MATH 587 - Advanced Probability |
Pr. Louigi Addario-Berry

Course notes by
Léo Raymond-Belzile

Leo.Raymond-Belzile@mail .mcgill.ca

THE CURRENT VERSION IS THAT OF DECEMBER 4, 2013

FarLL 2013, McGIiLL UNIVERSITY
Please signal the author by email if you find any typo.

These notes have not been revised and should be read carefully.

LICENSED UNDER CREATIVE COMMONS ATTRIBUTION-NON COMMERCIAL-SHAREALIKE 3.0 UNPORTED


mailto:Leo.Raymond-Belzile@mail.mcgill.ca

Contents

Introduction: motivating examples 5
1.1 Random walks on lattices . . . . . ... ... ... ... 5
1.2 Galton-Watson trees . . . . . . . . . ... 9
Measures and o-algebras 13
2.1 o-algebras . . . . ... 13
2.2 Measures . . . ... e 14
2.3 Extension of measures . . . . . ... ... L 16
2.4 Lebesgue measure . . . . .. .. ... o 16
2.5 Carathéodory Extension Theorem . . . .. .. .. ... ....... 17
2.6 Probability bounds: reverse Fatou and first Borel-Cantelli lemma . . 22
Random variables 24
3.1 Measurable maps . . . . . . . ... 24
3.2 Limits . . . . .. 27
Distribution functions and laws 29
4.1 Distribution functions . . . . . . ... ... L 29
4.2 Skorokhod construction . . . . .. ... ... ... L. 31
4.3 Monotone class theorem . . . . . . ... ... oo 32
Independence 35
5.1 Independence . . . . . . . . . ... 35
5.2 Second Borel-Cantelli lemma . . . . . ... ... ... ........ 40



5.3 Kolmogorov's O-1law . . . . . .. .. .. . L

6 Integration and expectation
6.1 Defining integrals . . . . . . .. ... o oo
6.2 Monotone convergence theorem . . . . . .. .. ... ... L.
6.3 Expectation . . . . . . ... .. L
6.4 Change of variables . . . . . . . . .. .. L oL
6.5 Restriction of measures . . . . ... ... L oL
6.6 Integral Inequalities . . . . . .. .. ... ... L.

6.7 Convergence, LP spaces and LP convergence . . . . . . ... ... ..

7 Tightness and inequalities
7.1 Tightness . . . . . . . . .

7.2 Inequalities . . . . . . . . . .

8 Laws of large numbers
8.1 Strong law of large numbers . . . . . . . .. ... oo

8.2 Weirstrass approximation . . . . . ... ... ... ... ...

9 Product spaces, multiple integrals and Fubini theorem
9.1 Productspace . . . . . .. ...
9.2 Multiple integrals . . . . . . . ... o
9.3 Joint laws and joint densities . . . . . ... .. ...

9.4 mn-fold and co products . . . . .. ... o

10 Random walks

10.1 Stopping time of random walk . . . . . . . .. ... ...

48
48
ol
o6
o7
60
61

63

66
66
69

76
78
83

85
85
87
94
96

98



11 Conditional probability and conditional expectation
11.1 Existence and uniqueness of conditional expectation . . ... .. ..

11.2 Conditional expectation as least-square predictor . . . . . . .. ...



Chapter 1

Introduction: motivating examples

We start with a combinatorial probability problem, which is due to Poly4, in a paper

in 1923.
1.1 Random walks on lattices

Suppose people are walking on an infinite grid Z? where the origin is Sy = 0 and
Sn+1 is a neighbor of S,; where each neighbor is equally likely. The question is
whether (S,,n > 1) is transient or recurrent.

Definition 1.1 (Transient, recurrent)

Transient: P (S, =0 for some n > 1) <1

Recurrent: P (S,, = Ofor some n > 1) = 1.

It turns out that
Theorem 1.2 (Polyd)

The random walk (S,,,n > 1) is recurrent in 74 for d < 2 and transient for d > 3.
Remark

The lattice here is an infinite system. The dichotomy between the two behaviors is
for infinite space. To go back to Polya question about the two-dimensional random
walk for two individuals, we can consider the distance between two individuals as
being a vector, and reduce this question to that of the single random walk on the

lattice.

In dimension 1 (d = 1), we have Sy = 0 and

S, 1 with prob.
Sp41 =
Sn —1  with prob.

NI N[

we could extend this to having arbitrary probabilities p,1 — p. In this case, one
would not expect the process to be recurrent, since we tend to favor one direction,

say left. Only in the symmetric case is the event recurrent.



Proposition 1.3

A random walk (RW) is recurrent in d = 1.

Proof Let z, =P (S, =0)and f, =P (S; #0,i € {1,2,...,n—1}, S, =0). Then,
let

P(s) = izns" F(s) = i fns"
1=0 n=0

The radius of convergence is definitively one since the series are dominated by a
geometric series. We can also view them as a power series, and hope to extract
information about the coefficients for the Taylor series.

Claim

P(s) =1+ P(s)F(s)

Proof Observe
n
Zn = Z fk:zn—k;
k=1
that is the first return at time k, then you need to displacement zero in n = k steps
remaining. This is a conditional probability, that is

P(S,=0]S8,=0,8;#0,8 #0foric{1,2,....k—1})

that can be obtained using Bayes theorem, to write the product of the independent

events. [ |

Exercise 1.1

Write a 356 proof of this observation.

Then multiply both sides of the equality by s™ as to get

n

20" = 3 (k™) (fis)

k=1
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Figure 1: Random walk in space and time
if you hit zero, either the axis was traversed before or it is the first occurence

and sum from n = 0 to infinity. For n = 0, the left hand side is zero.

P ZZ Zn— kS fks)

=1k=1
=1+ P(s)F(s)
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Observe that the relationship above does not depend on p, but the coefficients of z,
will.
Observation

We can write

if n is even

{o if n is odd
Zp =

S
~ 3
[\
—
iS]
wI3
—~
—_

[
S
~

wI3



so that

|
VI 4p(1—p)s?

P(s)

and knowledge of P(s) allows us to obtain using the linear recurrence an expression
for F(s)

F(s):l—\/l—élp(l—p)sZ.

In particular, if p = %, we get

For the remainder of the proof, the probability

[e.e]

P (S, =0 for somen >1)=P <U {Sn:0,SZ-#OViE{l,,...,,n—l}})
n=1

since there must be a first return at time n. Since the events are disjoint, this is

equal to

iP(Sn:(),Si#OViE{1,,...,,n—1}):ifn:ifnlnzF(l)zl
n=1 n=1 n=1

What we have not shown in this proof is the countable additivity of the S; # 0, and
the interchange of the sum and the probability (which is really of limit). We can do
this more generally to integrate a function by integrating a sequence of functions as

lower bound. This is due to the monotone convergence theorem.

The second thing that needs justification is the rigorous sense of s,,, which is some-
how an infinite sequence of numbers. The elementary events are equivalent to infinite
sequences taking values in {+1}. Knowledge of the sequence fully determines the
behavior of the random walk.

Fact 1.4

It is impossible to define a probability “measure” P (in a non-trivial fashion) so



that every subset of {£1}" has a well-defined probability and the basic axioms are
satisfied . See Appendix 0 of the book. This is know as the Banach-Tarski paradox.

There is a nice paper on this entitled A non-measurable set from coin tosses.

Ifp # %, the random walk will drift. Recurrent means that the expected number
of returns to zero is infinite, while for transient (fact) the number of return will be
finite. In two-dimension, we can get a similar expression. Using Stirling formula to

approximate the factorial, we would get
2m < 1 )2m B
m ) \2 vm

while in two dimension, % and in d, ﬁ and if d = 1, 2, the series diverge, but not

otherwise.
This also generalize this to an electrical network on a graph, and whether the re-
sistance is finite or infinite is equivalent to transient or recurrent behavior of the

random walk. [ ]

1.2 Galton-Watson trees

Consider a (family) tree, with children and each subtree has descendants or the line
goes extinct. In general, one could go down in the line, and line of descent of family
names; this is a general model for extinction or survival of the specie. For atoms

bumping into each other in a nuclear reactor, this is a good model (chain reaction).

The model then is as follows: each individual has a random number of children B,
independently of all others. The questions is survival or extinction of the process.
If E(B) < 1, then it is obvious that P (Extinction), say for E (B) = 3, each tree
has an average of 2 individuals per line, and so will go extinct. If E (B) > 1, then
P (Extinction) < 1. If E (B) = 1, then extinction happens with probability 1 again,

unless B isn’t actually random, that is if each line has one child.

If we go back to the symmetric random walk, then with P (B = 2) = 1 and P (B = 0) =

%. This turns back to the case of the random walk, either go up by one or not.

The number of children, termed the branch factor, is a random variable B taking



nonnegative integers as values.

Write Z, for the number of individuals in generation n. What is the probability
that P (Z, = 0 for some n), that is extinction.

Theorem 1.5 (Fundamental theorem of Branching Processes)

The probability of extinction is less than 1 if and only if P(B=1) =1 or E(B) =
> k>0 kP (B=k)>1.

Lemma 1.6

E(Zn) = (E(B))"

Proof Using conditional expectations and the law of total probability, write
E(Z.) =) P(Bi=k)-E(Z,| B =k)

k>0

=Y P(Bi=k) k-E(Zn1)
k>0

—E(Z,1)E(B)

using the fact that E (Z,,—1) does not depend on k, we can take it outside the sum

and use the statement of the theorem. The proof follows by induction. [ |

Corollary 1.7
If E (B) < 1, then E (total pop. size) = -0 (E (B))" = ﬁ(B) < 00. This tells us
that P (survival) = P (total pop. size = c0) = 0.

Define the following;:
Definition 1.8
Let F(z) =E (2") = 32 P (B = k) 2#

Proposition 1.9
If P(B=1) <1 then

n>0

P (extinction) = P (Z Zp, < oo) =P(3n:Z,=0)

=P (Ing: VnZno,Zn:O):mgg{F(x):a:}

10



If one was to take the derivative inside the sum, then we can evaluate F’(1); indeed

F'(z) = i P(B=k)kzF1
k=1

so that F'(1) = E (B). It will thus be below the curve and reach above; by inter-

mediate value theorem, there must be a point z < 1 where the two curves intersect.

Lemma 1.10
If E(B) > 1, then ming>o {F(z) =2z} < 1. If E(B) =1, but P(B =1) < 1, then

P (extinction) = 1 as ming>o {F(z) = 2} = 1.

Proof To show the proposition, want to show that this is a solution, and then all
other are bigger. The second part is left as a exercise. Branching processes are the

analog of functional composition.

