example 4.3 (Smoothing splines)
The matrix H remains a bit hidden, unless we work with basis functions. Consider a
basis consisting of b1 (x), . .. by (x). The smoothing spline is then of the form 2}1:1 0;b;(x)

and Y = B, with again Bjj = bj(x;). We can express the sum of squared residuals as

while

j=1
n n //

=y ¥ ejek/ by (x)by (x) dx
j=1k=1 !

=0'00



where the entries of () are Q. = | xxl” b]’»’(x)bl’(’ (x) dx. The resulting criterion is
Crit(s) = (Y —B8) " (Y — BO) + 10" Q0
and

%Crit(s) =-2B'Y+2B'BO+2000=0
0

yielding
(B'TB+A0Q)0=B"Y.

The matrix H is such that

~

Y = BO
B(B'B+AQ) 'B'Y
HY

and thus
H=B(B'B+AQ) B’

4.2.6. Estimation of the variance of the random errors

We consider the natural estimator of the variance, the residuals sum of squares
n Sh2 n - 2 n )
RSS = Y (¥i = Yi)? = L (¥i = f(xi))? = L (i —s(xi))%,
i=1 i=1 i=1

which is the basis for estimation of Var (¢;) = Var (Y; — f(x;)). For linear smoothers,

E (RSS) = E

/N

(Y-7)T(x-7))

E

(1-H)Y) (1-H)Y))

(Y- A~ A=) -f)-E(f Q-0 1-H)f)
2E (fT(I—H)T(I—H)Y)
r(-H)TA-H - A=)~ 0-H)T1-H)f
2fT(1—H) (I-H)E(Y)

(-8 A-H)(Y-H=HT))+f A+H) 1-H)f

/N N

E

+

E

/N

+

E

/N
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and the term (I — H)f, the vector of residuals obtained by smoothing f, ought to be
small for smooth functions f(x). We can thus get a good approximation by neglecting
this quadratic form and focusing on

E(RSS) = tr (1—H)T(1-H)E (Y- (Y= f)"))
At ((1-H)T(1- 1))

Il

>~ o2 (n —2tr(H) + tr(HTH)>

where f = (f(x1),..., f(xn)) " = E (Y). An appropriate estimator is

0/_\2 B RSS
- n—2tr(H) +tr(HTH)

If H is an orthogonal projection, H = H' = H? and then

5_ RS _ RSS
- lemodel - tI‘(H)

Note that tr(H"H) = ¥ ; h'h;, where hy, ... h, are the columns of H.
4.2.7. Cross-validation

In prediction problems, for example in predicting f(x) or class(x), the class of indi-

-~

viduals with attributes Xj,

CTE;S\S(X). But, from the fact that these predictions work well on the training data, one

one often has training data to assist in estimating f(x) on

cannot conclude that they are good predictors. An independent validation on new
data is called for. The cross validation is a way out of this.

Estimating the prediction error

Define the mean predictive squared error, MPSE, as
1¢ -~ 12
MPSE = =) E ([f(xi) — Fxi)] ) .
s
For linear smoothers, Y = HY and thus

Y; = (HY); = i Yih;(x;)

j=1
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with H1 = 1 and as before h;(x;) = H;;. One can show that if we leave out the ith

observation to estimate f at x;, f(x;), we have

where
| 0 ifj=i,
ht(xi) = hiGe) — i(x)
(Cezihie(xi))  1—H;

The estimate of the MPSE based on leave-one-out cross-validation (CV) is

otherwise .

I\ﬁﬁicv =

Il
S|
1=

1_1<' i7i
2
1 1
== ii)Yi — ) Yihj(xi
5 () (- monepomen )
1T E (V)P
B 51;1 (1 - le)z

We have seen this formula in the regression case.
Generalized cross-validation
Replace H;; by tr(H) /n, the average diagonal value. This yields

R SR ek O
) Tk
nRSS
~ (n—tr(H))?
%ZY Yi) (1+tr(H)>

1=

(4.16)

for n large. The last approximation comes from a Taylor expansion (twice), for tr(H)

is small compared to n. The criterion in eq. (4.16) is known as Mallow’s C,

parameter p ~ tr(H) and C,, yields approximately the AIC.

Estimating the smoothing parameter A

. The

How to choose the smoothing parameter (which could be the bandwidth A, k/#n, the
smoothing spline penalty, etc.)? A possible principle for estimation is the prediction
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error: we choose A such that MPSE(f)) is small! That is, in practice I\ﬂD?ECV (f/\) is
small; see Figure 15. In order to apply this idea, one must make a sequence of fits for
different values of A, compute f/\ (x;) and MPSEgcy and minimize it.

For the sequel, we consider the approach of Sun & Loader (1994). Note that we choose
to find a band for f rather than f, thus avoiding the problem of bias.

For linear smoothers,

Var (f(x)) = 2 h2 (x).

The confidence band can be obtained as

f(x) +cu0 i h}z(x)] .
\| /=1

The aim is to choose ¢, such that f(x) is inside the band for all x € [a, b] with probability

i - o] < cue | L0
\ £

for all x € [a,D]. This is equivalent to

1 — . We want

LI Yihi(x) — Ty £(x)) ()

max < ¢q.
asx<b 04/ Z](z=1 h]z(x)

If we work on the numerator, we can make it in a single sum, which combined with

o yields a normalized quantity Z; = (Y; — f(xj))/c = ¢;/0. We assume normality of
the errors ¢j, meaning Z; ~ N(0,1) are independent standard normal variables. The
problem reduces to the quantity

n

max Z
agxgbjzl

hj

]r'l:l < c,xhjz(x)

Z
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Finding the tail probabilities of this process and subsequently the constant c, such that
it holds with probability 1 — « is a well-studied problem.

4.3. Kernel smoothers and local regression
4.3.1. Kernel smoothers

A kernel k(w) > 0 is a positive function used to give weights to the different observa-

tions when estimating f(x), estimating Y; = f(x;) + ¢; where the errors ¢; have mean

2

zero and variance 0°. The Nadaraja—Watson estimator, which leads to the nearest-

neighbour smoothers, is

f(x) _ Z?:l w;Y; _ ;1:1 k(xi - x)Yl

217'1:1 wj Z?:] k(xi —x)

X1

Figure 17: Kernel smoother window

It was published in Watson (1964) and in Nadaraja (1964). When n — oo, the kernel
should become more concentrated. It is therefore natural to consider a scaled version
of the kernel,

Figure 18: Scaled version of kernel smoother for A < 1.

If n is large, |xp — x1/, the gap between two consecutive x-values, is1/(n —1) ~ 1/n
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and

n
k(x; — x)|xp — x1| =~ / k(u) du,
i=1 R

where the right-hand side of the equation is the Riemann integral. The convention is
to take [ k(u)du = 1, meaning k(u) is a probability density. It is also useful to add the
constraints

/uk(u) du=0
/uzk(u) du < oo.

The Nadaraja—Watson estimator for large # is

and the bias depends on [ k?(u) du and A? [ u?k(u) du, while the variance is of order
[ k*(u) du/(nA). The choice of kernel has a small influence on the asymptotic proper-
ties. The kernel smoother is asymptotically unbiased if A(u#) — 0 as n — co. There is
a huge literature on kernel smoothers: they are a useful tool and easy to analyze. The
main difficulties are “border effects”: how should one modify the kernel?

4.3.2. Local regression

This notion, proposed by Cleveland (1979), bears the acronym loess, which stands for
local weighted scatterplot smoothing. The estimate f(x) is the fitted local regression at
x (estimated via a weighted least squares fit).
Example 4.4 (Constant and linear local regression)
1. constant regression: consider ]?(x) = 6 over the domain x € [0,1] with weights
w; = k((x; — x)/A)/A. We fit 0 by 8 which minimizes Y%, w;(Y; — 6)2. This is equiv-

alent to minimizing the least square criterion

leading to the Nadaraja—Watson estimate

~ = Y w;Y;
0 =Ff(x)=="LE2——.

2. linear regression: consider the model

f(u) =0+ 61u =0+ 6(u—x)
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where f) = 6 — 6;x. Our weighting function w¥ = 1k((x; — x)/A) and we seek to

minimize

w; [Yi — 0§ — 0F (x; — x))*.

M-

i=1

The solution is
0)- o s
where
W, = diag (wy,...,wy)
1 x—x
Xy =

1 x;,—x
We thus have that the intercept is given by

-~

ﬂw:e::immu>

or

where (h1(x),...,hy(x)) is the first row of (Xy ' W, Xy) 1X, " W,
The weights (hy(x),...,h,(x)) adapt to x and thus the linear loess estimator is not a

kernel estimator. It behaves well at the borders.
Remark 4.1

The smoothing spline can be approximated by a kernel estimator.

4.4. Orthonormal basis

Consider f(x) € £2(]0,1]) and data (x;, Y;), where Y; = f(x;) + ¢;. The space £2([0,1])
has an (orthonormal) basis ®1(A), ®,(A), ... such that

l 1 .f . — .
/ qu(x)(I)]'(x) dx = (5,']' = o J
0 0 ifi#j.

If n is large,



leading to an estimator

Among the most famous examples of orthonormal basis are the following.

1. Haar wavelet (1907): consider

¥ = 2/2¥, (2fx - k)

Dy(x) Dy (x) = Yo(x) Dy (x) Dy (x)
Vi— Vi —
1 1
0 + 0 0 0
1 1 1
0 1 0 3 1 0 3 1 0 1 1
-1 -1
3 J— v J—

Figure 19: First four Haar wavelet functions

The function @ is the father wavelet, while ®1(x) = ¥y(x) is the mother wavelet.
2. Fourier (trigonometric basis)

On [, 7], take the functions ®;(x) = 1/v2m, ®p(x) = cos(x)//7, P3(x) =
sin(x)/+/7t, ®4(x) = cos(2x)/ /7, ... {®} is a periodic basis, but is not localized.