Let Fy = F and Foy1 = Fo F,

Claim
P (Zn = O) = Fn<0)

Proof We have already established the case n = 1. We proceed by induction; using
the law of total probability

P(Zy,=0)=)> P(Bi=k)P(Z,=0]|By=k)
k>0
=Y P (Bi=k)(P(Zu1=0))" (independence)
k>0
=F(P(Z,-1=0)) (definition of F(z))
= F(F,-1(0)) (induction hypothesis)

since each subtree extinction are independent, the probability of all subtree dying
out in stage n (the event is an intersection) is the product of the probabilities of

each subtree.

For the remainder of the proof, note that the event are increasing, as if if Z; = 0,

then Zj.; = 0 for ¢ € N. We can use monotonicity to exchange the probability and

11



the limits.

p=P | |J{Z,=0}| = lim P(Z,=0)

n—00
n>0

= lim F,(0) = lim F(F,(0) = F ( lim F(0)) = F(p)
since lim x,, = lim z,, 11 if a sequence converge, we use the fact that F' is continuous
to again interchange limits. We get thus p = F(p), in other words the extinction

probability is the function of this function . [ |

Some issues that were raised by our calculations above

1. We used an “infinite number of independent copies of B”.
2. If instead of number Z,, we cared about weight W,,, the proof breaks !

3. Limits, convergence, countable closure

'The conditional expectation on the set of weights, depends on the fact that B took integer
values, countable — if the random variable was continuous, we need a new notions of conditional
expectation. We need P (extinction | W;) = P (extinction)?!, conditioning on a random variable
that is still random.

12



Chapter 2

Measures and o-algebras

2.1 o-algebras

We recall some facts about sets. Recall that if  is a set, then A C 2% (the power
set of Q) is a o-algebra if

1. Qe A

2. fEecA=EecA

3. IfEeAi>1=Us EieA

Exercise 2.1

Can replace the third statement by FE; € AV i > 1, then Fy C Fy C ---, then
lim; o0 B; = Uj>1 Bi = FE € A (that is E; 1 E € A). Hint: if {Ej,i > 1} are sets,
then with F; = U;:l Ej, then F; 1 and lim; 00 F; = U;>1 Ei-

Definition 2.1 (Measurable space)

If F is a o-algebra over €, then (€2, F) is called a measurable space.

Example 2.1

Rolling ten dice: Q = {1,2,3,4,5,6}'0, with F = 292

Definition 2.2 (o-algebra generated by a collection)

If S C 2 then the o-algebra generated by S is denoted o(S) and defined as

o(S)=F
FDOS:

Fisa J—afgebra

that is the smallest o-algebra that contains S. This intersection is non-empty since
22 always satisfies the requirements.

Observation

If F is a o-algebra and F D S, then F D o(5).

Example 2.2

Consider @ = N, S = {{1},{2},{3},...}, then o(S) = 2. Indeed, for any set
B C N, write B = {b;,i > i} and take E; = {b;} and U;>; B = B. So if F is a

o-algebra over N and F contains all singleton sets, then F = 2N,

2Since the set has finite cardinality, there is no distinction between o-algebras and algebras.

13



Example 2.3
Take Q = R and S = {singleton sets} ; we saw last class that the o-algebra arising

from sets which are countable or have countable intersections included. In fact,

o(S) = {E € R, E countable or E° countable}.

Example 2.4

Let €2 := M be a metric space and consider S, the open sets in M (a concrete example
of such is when M = R?, where in this setting opens sets are countable unions of
open balls). o(S) is denoted B(M), the Borel sets of the metric space M.

Remark

In R, we specify the distribution of a random variable X by its CDF
F(z)=P(X <2)=P (X € (—00,2]).

In fact, the o-algebra generated by closed rays (Borel set of the form (—oo, z]) is
U({(_OO’ Z]’ z € R}) = B(R)S

If we take

since we are closed under unions and complements. Since we also are closed under
intersections (as AN B = (AL U BOYY), and so the intervals (a,b) are in B(R).

The earlier example of o-algebra was not rich enough for our purpose.
2.2 Measures

We can get to probability functions, now that we have the sets to which we want
to assign probabilities, restricting our attention to sets in the o-algebra. We will

require from them to satisfy the Kolmogorov’s axioms.

3 In French, they are termed borélien.

14



Definition 2.3 (Measures)
Given a measurable space (2, F), a probability measure on ({2, F) is a function
w: F —[0,1] with

Lo p(Q2)=1,u(0) =0
2. p is countably additive. If (E;,i > 1) are disjoint elements of F, then

i (U Ez) = (k)
i>1 i>1

Remark

1 is a measure if the same holds but with p : F — [0,00] . pis a o-finite measure

if 3Q; € F,i > 1 with pu(9;) < oo ¥ i and such that ©; T Q.

In this case, we call (Q, F, u) a probability space (or measure space, finite measure

space, o-finite measure space).

Example 2.5

Q =8, F = 2% and ( is the counting measure, where

(E) - {\E\ if |E| < 0o

00 otherwise .

It is o-finite if £ is countable. For instance, in this instance R is not o-finite.

Example 2.6

172
Let @ = R, F = B(R). For £ € F, u(E) = [, \/%6_7 dz. Then p(R) = 1, since
the Gaussian density integrates to 1. It is not clear from this that p is countably
additive. If (E;,7 > 1) are disjoint Borel sets then

1 22 1 2
e 2 dx = / e = dx
~/Ui21Ei V2T Z E; V21

i>1
which is a form of linearity; we need to be clear about which sets we have here.

There is a consistency issue here which needs to be resolved.

Example 2.7 (Lebesgue measure)
The last example was giving the measure for any set F;. Now we again take () =
R, F = B(R) and p([a,b]) = b — a. This is clearly not finite, nor is it a probability

15



measure. It is o-finite since we can take intervals [—n, n] of measure pu([—n,n]) = 2n

and as n — 0o, converges to R. This is the one-dimensional Lebesgue measure.

2.3 Extension of measures

The question is: how can we show Lebesgue measure exists and is unique? To
answer this question, we will do a digression to discuss multiplicative functions.

These are used in the proof of Carathéodory extension theorem, which we will skip.

A function ¢ : N — R is multiplicative if ¢(mn) = ¢(m)¢(n) whenever ged(m,n) =
1.

Theorem 2.4 (Extension theorem for multiplicative functions)

Let P = {prime powers}, let ¢g : P — R with ¢o(1) = 1. Then, there exists a
unique multiplicative function ¢ : N — R with ¢|p = ¢p.

We have two main results for measures. The first one is the Carathéodory extension
theorem. Before this, a few necessary definitions:
Definition 2.5 (Pre-measure)

If Fy is an algebra over €, then ug is a pre-measure on JFy if

(i) po(@) =0
(ii) if A, B € Fo with AN B =0, then pg = (AU B) = puo(A) + po(B).

(iii) If E; € Fo,4 > 1 are disjoint and ;> E; € Fo, then o (Uizl Ez) = > i>1 to(Ey).

Why do we need the last criterion? A problem that arises is that we can break a set
such as (0, 1) into (0, %) U (%, %) U (%, %) U---. In such case, we are good, but one
may not be lucky and there could be two ways to express the measure of a set, as a
countable collection or a single element. In such case, we could not extend uniquely.
Exercise 2.2

Define a function that is additive, but not countably additive. Hint: consider N and

take the measure to be u(E) = 0 if E is finite and u(E) = oo if the set is infinite.

2.4 Lebesgue measure

A crucial measure is the Lebesgue measure on R, often denoted A, where (R, B(R))
(Q, F); we want p(a,b) = b—a. We need to check countable, but since (0,1)U(2, 3)

is not an interval, we run into some problems.

16



Fo = {finite unions (a1,b1]U---U (ap,by],—00 < a3 <b; <--- <a, <b < o0}

and we define the pre-measure pg to be equal to Y ;_;(b; — a;) for a set above.
Exercise 2.3
Prove (ii) from the definition of pre-measures, and that the definition of py doesn’t

depend on the representation of its argument.

2.5 Carathéodory Extension Theorem

Theorem 2.6 (Carathéodory Extension Theorem)

Let (2, F) be a measurable space and Fy C F an algebra with o(Fy) = F. If
o = Fo — [0, 00] is a pre-measure on Fy then 3 a measure p : F — [0, 00| on F that
extends po in the sense that pul Fo = Ho-

Furthermore, if g is o-finite, then p is the unique (measure) extension of g to F.

Let us apply Carathéodory Extension Theorem to the Lebesgue measure,
Proposition 2.7
o is a pre-measure on (R, B(R))

Proof pg is well-defined. It is finitely additive; indeed, for two sets of the form
A= (a1,01]U---U(ar,b,] and B = (¢1,d1]U- - - U (cs, ds] disjoint, their union will be

C=(fi,nlU(f2, 92U (fris: Gris]
since we can use the same intervals; each interval appears exactly once in C, so

to(AU B) = po(C)
r+s

= (gi — fi)
=1

= Z(bl — ai) + Z(dz . Ci)
=1

= po(A) + po(B)

“the above notation fiddles to say that it is unbounded to the right or the left, but a;,b;, € RV 4.

17



If A€ Foand A = U,> Ay, for A, disjoint and A,, € Fo then pg(A) = 32,50 p1o(An)-

If A is as previously, then writing A, ; = A, N (a4, bi], we see it suffices to consider
the case that A is an interval. Replacing each A,, by its component intervals shows
we may assume each A; is an interval.

Exercise 2.4

Show that the above is true when A is unbounded (if (—oo, z] = U~ (an, by] then

n=1
>z (bi — ai) = o0).

Now assume A is bounded, say A = (x,y]. We replace A = (z,y] by (0,y — z] and
Ay, = (n, yn] by (zn, — x,yn — x]; thus we can assume that A = (0, y*] for some y*.

Since the equality

po(A) = po(An)
n>0
is preserved by dividing by y*, to replace by (0,1] and A, = (xn,yn] by ((z, —
x)/y*, (yn — x)/y*]. It remains to prove that if A,,n > 1 are disjoint intervals and
Un>1 An = (0,1] then 377 po(A,) = 1. This sum is a limit of a finite sum. We

will replace additivity by monotonicity and take limits of sets.

Let B, = U, 4;. Then B, 1 (0,1]; so we want to show that po(By) T 1. Let
C, = (0,1] \ By,. Then C), | 0 and we must show that uo(Cy) | 0. This suffices
since 1 = p((0,1]) = po(Bp) + 1o(Cy) by finite additivity, since each set is in Fy.
So pio(Bn) = 1 < p1o(Cy) L 0.

Note that if C,, was unbounded and of the form (—oo, —n], then (,»; C, = ) (the
limit would be the empty set) while any C,, would be such that py(Cy,) = oco.

We prove the contrapositive: if C), | and po(Cy) > 2e > 0V n, then

lim C,, = () Cy # 0.

n—00
n>1

points the

Th idea is to find a sequence (x,,n > 1) for z,, € C,, such that z,, — x € (51 Cy.
For each n, let D,, C C,, \ (0,¢] = C! with D,, € Fy, with D,, C C! and puo(C/ \
Dy) < girr

18



Now D,, consisted of open sets, its closure was the union of closed sets, but the
intersection is still compact. Finally, let K, = ;<,, Ds € i<, Ci C (e,1].

Note

i<n i<n

110 (ﬂ Di) > 110(Cy,) — po (U (Cé\Di))

> 1o(Cy,) =Y 1o(C; \ D)

i<n
€
i<n
, €
> pio(Cy) — 3
€
> —.
-2
Then K, # 0 since K, 2 (<, Di # 0.

Now pick z, € K, for each n € N. z,, is a bounded sequence on (0, 1]; we let
(ni, i > 1) be such that z,, converges as n; — co. Then, for all 4, for all j > 4, then
Tn; € Kp; C Ky, S0 (a:nj,j > i) C K,,. Since the sequence is in a compact set,
the limit belongs to the set. Let x := lim; Tn,; € K, since K, is compact so
T € Nisn Kn; =Np>1 Kn C ﬂn21D7n C Ni>1Cn 50 Np>1 Cn # 0.

Unraveling the whole procedure, since we have a sequence decreasing to the empty
set, its measure must be zero by our contrapositive. Then, shifting and scaling and

taking some finite unions allows us to deal with general sets. [ |

Proposition 2.8 (7-system lemma)
If (Q,F) is a measurable space, P € F is a m-system with o(P) = F and p1, pi2 are
o-finite measures on (2, F) with p1|p = pa|p, then p = po.

Before pursuing with the proof, we state the necessary definition.
Definition 2.9 (7-system)

Pc2isam-systemif Q¢ Pand E,Fc P=FENF¢cP

19



Proof We provide only a sketch. Establish closure properties of the set where p
and po agree. If one can show that {E € F : u1(E) = uo = E} is a o-algebra, then
we are done since the two measures agree on F, since the set is contained in F and

it is smallest. [ ]

Example 2.8
The set of intervals {(—oo, z],z € R} U{R} is a m-system generating B(R).

Exercise 2.5

On the first assignment, you are asked to construct a probability measure on the
space 2 = {0, 1} where F = o(cylinder); get an infinite square prism; in R3, you
can get constrained shapes like boxes, but in {0, 1}N, there are many unconstrained
parameter. This is equivalent to F = o({{w : w; = 1},7 € N}. Then, any w € Q
where w = (wg, k > 1).

Consider (R,B(R), A) where X\ denotes the Lebesgue measure. Let € be the Cantor
set, which can be viewed as (C; where C; is every step of the construction of
the Cantor set. Now A(C7p) = 1,A(Cs) = %, ANC;) = (%)Z_l. Thus, \(€) =
lim; o0 A(C;) = 0. It can also be shown that € is uncountable, yet has measure zero.
Now let D be any subset of €. What is A(D)? If A,B € B(R) and A C B, then
A(B) = AA) + A(B\ A) > A(A). But maybe D ¢ B(R): to fix this if (Q, F, ) is a
measure space, let N ={D Cc Q:3E € F,u(F) =0,D C E}. Extend p to FUN
by setting u(D) =0V D € N.5

Exercise 2.6

Show that o(FUN) ={FUD;E € F,D € N}. For such E U D, define a measure
on o(FUN) := F*, termed the completion of F.

We will now restrict our attention to probability spaces and discuss the notion of

events. The latter is an element of the o-algebra.

There are many examples, for example coin tosses with Q = {+1}, F = o(cylinder)

and returning to the first lecture, the event £ = {random walk returns to 0 infinitely

5N stands for null sets
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often}={random walk is recurrent}. Then {S,, = 0} is the same as > " ; w; = 0,

which means that
{Sn=0t={#{1<j<n:iwj=1}=#{1<j<n:wj=-1}} e F

and even in Fy. 6

We can thus write the event

{Sp,=01i0}={Vn,Im>n:S,=0}= ﬂ U{S"ZO}

n>1m>n

and because F is a g-algebra and is closed under complements and unions. Thus,
what we discussed a while ago is an event, and is measurable. Note that we did not

need to specify a measure beforehand to determine this property.

This event is called limsup,,_, {5, = 0}.

Definition 2.10 (Limit superior)
If E,,n € N are elements of F, then limsup,, ¢y Ey, is defined to be (51 Upy>n Em

and lim inf = (J,,~; N E,, (for all, but finitely many).

m>n

Exercise 2.7
If (Ep,n > 1) and (E/,,n > 1) agree on all but finitely many n, then lim sup,,_, o E,, =

limsup,,_,, F/, and liminf, o E, = liminf,, . E/,.

Note

liminf, ,» E, C limsup,, .., Ey and limsup,,_, ., EEL C liminf, E,E

Example 2.9

With (Q,F) = ({1}, F) and P%, the strong law of large numbers states that
Sn(w)

Sh _ : : .
P% (7 — 0) = 1. The questions is to whether {w D

— O} € F. The answer is
yes: for any € > 0,

let A. = {S, > en i.0.}¢ € F and take B. = {S, < —en i.0.}¢ € F. The event that

5By doing so, we have defined a mapping Sy, : @ — R.
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2.6 Probability bounds: reverse Fatou and first Borel-Cantelli lemma

Let (2, F,P) be a given probability space. Then

Proposition 2.11 (Reverse Fatou)

P <lim sup En> > limsup P (E,)

n—o0 n—oo

Proof Write U,,>,, Em = Gy so that Gy, | limsup,,_,, Ep. Then

P (hm sup En> =P ﬂ Gr
n—00 n>1
- Jim P (G

> lim sup P (E.,)

n—oo m>n

= limsup P (E,)

n—oo

Lemma 2.12 (Borel-Cantelli 1)
If 02, P(E,) < oo, then P (E, i.0.) =0

Proof We have

P (E, i0.) = lim P(Gy) < lim > P(En)
m>n

by countable additivity and using facts about convergent sequences (exercise), if the

sum Y o2, P (E,) < oo, then this in turns imply that > >°_ P (E,,) — 0 as n — oo.

|

Note that the converse is false in general.

Example 2.10

Take (2, F,P) = ([0,1],B([0,1]), A) and E, = [0, L]. Then 3232, P (E,) = ¥32,
oo and P (E, i.0.) =P ({0}) =0.

3=
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In the previous example, we had S,((w;,7 > 1)) = >.iq w; with P = P%. What
if we want to model Z,,n > 1 independent AN(0,1) random variables, with now
Sp = Y11 Z;. Insofar, what we have built are measures ([0,1],B([0,1]),A) and
in the assignment, ({0,1}",o(cyl.),P) the product measure on the given product
space. Neither of these probability space look obviously useful for Gaussian random

variables.

Here is nevertheless an idea to model Z ~ N(0,1): first decide whether Z > 0
or Z < 0. Make then [O, %] corresponds to Z < 0 and [%,1} if Z > 0. We
can further break the first interval into [0, ﬂ with the the 25% quantile of Z, i.e.
t:P(N(0,1) <t) = 1, and similarly for {1 1} with Z € [t,0], {1 3] — Z €0, -]

412 274
and finally [%, 1} Ny

The above construction is tedious, but could work more generally if we look at
quantiles again, with minor twitches for variables that are not absolutely continuous;
we will thus look for a more general procedure so as to not have to deal with these
details. The philosophy is to assume that (€, F,P) is “rich enough” to model all
needed random variables. One justification is as follows: let S; = {pF : k > 1}, p; is
the i*® prime. Then for i # j, S;NS; =0, and ;> Si C N, so we can view {0, 1}

as

(H{U, 1}32‘) x {0, }N\Uiz1S:

i>1

and we can use the countable copies of the original space with same cardinality, and

then we can construct with this any countable collection of random variables.

23



Chapter 3

Random variables

The random variable S, : @ — R is a mapping, which we define now. If we say
that a random variable is positive, we refer to the sets of w; such that their image
is greater than zero. We obviously require the sets to be in our o-algebra and S, to
be measurable.

Definition 3.1 (Random variable)

A real random variable is a function X : Q@ — R where (£, F,P) is a probability

space, and X is a measurable map.

3.1 Measurable maps

Definition 3.2 (Measurable map)
If (S, F) and (7,G) are measurable spaces, a F/G measurable map from S to T’
is a function X : S — T such that

VGeG, X HG)={seS:X(s)eG}eF

Remark

The measurability depends on the o-field. For example, if G = {0, Q}, then every
map is measurable. If G = 27, then for X to be measurable, we need that X ~'(A) €
Fforal AcT. 7

For (real) random variables, the o-algebra on R is B(R) unless otherwise specified.®
Definition 3.3
An R?-valued random variable is a measurable map X : Q — R4, F — B(R?).

Generally, if (M, d) is a metric space, a random element of M is a map F/B(M, d)
real valued measurable map X : Q — M where (2, F,P) is a probability space.

" An analogy with observables and experience is to consider what measurements we want to make
with a given sets of tools. The more precise the measurement (e.g. the position of a particle in time
with momentum in some interval as opposed to the simple observation about whether a particle is
in a box or not), the lower the changes that the mapping be measurable: the “experiment” decides
what can be measured).

8We want to pick the smallest o-algebra, so it makes sense to consider the Borel sets rather than
the Lebesgue sets, since the latter are more complicated and give rise to a larger o-algebra.
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Theorem 3.4
If (Q,F),(T,G) are measurable spaces and X : Q@ — T and 34 C G such that
o(A) = G such that X~1(E) € F for all E € A, then X is /G- measurable.

Example 3.1
o If (T,G) = (R,B(R)) and A = {(—o00, 2],z € R}.
o The same construction extends to (7, G) = (R%, B(RY)) with

d
A= {H(—oo,:z:i], (X1,...,2q) € Rd}

i=1
o If (T,G) = (M, B(M, d)) with A = {open sets in M}.
Corollary 3.5

If f:R™ — R™ is continuous, then f is measurable.

Definition 3.6
If X : Q — T where (T, G) is a measurable space, then the o-algebra generated by
X is

o(X)=F={X"'6):Geg}
{F:X is
F/G meas.}
Note
If A, B in the sets G, then A = X 1(G) and B= X"1(H)so AUB = X" }(GUH)
and if G,H € G, then GU J € G so AU B are in here.

Suppose Z is a standard normal random variable. Is Z? a random variable? What

about Z~'? What about the sums? We next look at compositions.