3. Orthogonal polynomials

Define

The random variables §; have interesting properties, as E (Z;) = 6; + O (%)
E (7)) = E (Vi) @j(x;)

In a similar fashion,
Cov (Z]', Zk) =~E (ijk) - 9]'9](
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1 & 1 n n
=Y o ®;(x;) P (x;) + 300k Y ®j(xi) Y Pelxi) — 66
i=1 i=1 ll;}
o? 1 141
= n /o Dj(x)Pye(x) dx + 9]‘91(/0 /o @;(x)Dy(y) dx dy — 0;6;

c? 1
= /0 D;(x) Dy (x) dx
and thus Var (Z;) = 0% /n and Cov (Z;, Z) = 0 approximately for k # j and n large.

4.5. Shrinkage

Assume now that Z = (Z1,...,Z,)" ~ Ny(8,0%1/n). We consider a paradox due to
Charles Stein: suppose we consider arbitrary estimates 6(Z) = (61(Z),...,0,(Z)7
and we wish to minimize the risk

R(6,0) = ) E((0-0)*). (4.17)
j=1

In the context of the smoothing problem, this is the summed mean squared error. The
“naive estimator” of 0 is 0 = Z; if GA](z) = zj, the MLE for a one-sample from the
n-dimensional distribution, then the risk is R(6,8) = n - (¢2/n) = 2. Stein (1964)
showed that an estimator that shrinks Z towards zero,

~ (n —2)32>
B — <1_ Z
J 1Z]2

has lower risk than the sample observations, meaning
R(5s,0) < R(Z,0)

for dimension n > 3. This case was further generalized by Stein (1981).
Proposition 4.7 (Stein’s unbiased risk estimate)
Assume that Z ~ N, (6, Z) and that 8(z) is an estimator of 0 such that g(z) = 0(z) — z
is differentiable where, as usual, g(z) = (g1(z),...,x(z))". If we consider the risk
function defined in eq. (4.17), the statistic

n

R(z) = tr(Z) +2tr(ED) + Zgi(z)z
i=1

with D = (D;;){;_; where Djj = dg;/9z;, is unbiased, that is E(R(Z)) = R(8,6).

This is called Stein’s unbiased estimate of risk. If one applies this to the smoothing
problem, one first estimates §] naively and subsequently shrinks the small values (those
satisfying |§]| < A) to zero.
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>

0, =z;+ A
//’ -~
//’ o 91‘:21
/// - o~
//’/,’ Gi:Zl‘—/\
DA
P e Zj

Figure 20: Shrinkage estimate

Proof For simplicity, consider the case & = ¢I,,. We first need a lemma.

Lemma 4.8
Let u(x) be a differentiable function of X ~ A (u,c?). It follows that

oE (i (X)) = E (u(X)(X — p)).

Proof of Lemma 4.8 This is true because

az/u’(x)(lr¢<x;y> dx = azu(x)(lffp(x;y)r

—00

—i—(Tz/u(x)(lT (";">¢<x;”) dx

using integration by part. The first term vanishes upon evaluating ¢(x) at t-co.

In our simplified setting, tr(EX) = nc? and

9
2 gl
tr(ED) = o 2 8l az,
Applying the lemma to

o’E (gi) = E(8i(Zi —0))
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We leave as exercise to calculate R(z). One finds that, for a well chosen A,
n

Riz) =Y. (0-2 — 2%, +min{Z?, )\2}) < no?.
i=1
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gross-error sensitivity, 24

Hampel’s
3 point estimator, 24
lemma, 28
Heavyside function, 19
Holder continuity, 68
Huber’s
minimax solution, 31
regression proposal, 41

influence function, 19
interquartile range, 30

kernel smoother, 82

Kullback-Leibler divergence, 6
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Mann-Whitney test, 49
mean and variance, 54
maximum likelihood estimator, 5
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mean square prediction error, 79
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minimax theory, 31

Nadaraja-Watson estimator, 82
Newton-Raphson algorithm, 7
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Pitman alternative, 61
Pitman efficacy, 61, 62
Prohorov metric, 9
¥ function, 11
Huber function, 20
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R-estimator, 18
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asymptotic distribution, 54
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regression constant, 56
regression diagnostics, 37
Cook’s distance, 40
LOO residuals, 40, 80
rejection point, 24
o0 function, 11
robustness, 9

S-estimator, 42
score generating function, 53
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sensitivity curve, 10
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sign test, 46
skipped mean, 24
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natural, 72
optimality, 72
smoothing, 72
space, 70
Stein’s estimate, 86
Stein’s paradox, 86

Tukey’s bisquare, 24, 42
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