Proposition 3.7 (Composition of random variables)
If (R, F),(S,9),(T,H) are measurable spaces and X : R — S, Y : S — T measur-

able, then Y o X is measurable.

Proof If E € H, then Y'Y (E) = F € Gso (Yo X)Y(E) = X \(Y}R)) =
X-YF)e F.
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Corollary 3.8
If X :Q — R"is an R™valued random variable and f : R” — R" is continuous,
then f(X) is an R™ valued random variable.

Corollary 3.9
If X is a random variable and f : R — R is increasing, then f(X) is a random

variable.

Proof

It suffices to show that increasing functions are measurable. If f is increasing, then

f71((—o0, 2]) is also an interval so measurable. [ |

Theorem 3.10
If X1,...,X, : Q — R are random variables and f : R™ — R is measurable, then
f(X1,...,Xpn) : © = R is a random variable.

Proof We need to show that the map (X1,...X,) : @ - R" w — (X1(w),..., Xn(w))

is measurable. It suffices to show that the sets formed by the rays of the form
{we: Xj(w) <z for 1 <i<n}

are measurable V (x1,...,2,) € R™ . This is just (7, X; ' ((—o0,x;]) € F since
we take finite intersection of elements X; ' ((—o0,z;]) € F since X; is a random

variable. m

We now tackle the issue of limits.

Theorem 3.11
If (X,,n € N) random variables 2 — R then inf,>1 X, sup,,> Xy, liminf,>1 X,

and lim sup,,~; X;, are all random variables.

Proof inf and sup are increasing maps, so measurable (infinite sequence here), but

{inf X, < a} = U {X, <a}
neN
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is measurable since it is a countable union. Next, by the definitions of lim inf and

lim sup, we have

limsup X,, = inf sup X,,

n—00 n>1m>n

is a random variable using the closure properties. Analogously,

liminf X,, = sup inf X,

n—00 n>1m>n

is also a random variable. [ ]

3.2 Limits

We have seen lim sup X,,, lim inf X,, were random variables if {X,,} were sequences
of random variables. For the statement about the

Theorem 3.12 (Strong law of large numbers)

If (X, n > 1) is a sequence of mutually independent identically distributed random
variables with E (] X1|) < oo, then almost surely, *

lim
n—oo

n

):E(Xl)

where almost surely means

e (55) ) - (o g (B) )

Proposition 3.13 (Measurability of limits)

If s, = Yo, Xi/n, since limsup,,_, . gn,lim inf, oo S,, are random variables, the
event

{nh_g)lo Sy, exist} = {hnrgng = oo} U {llrrlr;sgp Sy = —ootU

({lim sup Sy, — liminf S, = 0} N {either limsup S,, < oo, or liminf S, > —oco
n—oo n—oo

n—o0 n—o0

9That is, we have convergence pointwise to a constant function.
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Note that the set

n—o0

B !
C= <<llmsup5’n—11nrr_1>£f5’n> (0)) : Q= RU{—00,00}

In other words, C has the form Z~1(0) for some random variable Z. Since X ~1(B)
is measurable for all Borel sets B and all random variables X, it follows that C' =

Z71(0) is measurable.

This fiddling around was solely to point out that we have measurable limits even
with Foo0.
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Chapter 4

Distribution functions and laws

4.1 Distribution functions

Fix a probability space (2, F,P) and X :  — R a random variable. Then, the

cumulative distribution function Fx is
Fx(x)=P (X <uz).

Here are some facts about CDEF"

Proposition 4.1

1. Fx is non-decreasing

2. limy oo Fx(x) = 0,limy—o0 Fr(x) = 1: use unions/intersections of events to
build monotone increasing/decreasing sequences.

3. The CDF is cadlag: V x,limy, F(y) = F(x)

Proof We prove the last statement. Write

P(ng):P(ﬂng—l—i)

n>1

= lim P<X§:L"+1)
n

n—oo
. 1
= lim Fyx (:U + )
n—00 n

since the limit exist and the function is decreasing, taking any subsequence yield
the value of the limit.
Exercise 4.1

The limit does not depend on the sequence: V {y,,n > 1} with y,, | z, lim,, o Fx(yn) =

The limit may not take left-value; if X = 0, Fx(z) = 1z<0. A function that is

right-continuous with left limits is called cadlag. [ |

A function satisfying properties 1.-3. is called a CDF.
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Definition 4.2 (Law)
The law of X (or the distribution of X)) is the function px : B(R) — [0, 1] defined
by

px(B)=P(X € B)=P (X '(B)) =P (w: X(w) € B)

Proposition 4.3
wx is a probability measure on (R, B(R)).

Proof We need to check countable additivity and non-negativity; definitely px > 0
and px(R) = P (X € R) = P (92) = 1. For countable additivity, if we have disjoint
collection B,, Borel sets, n > 1, the pre-image E,, = X !(B,,) must also be disjoint

elements of F. Thus, it follows

(Y e (e (um)
P (HLZJI En>

= P (En)

since P is a measure. [ |

Now, let Y : R — R be the identity function, Y (r) = r. Then, for all B € B(R) is
ux(Y € B) = ux({r: Y(r) € B}) = ux(B) = P (X € B)

This is a first example of what is called a change of variable . Note that ux deter-
mines Fx since Fx(z) = P (X < x) = pux((—o0,z]). Since the half-open intervals
generates a m-system, conversely the preceding equality and the 7-system lemma

together imply that px is uniquely determined by Fx.
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4.2 Skorokhod construction

Proposition 4.4 (Skorokhod construction)
Any CDF is the CDF of some random variable.

Proof We use the space ([0, 1], B([0, 1]), A). We want a function Z : [0, 1] — R with
CDF F. The idea is that if F'(z) = w, then set Z(w) = = (we are in a sense flipping
the graph and interchanging the domain and the range). Then

P(Z<z2)=P({w: Z(w<2}h) =P ([0, F(z)]) = M0, F(2)]) = F(2).

this boils down to F~1((—o0,2]) = [0, F(2)]]. The latter holds if F~! exists and is
continuous. We could have flat sections: to deal with this, take rationals in these
parts (using density of Q in [0, 1]) — since we map the flats to rationals, there are
at most countably many. Because rationals have measure zero, both have measure

zero under corresponding measures.
There is a problem with the above: maybe F' is not invertible, 7.e. not strictly
increasing. The solution is to let
XY w) =sup{z: F(z) <w}
XT(w) =sup{z: F(z) < w}.
Exercise 4.2

P(XT#X") =A({w: X" (w) # X (w)}) = 0. Finally, for all z,P (X <z) =
A([0, F'(2)]) for all z, while

P (X+ S .Z') - )\([07 F(Z)])]-F increasing at z + )\([07 F(Z)))lF(z+s):F(z),5>0-

Thus, X and X~ both have law F

Exercise 4.3
If X,)Y : Q — R are random variables, P (X <Y) = 1 and X,Y have the same
CDF, then X 2V, de. P(X =Y)=1.

Last class, we show that for any CDF F', there is a random variable X with Fx = F.
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Another way to see this is to take (2, F) = (R,B(R)), we can take a simple function
such as the identity X : R — R and instead work what the measure should be.
Reverse-engineering the measure as to have (set) Py (X < x) = Pg ((—o0, z]) = F(x);
this determines for us what the probability should be on a m-system. We can extend
this uniquely to a probability measure on (R,B(R)); then X has CDF Fx. This
involves checking that Py was extended to an additive function and show the latter
is a pre-measure, the same argument as in the assignment or as when we constructed

the Lebesgue measure.

We will now tackle the monotone class theorem, termed sometimes the standard

machine.

4.3 Monotone class theorem

Theorem 4.5 (Monotone class theorem)
Let  be a set, 8 a m-system on € and H a real vector space of functions f :  — R.10
If

i) 14 € H for all A € SU{Q}, where 14(w) =1 if w € A, and 0 otherwise.
ii) If f, € H,n >1and f, T f pointwise, and f bounded, then f € H.

Then H contains all o(8) — B(R) measurable bounded functions.

We start with a

Definition 4.6

A collection D of subsets of € is a d-system (Dynkin or difference) if
i) QeD

ii) if AABeDand AC B, then B\ AeD

iii) if A, € D,n > 1 are increasing, then (J,,~; 4, € D.

Fact 4.7

o A o-algebra is both a 7-system and a d-system.

o If D is a m-system and a d-system, then it is a o-algebra.

10We will show that all bounded measurable functions are in some set, measurable with respect
to o(8). We assume closure in the preamble, that is multiplication by constant and addition of
functions. Starting from indicator function, we can create step functions, then simple functions
and construct any continuous function by approximations from below. The hard part of the proof
is showing that 14 € 8 implies that 14 for all A € o(8)
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o If 8 is a m-system, D D § and D is a difference system, then

DDd(S) = ﬂ g.
G, d-system
containing 8§
Theorem 4.8
If 8 is a m-system over €2, then d(8) = o(8).

Proof First, we show d(8) C o(8): since o(8) is a d-system, we have by definition
the first part. To show that o(8) C d(S), let

Dy ={BedS8): ANBed(8)VAec S8}

Note that Dy C d(8) by definition. If D, is a d-system, then D; = d(8). To check

that D, is a d-system, we need to check

i) Q € Dy is obvious

iii) If B, € Dy,n > 1and B, T B, then VA€ 8, AN B, € d(8). Since d(8) is a
d-system, AN B = lim,,_,ooc AN B, € d(8) so B € D;.

ii) If B,C € Dy, B C C, then for all A € 8§, ANB € d(§) and ANC € d(8).
Since d(8) is closed under differences, (ANC)\ (ANB) = (AN(C\ B)) € d(8), so
C'\ B € d(8) and therefore C'\ B € D;.

Now, let Dy = {C € d(8) : ANC € d(8) for all A € d(8)}. Since Dy = d(8),
we have S C Da. Thus, if Ds is a d-system, then d(8) C Dy so d(8) = Dy so
that d(8) is closed under intersection, so d(8) is a m-system, hence a o-algebra and

d(8) S a(8).

Exercise 4.4
Mimic the proof that D is a d-system to show that Ds is a d-system.

Example 4.1
A set Q and A, B € Q such that AN B # (. Then D = {A,B,Q,@,AC,BE}. This

however is not closed under intersection: you can’t get AN B.
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Proof The first part is as follows: let D = {E € Q: 1 € H}. Then 8§ C D by i)
and D is a d-system (2 € H by i), H closed under increasing limits by ii) and for
closure under differences, because if A C B, then 1p\4 = 15 —14 and H is a vector
space).

Thus, o(8) = d(8) C D. So H contains 1g for all E € o(8). Since H is a vector

space, it follows that H contains all simple o(8) — B(R) measurable functions.

Finally, for any bounded ¢(8)/B(R) measurable function, f is an increasing limit of

simple functions, so f € H. [ |

How to write f as an increasing limit of simple functions? The Lebesgue approxima-
tion is to take 0-1 ycg 2-n, slicing horizontally. Similarly, we continue the procedure

Wlth 2_n1f€[27n72_27n).
Suppose f is nonnegative and bounded. Let
n2™—1

1
= 2 gubrels )

=0

Each approximation is such that f, — f. Either add a constant to make f nonneg-
ative if it is bounded, but not nonnegative. Or, we can break f = f* — f~ where
f =max{f,0} and f~! = —min{f,0} and then f*, f~ € H and so f+ — f~ € H.

Read section 3.13 in Chapter 3.

34



Chapter 5

Independence

5.1 Independence

Definition 5.1 (Independence for events)
A heuristic definition is to say that events A, are independent if P(ANB) =
P (A)P (B). ' The independence property depends on the measure.

Example 5.1

If @ = {0,1}N and F = o(cylinders). If A = {w; = 1}, B = {wp = 1} then A, B
are independent under P% : indeed P% (ANB) = i = % : % = P% (A) P% (B). But
if Q is a probability measure with Q({I}) = £ = Q({0}), then A and B are not

Q-independent because

QUNB =QT) =5, Q) =5 =QB).

Example 5.2

Suppose U 4 U[0,1], whose law is the Lebesgue measure on [0, 1]. Let A ={exactly
5 zeros before first one in binary expansion of U} and let B = {2 ones before second
stretch of zeros}.

Then P (A) = 6—14, since the number must lie between % and é. We have for

B sequences that are either 0.110..., or 0.0110..., which are intervals of length
%, %6, 3%, since the first one is guaranteed to happen. Thus, adding the terms gives

altogether P (B) = i. We have P (AN B) = ﬁ,

since we specify 8 bits, that is our binary expansion is of the form 0.00000110.. ..
Since “5” and “2” may be replaced with any two natural numbers and the same

conclusion holds.

Let X = #{zeros before the first one}, Y = #{ones before second stretch of ze-
ros}. There are numbers in [0, 1] that do not have a unique expansion are dyadic

expansions of the form k/2". Set arbitrarily for such numbers and

"This is linked to product spaces, and we will come back to this with Fubini later in the course.
We will from now on often be implicit about (2, F,P)
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Exercise 5.1

Show that X and Y defined above are measurable.

We saw that P (X =5,Y =2) = P (X =5)P (Y =2) and this holds with 5 and 2

replaced by any natural numbers.

Definition 5.2 (Independence)
We say random variables X,Y : Q — R are independent if V E, F' € B(R),

P(XeEYEF)=P(Xe€E)P(Y €F).

Then XY, as define before, are indeed independent.

Remark
Events A, B are independent if and only if 14,1p are independent, and similarly
AE, B are independent.

Exercise 5.2

Prove the above remark.

Example 5.3

Let X ~ B (%), Y ~ B (%) Bernoulli random variable, where ~ is defined as 4
Here X, Y are independent and we let Z = (X +Y) mod 2. Thus Z = 0 if the sum
is even, and Z =1 if the sum is odd. Then X,Y are independent,

X, Z are independent and Y, Z are independent. But P (X =1,Y =1,Z=1)=0#
P(Z=1)P(X =1)P(Y =1) = %. Thus, X,Y, Z are not mutually independent.

Definition 5.3 (Mutual independence)
If (X;,i € I) are random variables where X; : Q@ — R. We say (X;,i € I) are
mutually independent if V {i,...,i,} C I and all By,..., B, € B(R), 1

P (ﬁ {sz}> = ﬁ P (sz S Bk)
k=1

k=1

12From which we can get get any pairs, or smaller for finite number of variables, since we can
take B; = R so that {X;, € R} =, and multiply by 1 on the right.
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Definition 5.4 (Independence (o-algebra))
Given G,H sub o-algebra of F, say G,H are independent if V A € G, V B €
H, A and B are independent. We define mutual independence for o-algebras

accordingly.

Example 5.4
A, B are independent if and only if {0, A, AL Q} =0(14) and {0, B, BC, Q} =o0(1p)

are independent.

Recall that if X : Q2 — R is a random variable, then

o(X) = ﬂ]:
F:X is F-B(R)
measurable

is the o-algebra generated by X. More generally, o((X;,7 € I)) is the smallest

o-algebra that makes all of the X; measurable.
For a single event, we have o(X) = {X~1(B), B € B(R)}, '* and
o(Xsiel) =0 (U {x7'(B):Be B(R)}) .
i€l

Exercise 5.3
Check this statement and find o-algebras (F;,,n > 1) such that their union U, > F»

is not a o-algebra.

Proposition 5.5
(Xi,i € I) are independent if and only if (0(X;),7 € I) are independent.

Proof (=) Fix {i1,...,in} C I and events Fy,..., E, with Ex € o(X;_). Then,
for 1 < k < n, there is By, € B(R) such that Ej = Xi_kl(Bk) o)

P (ﬁ Ek> =P (ﬁ Xi_kl(Bk)>
k=1 k=1
=P (ﬁ {sz € Bk}>

k=1

13While intersections of o-algebras are themselves o-algebra, the same may not hold for unions
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n
= H P (Xi, = By) (independence)
k=1
n
= [IP (&)
k=1
so (0(X;),i € I) are independent. The other direction (<) is similar. [ |

Lemma 5.6 (7-system)

If G, H are sub o-algebras of F, J,J are w-systems where J € G and J € H such that
o(d) =G, o(J) = H then if J,J are independent, then G, H are independent. Here
J,d are independent, means that ¥ A € J, B € J, we have P (AN B) =P (A)P (B).

Proof Fix some A C J and define measures pi4,v4 on (Q, H) by setting ua(B) =
P(ANB) and v4(B) = P (A)P (B). These are measures, yet not probability mea-

sure.
Exercise 5.4

The above defined p4,v4 are measures, but are not probability measures.

Note
1A, v4 have the same total measure, i.e. vA(B) = pa(B)V B € J, so v4 = 4 on
d,s0pa=vaono(d)=H,soP(ANB)=P(A)P (B) forall AcJ, B e XH.

Now fix B € H, let ip = P (AN B), vg(A) =P (A)P (B) for A € §. Again, these
are measures and agree on J and therefore on o(J) = G,so P(ANB) =P (A)P (B)
for all A € G,B € H. This is analogous to the monotone class theorem. This is

precisely what it means for G, H to be independent.

Exercise 5.5
Show that for integer-valued random variables X : 2 - R, Y : Q —» R,

ifP(X=kY=I1)=P(X=£kP(( =1 for all k,l € Z, then X,Y are indepen-
dent.

Exercise 5.6

If XY : Q — R are random variables, then X, Y are independent (denoted X 1L Y)
if and only if {{X < z},z € R} I {{Y <z},2 € R}. Hint: use m-system lemma.
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Exercise 5.7
If {Xi;}i<i<n,i<j<m mutually independent and f; : R™ — R are Borel functions,
then each (f;(Xi1,...Xim),1 <i<mn) are mutually independent.

The latter could be used for high-dimensional data with dimension reduction, for

use in testing independence, say.

Exercise 5.8
If 7, and G;, i > 1 are o-algebras over €2 and each F; are independent of & (U i>1 Qj) .
Then

a< Uﬂ-) J.La( U gj>.

j>1 j>1

You may think of the above as closure properties.

Exercise 5.9
If X is independent of o({Xa,...,X,}), then X; Il Xo- X3---X,,.

Remark

For any sequence (F;,i > 1) of CDFs, there exists a probability space (2, F,P)
and random variables (X;,7 > 1) on this space such that (X;,7 > 1) are mutually
independent and Fj; is the CDF of X;. If F; ~ U(0,1) CDF for all 4, this is from earlier
in the term (Q, F,P) = ([0, 1], B([0, 1]), A) and let X;(w) = 0.wawy2wyswoa . . ., taking
the unique binary expansion. The bits are independent B(3) and so X1 (w) ~ U[0, 1].
For other variables X;, using powers of a different powers of the i*® prime p;, that

is O.wpiwp?wp§ N

Exercise 5.10
Let B; : Q — [0,1], Bij(w) = w;. Then (B;,i > 1) are independent Bernoulli B(3).
Show from this that the (X;,7 > 1) are mutually independent #[0, 1].

Let Y; = Fl-*l(Xi) , which is a composition of measurable map; then (Y;,i > 1) are
independent and Y; has CDF F;. This is the Skorokhod construction.

Recall the branching process example from the second lecture. We defined Z; as the
number of individuals in the i*" generation. Each individual has a random number
of children with CDF F, independently of others. To formally define Z, let (B;, j)
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be independently defined with CDF F. Let Zy = 1 and Zn1 = Y20, Buyig =
> i—1 Bn+t1kli<z,. By induction, one can see that Z,,; is a random variable, since
Zp is a deterministic map, measurable with respect to any o-algebra. Since all
random variables are positive, and we have closure under increasing sequence and
limits, Z,11 is also a random variable. Another construction is to take Z,41 =
9(Zp, Upy1) for suitable g, (U;,7 > 1) independent uniforms U|0, 1]. For each given
step, the next generation is just a finite computation and assign a portion of the
interval for this. All probabilities sum to one and then drawing a uniform gives the
size of the next generation. It has the advantage of having less information than the
previous one. This is the general construction of a Markov chain (discrete Markov

chain of a countable state space).
5.2 Second Borel-Cantelli lemma

Recall the first Borel-Cantelli lemma, that stated Y o>, P (B;) < oo, then we had
P (limsup,,_,o, Bi) = 0. We give the second lemma

Lemma 5.7 (Borel-Cantelli II)

Let (En,n > 1) be mutually independent events. If >, -, P (E,) = oo, then
P(E, io.)=1.

Proof Compute the bound P ((En i.o.)c). This is

P (3n, Vm > n, E,, does not occur)

-e(un )

n>1m>n

n>1 m>n

<3P ( N E,El) (subadditivity)

and

P ( ﬂ Egn) = lim P( ﬂ E%) (monotonicity)

M—00
m>n n<m<M

o C
= m, 1P (%)

- TIP ()

m=n
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< H e P (Em) (sincel —x <e ™)

Thus P ((En i.o.)D) = 0; it remains to take complements. [ ]
Sometimes, we wont have mutual independence. We can still get a similar result if
we have a statement of the form

P (En+1 | O'(El,... ,En)) Z Cp,

for some universal lower bound.
Example 5.5
Let (X;,i>1) ~ &E(1), thatis P (X; > ) = e ®,2 > 0. Look at M,, = (max X;,1 <i <n).

Proposition 5.8

M
lim sup n_As,

n—oo log(n)

Proof To get to apply Borel-Cantelli 2, we need bjgﬁ > 1 and mjgﬁ >14¢ at

most finitely often.

Lemma 5.9

. Xn  as.
limsup —— ="1.
n—00 log(n)

®

Proof Let E, = {lofg((n) > 1} . The E,, are independent and

P (Fa) = P (X, > log(n) = -
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so Y o1 P(E,) =00 and P (£, i.0.) = 1. So limsup,,_, lo)g(("n) > 1 almost surely.
]

Next, fix ¢ > 0 and let F,, = {X, > (1+¢)log(n)}. Then P (F,) = # SO
>on>1 P (Fn) < oo. So limsup,, ., Xn/log(n) < 1+ ¢ almost surely using Borel-
Cantelli 1. Since e > 0 is arbitrary, we can conclude that limsup,, ., X,,/log(n) <1

almost surely.

Many properties depend on the underlying properties of the space. In our example,

we care about properties of sequences.

Lemma 5.10

If {a,,n > 1} is any sequence of real numbers and f: N — R, f(n) 1 co as n — oo.
Then a,, > f(n) for infinitely many n if and only if

max a; > f(n) for infinitely many n.
1<i<n

Proof The first part is obvious. For the second, consider the graph above.

Fix a sequence ng,k > 1 such that maxj<ij<pn, a; > f(ng) and also f(ng11) >
maxi<i<n, @;. LThen, for each k > 1, there is iy, € (ng,ngy1) such that a;, is at
least f(ng41). Thus a;, > f(nk+1) > f(ix). We have a sequence i with the desired
property and so a, > f(n) infinitely often. [ |

By the previous lemma, we have a,/f(n) > 1 if and only if maxa,/f(n) > 1. Both

limsup must thus be the same, for any sequence. For all w, we evaluate the function

) M,(w) .. Xn(w)
lim sup =
n—oo log(m) n—oo log(n)

{limsup My () = 1} = {limsup Xn(w)}

n—00 log(n) n—00 log(n)

SO

and by the first lemma, P (limsup,,_,., M, /log(n) = 1) = 1 and the result is true

almost surely. [ ]
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Note
One can show (in almost the same way) that

lim sup M,, — log(n) — log(log(n)) = oc.

n—oo

Since the sum of > >, m = o0, by Borel-Cantelli 2, we get a divergent series
which implies that the event happens infinitely often with probability one. On the

other hand

lim sup M,, — log(n) — (1 + ) log(log(n)) = —oco

n—o0

aSZ

< 0.
nlog nlog(n)+e

We do two last example with Borel-Cantelli lemma 2.

Example 5.6 (St-Petersburg Paradox)

Let

Z; = gtheads before the first tail ) 5 goquence of Bernoulli trials

where (B;j,7 > 1), B iB (%) are independently and identically distributed (iid).

The question is: what is a fair entry fee for a game in which you double your stack

every time a head happens, and lose everything at the first tail, starting with 1.

To answer the question, we compute the expected profit:

= Z 2P (k heads before first tail)
k>0

= Z 2k 2k+1

k>0

-Y;

k>0

Thus finite random variables can have infinite expectations and yet paradoxically

P (Z; > ilog(i) i.0.) =1
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since (Z;,1 > 1) are mutually independent and

> P (Z; > ilog(i) = ﬁ

i>1 i>1

where k(i) = [log,(ilog(i))]

1 1
>
— 2 ; 9log, (ilog(i))
1 1
=— , = 00.
2571 log (i)
Exercise 5.11
Prove this if it is not obvious to you (use independence).
Example 5.7
Let X;,7 > 1 be independent such that P (X; = k) = %k%, for k € Z\ {0}. The
expectation of X; does not exist; the sum of the positive terms goes to infinity and
the sum of the negative terms to —oo, as 3 ;51 kP (X; = k) = % > k1 1 =o0. M
Let S, =>"i; X;. Then
. Sn . o
P | lim — exists and is finite | =0
n—oo n
Proof P (|X,| > nio.) =1 by Borel-Cantelli 2. This is since
6 1
PPl Zm =3 | X =
n>1 n>1 \m>n "
6 1
> Z — =0
= 2
ST +1
using a lower bound derived from the integral test [ (3251-7?)2 = (n+1)"!. But for

all ¢ € R for n sufficiently large and ¢ > 0 sufficiently small, if |S,,/n — ¢| < ¢ and

1411 such case, when E (X+) —E (Xf) = 0o, we say that the expectation is not defined, in the
same way a function is not integrable if it is not absolutely integrable.
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| Xn+1| > n+1, then

>1
—c| > -.
— 4

‘SnJrl
n+1

As we can write S, 41/n =S, /n+ Xpt1/n and Sp41/(n+1) = Spq1/n- a7 and if

Sng1 _ c‘ > 1 and n sufficiently large then |Sn41/(n + 1) — ¢| > 1. More formally,

n

prove that

C
{EI lim Sn<oo}§{‘Xn|21i.o.} .
n—oo 1, n

This is an exercise in real analysis; fix w and look at the corresponding sequence. B

5.3 Kolmogorov's 0-1 law

Definition 5.11 (Tail o-algebra)

Let (X,,n > 1) be random variables on (€, F,P) where X,, : @ — R. Let 7, =
o(Xn, Xnt1,...) = 0 (UmZn O'(Xn)> and let 7 = (51 Tn. T is called the tail
o-algebra.

Exercise 5.12

Give an example where 7 = 77 (so X is 7 — B(R) measurable). Hint: take the
first coordinate map of {0,1}N. All the information regarding the first coin toss is

contained in the first event. Formalize this example.

Note

o(Xy) C F for all n, so U,,>, 0(Xm) C F for all m and so 7,, C F for all n and
TCFand FOT1DT2D---DT.

Exercise 5.13

The following events are all in 7

1. limg_ oo X} exists

2. >, X converges, i.e. limy (Z?Zl Xj> exists.

3. limg oo (X1 + Xo + - -+ + X)) /K exists

Start with sequences, and translate these into probability statements; since there

are functions,
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there is an additional step.

Theorem 5.12 (Kolmogorov's 0-1 law)
If (X,,n > 1) are independent (and 7T is their tail o-algebra), then for all £ € T,
either P (E) =0 or P (E) = 1.

Corollary 5.13

If the limits in the exercise exists, they are almost surely constant.

Proof [of corollary] We prove (iii) only. Forallc € R, E. = {limn_,oo X, exists, < cn}.
Then, E. € T, so P (E.) € {0,1} V ¢ € R. These events are increasing (like a CDF):
let ¢* = sup{c: P (E.) =0}. Then Vc¢>c*,P(E.) =1.So

P ( lim X, exists and is not equal to c*) =0.
n—oo

Proof We now tackle the proof of Kolmogorov’s 0-1 law. The aim is to show that
VEeT,

E is independent of E, so that P (ENE) = P (E)P (E) so that P (E) = P (E)?
which forces P (E) € {0,1}

Let F, = o(X1,...,Xn-1), then (exercise) F,, T, are independent for all n. Let
P =U,, Fn; then P is a m-system: if A, B € P, then A, B € F,, for some n, so the
intersection AN B € F, and AN B € U,,>1 Fim = P since the sequence of o-algebra

is nested in one another.

Furthermore, P, 7T are independent (as F,, 1L 7 ¥V n). If E € P and F € T, then
Eec F,forsomenand FeT,, FeTCT,.

Thus, o(P) and T are independent. But

n>1

o(P)=oc (U o(X1,... ,an))



=o0(X,,n>1).

and F,, C o(Xp,n > 1)so P = U,>1 Fn C 0(Xp,n > 1) and thus o(P) C o(Xp,n >
1). So o(P) = o(X,,n > 1) and o(X,,n > 1) and T are independent. But
Tn € 0(Xp,n > 1) for all nand 7 = (51 Tn C 0(Xyn,n > 1). So T is independent
of T,ie. foral E;F € T,P(ENF)=P(E)P(F). Now take E = F. [ |
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Chapter 6

Integration and expectation

6.1 Defining integrals

We consider a function f on [0,1] and its area under the curve, that is fol f(z)dez,

which corresponds to E (height of a random point under the curve). The region un-
der the curve is the set {(z,y) : 0 <y < f(x)}. > We define integrals in four steps,

starting with

indicator functions
simple functions: f =3Y", ¢;1p,

nonnegative functions (as increasing limits of simple functions)

=W

general functions f (by decomposing f = f* — f7).

For the rest of the development, fix a measure space (€2, F, 1) which we will assume
is o-finite (that is Q, 1T Q,Q, € F, u(Qy,) < 00).

Step 1: If f = 1 for E € F,let [ fdu = pu(E).*® One can check easily the linearity

of expectation for simple functions.

Step 2: If f is simple, f = 371" ¢ilp,, let [ fdu =37 cip(Es).
Proposition 6.1

The integral of simple functions is well-defined.

Proof Let f be simple and list the distinct values of f as a1,...,a;. Let A; =
f~*({a;}) and suppose

m l
f = ZcilEi = Zalej.
=1 j=1

and then split E1,... E,, into smaller sets G;;,1 < j <1 where G;; = E; N Aj.

5Not a point on the line of f, rather a point under the curve.
6The book sometimes use pf instead as opposed to f d.
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a4

a | o/ |----A

a] —----4 |----4

ag|---—------— 1 |

Then, we must have

m m l
ZcilEi = Zci (Z 1Gm‘)
i=1 =1 \j=1
So
n(E;) Z/lEi dp

and thus

where i is varying and j is fixed. [ ]

Proposition 6.2 (Basic properties of integrals for simple functions)

(i) If f, g are simple, then [(c¢f +g)du=c [ fdu+ [gdpu.
(ii) If f, g are simple and f < g, then [ fdu < [gdu.

(iii) If f, g are simple, then fVg (the maximum) and fAg (the minimum) are simple.
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(iv) If f, g are simple and if u({f # g}) = 0, then [ fdu = [gdu. Wesay f =g

almost everywhere (a.e.).

Example 6.1
12

More generally, for extended real-valued functions, if f(x) = \/%e 2 and g(z) =

J(x)1er\g@ + ©1zcq, then [, f(x)dz = [, g(x)dx for all Borel A and so g is “a”
density for the standard normal distribution. We use the convention oo - 0 = 0.

Proof

(ii) g — f is nonnegative and simple, so g — f = >i*; d;1r, and thus using (i),
Jodu=[rau+ [to=ndn= [ rdus " dp(F) > [ fdu+o.
i=1
(iv) write f =g — 327 vil{p—g_y,}- Then

/fduz/gdu—ivm({fzg—vi})

since simple functions take only finitely many values (as they are piecewise linear).

Example 6.2
In the St-Petersburg paradox (Example 5.6), we had Z; = 2¥ with probability 27*~!

for all £ > 0. We could stop playing eventually (this corresponds to a truncation of
the process) as to have Zi(N) = Zilg <on + 2N1Zi>2N. Since this now only takes

finitely many values, we can define

/Z}N) dpP = iQ’“P ({z:=2"}) =€ (2V) = %
k=0
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Note
Zi(N) < Z;NH) < ... < Z,;. So by Proposition 6.2 (ii),

/ZZ.(N) dP < /Z§N+” dp

and in fact

E(Z;N))Too as n — 0o

so we should have E (Z;) = oc.!”

Step 3: For f measurable nonnegative function, define

/fdu:—sup{/gdu:gsimple,ggf}.

Exercise 6.1

If f itself is simple, then this makes sense and agrees with the previous definition.

6.2 Monotone convergence theorem

Theorem 6.3 (Monotone Convergence Theorem)
If f,,m > 1 are non-negative measurable functions and f, 1 f, then [ f, 1 [ f.1®

Since limy, o fr = f pointwise, then

/fdu:/gggofndﬂz,}go/fndu.

Lemma 6.4
If f>0,[fdu=0,then f =0 a.e.

Proof Let E, ={f >1/n}. Then E,, T {f > 0} so

/1En d“T/l{fZO} du

"The book has u(Fy,) 1+ u(f) if fn 1 f.
8Note this is a theorem about interchange of limits and integral.
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but [1g, du = u(E,) and

1
/1EndM:n/*1End:u§n/fdﬂ
n

as 115, < f. Thus if g(E) > 0, then 3n such that p(E,) > 0, so

0< u(E) = [1p,dn<n [ fap

so [ fdu>0. [ |

Note that countable additivity is equivalent to this limiting closure property. Recall
that we defined for f : Q@ — R non-negative measurable functions, we defined

J fdp =sup{[gdu: g simple,g < f}. We will check this consistency property.

Definition 6.5
For k > 1, let a¥) : [0, 00) — [0, 00) be given by

0 ifz=0
a®(@) =14 ifwe (F H],0<i <kt
ko ite>k

so for example oV and a(? look like

e —

o _—

For any measurable f : Q — [0,00), o¥)(f) is simple, if f, T f, then a®(f,) 1
a®)(f) and furthermore, for any g : Q — [0, 00), then a¥) 1 g as k — oo.

The strategy for proving the MCT: take a double limit as k,n — oo, show that the

limit doesn’t depend on the order of those limits.
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Lemma 6.6
If (yflk)), n,k > 1 is increasing in n and k, then
lim lim y(k) = lim lim y(k)

n—00 k—oo " k—oon—o0 "

T [ [0
R R R I
T [ [

Lemma 6.7 (f,, simple, f indicator)
If f,, is simple and f,, T 1g, then [ f,dp T [1gdp.

Proof We prove the upper bound first, if f,,,1gp is simple, then f, < 1g so
J fadp < [1gdp and thus lim, o [ fndp < [1gdu. For the lower bound, fix
e > 0 and let

Fo={fn>0-¢)lg}={weQ: f(lw) > (1 —¢)lp(w)}.
Then, since f, T 1g, F,, T E so
/1E dp = p(E) = lim p(Fy)
- nh—>n;o/1F" dpe

1
/(1—5)1Fnd,u§ lim /fnd,u

1 —en—o

n—oo ] — g

using the fact that on E, (1—¢)1g, < f,. The bound follows since £ was arbitrary. B

Lemma 6.8 (f,, simple, f simple)
160 < f, 1 f and f,, f simple, then [ f,dyut [ fdp.

Proof Write f =31, ¢;1p,, E1,... E,, using the canonical decomposition. Since
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fn T f) we have fn]-El T flEZ = Ci]-Ei 50

1
/fn]-Ei dN:Ci/anlEi dMTCi/lEi duz/q/
i E;

Let By =Q\ (U2 Ei), ¢my1 = 0. Then,

m+1
[fan=3c [15an
=1

m+1

:nlgxgoZ;/fn1Ei dp

m+1
:nlggo/fn <Zl 15, dﬂ>
— lim / fodpe

n—oo

Lemma 6.9 (Consistency for simple sequences)
If fn,gn = 0 are simple, f, T f,gn T f then lim, f fodp = limg_ fgk dp.

Proof Let Al = min{ fy, g }; then (h%k)) are simple and (h%k))n,kzl is increasing
in n, k. Then

Jim / fodp = lim lim [ A% dy

n—00 n—00 k—o0

By definition, we have [ f, du = limy_eo [ A\ dp, since for all w € Q, A (w) =
min{ f,,(w), gk (w)} 1 fu(w) as k& . Thus, the claimed convergence follows from

Lemma 6.8. Likewise, by Lemma 6.8,

lim /gk dy = lim lim /h,(f) du.
k—o00 k

—00 N—00

Since A (w) is an array of number, by Lemma 6.6,

n—oo k—o00
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Lemma 6.10 (MCT for simple approximant)
If 0 < f, 1 f and f, is simple then lim, o [ fndp = [ fdu. ¥

Proof (<) We can appeal to monotonicity of [ for non-negative functions or more
simply use f, as a simple lower bound for f in the definition, so [ f,, du appears in

the supremum that defines [ fdpu.

(>) Since [ fdu =sup{[ gdu, g simple,g < f}. We can find a sequence g with k& >

1 of simple lower bounds for f such that [ gx du 1 [ f du. Let hy, = max(fi,... fn, 91, -

is simple. Then h,, T f, so by Lemma 6.9, we know

dnn [ gt [hdn> tin [and= [ 5

by monotonicity for simple functions, as h,, > g,. [ ]

Proof [of MCT] Suppose 0 < f, T f. Then a®(f,) 1+ a®(f) as n — oo and
a®) (f,) 1 fa as k — oo because a¥) increases to the identity. The first is simple,
but the second one isn’t. Then, by Lemma 6.10

nl;ngo/fn dp = lim lim [ o®(f,)dp (Lemma 6.6)

n—o0 k—00

= lim_lim o®) (£,) dp (Lemma 6.8, 6.10)

—00 N—00

= lim [ o™ (f)dp

= /fdu. (Lemma 6.10)

since we can interchange limits by Lemma 6.6 and by 6.10, a(*) is a simple approx-

imation of f . [ |

Exercise 6.2
Ifo< f<gand [ fdu < [gdu, then

19Note that we need positivity, otherwise we could take —% on R. The integral is —oo, but the

limit is the zero function which has integral 0.
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o linearity of integration for non-negative functions.
oIf f<gand [fdu= [gdu, then p({wf(w) # g(w)}) =0
o If f %2 g, then [ fdu = [gdpu.

The last step is to get this for negative functions as well.
6.3 Expectation

Let f : Q — [0,00), then [ fdu is defined. If f : Q@ — R is measurable, say
fe Ly Q,F,P)if [fTdu < oo, [ f~du < oo, that is if [|f|du < oo. For f €
LY, Fop), et [ fdu=[frdu—[fdp?

Exercise 6.3

Check basic properties (e.g. linearity)

Now let (€2, F,P) be a probability space. In this case, for X : @ — R measurable,
X >0or X € £L1(Q, F,P), and define

E(X):/XdP,

to be the expectation of X

Exercise 6.4
If X is discrete, (3 countable S such that P (X = S) = 1), then

E(X):ZxP(X:x).

eSS

Proof Monotone convergence theorem for use with the simple function approxi-

mation. [ |

2Owhere as before fT := max(f,0) and f~ = min(—f,0).
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6.4 Change of variables

Definition 6.11 (Change of variable)
Given a measurable function h :— R, h > 0, define a measure on ({2, F) by

1 (A) :/hlAdP —E(hla).

Proposition 6.12

wr defined above is a measure.

Proof pp(A) >0V A € F. Since h,14 both are measurable, so is their product.
We need thus to check that if A;,7 > 1 are disjoint, then

Hh (U Ai) =E (hluizlAJ
i>1
E thAi)

i>1

Z E(h14,) (linearity)
i>1

a(4;)

(5

=E (nli_{%oz:lhlAi)

= lim E (2} hlAi> (MCT)

I
N
v
=

as

E (hglAi)

- Jm YE )

~ S E(h1)
i=1
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One has to be careful about linearity since it holds for finite, not necessarily count-
able. [ |

Theorem 6.13
If f:Q — R measurable and f > 0 or f € LY(Q, F, ), then

[ fam= [ snap—€sn).

Note
Change of variables works starting from any o-finite measurable space, not just a

probability space.

Proof We use the standard machine

1. Let f=1p,F € F. Then
[ Fim = pu(E) = E (h15) =E (h)

2. If f is simple, and f = ;" ¢;1E,, then by linearity

/fdﬂh:/zcilEi dpn,

=1

n

= Zci/lEi dpn
=1
n

= Z CiE (hlEZ)
i=1
=E <Zn: CihlEl.)
i=1
=E(hf).

3. Let f > 0; we use MCT twice and (2) in the middle. Then let f,, simple and
0< fn?1f. Then

[ £am =t [ fadpn (vMeT)
= lim E(hfy) @
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(hf) (hfn T hf,MCT)

4. Let f € LY(Q, F, up,) and write f = f* — f~ and use linearity (3).

Definition 6.14 (Density)
A random variable X has a density f: R — [0,00) if V B € B(R),

P(XGB):/led)\:/Bf(x)da:

where ) is the Lebesgue measure.

Recall we had v law of X if
V(B)=P (X € B) = /1de.

Saying that X has a density is saying that the law of X may be obtained from

Lebesgue measure by a change of variables.

Proposition 6.15
If X has density f and law v, then for all h : R — R, h(X) € £1(Q, F,P) if and
only if h € LY(R,B(R),v) < hf € LY(R,B(R), \). In this case,

E(h(X)):/hdy:/hfd)\:/h(:r)f(a:)dx

In particular,
Example 6.3
If X ~ N(0,1), then E(h(X)) = [ \/#276_9”2/2/5(35) de. If X ~ P(\),E(R(X)) =

Yoico )‘Z‘:f > h(i). The Poisson does not have a density, we can still use the change of

variable formula to it.

Note

Densities are not unique, since if f AL g, then [ flpdX = [glpd\ and A({f #
g}) =0, but the functions f, g are arbitrary on the null set.
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6.5 Restriction of measures

Definition 6.16 (Restriction of measures)

Let (92, F,P) be a probability space. If A € F, write P (-; A) for the function from
Q:]0,1] with P(B;A) = P(BNA) and E (-; A) for the function with E (X;A) =
E(X14).

Fact 6.17

P (-; A) is a measure called the restriction of P to A. For a general measure space,

the restriction is denoted p 4.

Proposition 6.18
If (Q,F,u) is a measurable space and f : Q@ — R with f > 0 or f € L', then

VAeF,
[ fduw= [ fradu= [ raua

The proof of this fact follows from the standard machine. Fix A, and build up the
collection of functions for which this hold.
Differentiation under the integral sign is a useful concept, but will be left as reading.

Example 6.4
Let

X +1 with probability
" —1 with probability

[T e

Show that P (S, > 01i.0.) =1.

Proof First, suppose that we have the tail event {S,, > 01i.0.} € {0,1} (which is
not true). It thus suffices to show that P (S, > 01i.0.) > 0. Either {S, > 0i.0.}
or {S, < 0i.0.} or both so Q = {5, > 01i.0.}U{S, <0i.0.} soP(S,>0io0.)+
P (S, <0i.0.) > 1. But these probabilities are equal by symmetry so each is > %

Remark

{S, > 01i.0.} is not a tail event. Replace the latter by {limsup,,_,. S, = co}. But
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now
Q # {limsup S,, = oo} U {limsup(—S,) = co} U{3IM : |S,| < M ¥V n}
n—oo n—oo

Showing that {3M : |S,| < M V n} is a zero event does the job. For a simple
symmetric random walk, look at the 2M steps in the same direction guarantees the

walk drifts and leaves the interval. Let

B ={X-vami1 = Xa-vami2 = Xiom = 1}
Then

{1Sa] < M ¥ n} C () Es.
i>1

Thus

P(\Sn\ngn)gp(ﬂEE) _(1_221”1>oo_0.

i>1

By subadditivity,

P(aMeN:|Sn|<Mvn):P(U {|Sn|§MVn}>
M>1

<Y P{ISul <M Vn})=0
M>1

6.6 Integral Inequalities

Let fn,n > 1 be a sequence of measurable function. We state without proof the

following results:
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Lemma 6.19 (Fatou)
If f, > 0, then

/ lim inf f,, dye < lim inf / fdu

Lemma 6.20 (Reverse Fatou)
If 0 < f, < g for all n, then

lim sup f,, dp > lim sup / fndp
n—oo

n—oo

Proof Apply Fatou to the sequence h,, = g — fn. [ |

Exercise 6.5

Check necessity of the conditions for both lemmas.

Theorem 6.21 (Dominated convergence)
If f, 2% fand |f,| < g a.e. with [gdu < co. Then

/f@wﬂg&hmuﬂgg/ﬁﬂw
The proof follows from Fatou’s lemma.

Corollary 6.22 (Bounded convergence)
In a probability space, if X,, ==+ X and |X,| < M ¥ n with M > 0 fixed, then

E(X)= lim E(X,)

n—o0

Proof E (M) = M < oo since unlike general abstract space, the integral of constant

functions is bounded and not infinite. [ ]

Note

Boundedness is not sufficient if the space has infinite total measure.

Example 6.5
Take f, = %1|x|§n. Then f,, — 0 pointwise and |f,| < 1, but [ f,dA =2 # 0 =
J0dA.
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6.7 Convergence, L? spaces and LP convergence

LP(Q, F, ) is the space of measurable functions f : Q@ — R with [ |f|P du < co. We
sayfnﬁ)fiffneLan,feLpand

/|fn—f|1’du—>0.

Why not require that the difference between the integral goes to zero? In fact,
since the latter would be asking that they both have same expectation, which tells
nothing about the functions being close together. One could consider a Gaussian
random variable with mean 1, an Exponential random variable or even a Poisson;

these have little in common.
Note

One can view LP as a vector space. Indeed,

J1efirdu=1el [ 177 dn

and

J15+grdn< [ @max(f,lgh) d
— 2 [ max(| ], lgl)" du
_ Qp/max(|f|p, l9I”) dp
< 2?’/(|f|” + [g[") du

=2’ (/!f\pdu+/!9!p>

Thus LP(£, F, u) is a real vector space. In fact, it has a norm:

17l = (1570’

which follows from Minkowski inequality: thus || - ||, satisfies the triangle inequality.
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LP convergence and other types of convergence

Note
If £, =5 f then for any & > 0,

Sl =10 di= [ 1= 100 pcdn> [y, pcdi=ul{lf— 11 <)

but the leftmost term converges to zero, so pu({|fn — f| > ¢}) — 0 as well. In other

words, LP convergence implies convergence in measure.

Definition 6.23 (Convergence in measure)
fo & f (in measure) if ¥ & > 0, u(|fn — f] > ) — 0. For random variables,
P (X, — X|>¢)—0.

Example 6.6
If M, is the maximum win in the first n St-Petersburg games, then M, /(2" log(n)) 2

a.s

0 because P (|M,,/(nlog(log(n)))| > €) — 0 but limsup,,_, ., M, /(nlog(log(n))) —>

00.
This means that convergence in probability is stronger than convergence in measure.

Note

LP convergence does not implies a.e. convergence, neither is it implied by.

Example 6.7 (Moving bumps)

Consider a function indexed by integers: for n > 1,0 < k < 2", write

fonw =l e wa)

1y oM

Then f, :[0,1] — R, fniOVpas

/|fn—0|pd)\: (;)p—m

It is in fact true that f,(x) not converging pointwise at any point x.

Example 6.8
To show that a.e. convergence does not imply L£P-convergence, take a box nlj; <,

which is a box of area 2 V n while it converges a.e. to the zero function.
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Proposition 6.24
For1 < p<gq< o0, if fy N f, then f, £, f. This is subtle, using Jensen’s

inequality.
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Chapter 7

Tightness and inequalities

7.1 Tightness

This is an extract from Louigi’s blog.

When teaching a first rigorous course on probability, I think it is valuable to empha-
size that real-valued random variables should be thought of as random real numbers.
What I mean by this is that one should investigate the properties of random variables
by analogy with the behaviour of real numbers. In this post, I take this approach,
and ask: what is the probabilistic analogue of the Bolzano-Weirstrass theorem?
Theorem 7.1 (Bolzano-Weierstrass theorem)

Any bounded sequence of real numbers has a convergent subsequence.

Proof Fix a bounded sequence (x,,n > 1) of real numbers; for convenience as-
sume that x,, € [0,1] for all n. Then either infinitely many of the x,, are at least
1/2, or infinitely many are at most 1/2 (or both), so we may find an increas-
ing sequence (nl(l),z' > 1) such that the subsequence (z @),i>1) of (zn,n >1)
lies either in [0,1/2] or in [1/2,1]. Repeating this argument, we may find a sub-
subsequence (z (2),i > 1) that lies in an interval of width 1/4, and a further subse-

quence (I’n§3) ) > 1) lying in an interval of width 1/8, and so on.

Then use a diagonal argument; in other words, consider the subsequence x =
(asn(i),i > 1), by construction, for all k£ > 1, (xn@,i > k) lies in an interval of width

27k Thus x is Cauchy; since R is complete, it follows that & is convergent. [ |

Note the essential use of completeness in the above argument. The argument gen-
eralizes to compact subsets of complete metric spaces, by choosing appropriate re-
placements for the “dyadic covers” of the previous proof.

Exercise 7.1

Show that if (M, d) is a complete metric space and K C M is compact, and (z,,,n > 1)

is a sequence of points in K, then (z,,n > 1) has a convergent subsequence.

What is the analogous result for sequences of random variables? To start, consider a

sequence (X,,n > 1) of real random variables. How might one show that (X,,n > 1)
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has a convergent subsequence? It is tempting to argue as in the Bolzano-Weierstrass
theorem and begin by saying that either infinitely many of the X, take their value in
[1/2,1] orin [0,1/2]. This doesn’t work, however; the X, are functions, not numbers.
We could, however, consider the sequence (z,,n > 1) with z,, = P (X,, <0). This is
a bounded sequence — each x,, is between 0 and 1 — so has a convergent subsequence
(:cngl),i >1).

We then have at least some information about the sequence (an(.”’i > 1), which is
that P (anm < 0) converges as n — 0o. But we may then repeat this argument to
obtain a subsubsequence along which P (an@ < 10), say, converges. Enumerate the
rationals as (g;,7 > 1) and apply this argument at each rational, then diagonalize as
in Bolzano-Weierstrass; the result is a sequence (Xn@ ,i > 1) along which P(Xn@ <

q) converges to some number f,; € [0, 1] for every rational number g.

Does this mean the sequence (Xn§i>,i > 1) converges? Not necessarily: perhaps
fq =0 for every ¢ (so X @ “tends to infinity”), or instead is 1 for every ¢q. To
rule this out in the case of real numbers, we insisted the initial sequence should
be bounded. In this case, we require the random variables to be stochastically
bounded (or tight). This means that we may uniformly control the probability that
the random variables take large values. More precisely, say that (X,,,n > 1) is tight
if for all € > 0, there is K () such that P (|X,,| > K) < ¢ for all n. Writing pu,, for
the law of X,,, we equivalently have that (X,,n > 1) is tight if and only if

lim sup u,(R\ [N, N]) =0.

N—oconeN

The latter condition defines tightness for a family of measures on R, and more

generally applicable as it does not require the measures to be probability measures.

If (Xy,n > 1) is indeed tight then f_x () < € and fg() > 1 —¢. Thus, the sequence
(fq-q € Q) satisfies f; = 0 as ¢ = —oo and f; = 1 as ¢ = oo. It is easily verified
that f, is non-decreasing in ¢. In order to define a cumulative distribution function,
let

F(r)= inf = lim .
() q>7“,q€@fq glrgeQ”?
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Exercise 7.2
Suppose that the random variables (X,,,n > 1) form a tight family. Show that in this
case the function F' defined above is a cumulative distribution function (cdf). Let

X be a random variable with cdf F'. Show that Xn@ converges to X in distribution
as i — 00, i.e., that P(Xn(i) <z) — P (X <) for all z points of continuity of F.

Exercise 7.3

More generally, if (X,,,n > 1) are random variables taking value in a metric space
(M, d), we say that (X,,n > 1) is tight if for all £ > 0 there is a compact K C M
such that P (X,, € K) < ¢ for all n. Show that in this case (X,,n > 1) has a sub-
sequence (Xn@,z' > 1) such that for all bounded, continuous functions g : M — R,
g(Xn(_i)) converges in distribution. (Hint: first prove this for a countable collection

2
of indicator functions, then use a monotone class argument.)

Exercise 7.4 (Portmanteau theorem for real random variables)
Let (X,,n > 1) be a tight sequence of real random variables. Show that X,, con-
verges in distribution if and only if for all bounded continuous functions g : R — R,

E (9(X,)) converges.

We conclude with a word on uniform integrability. Say that the random variables

(Xn,n > 1) are uniformly integrable if

lim sup E (| X|; |Xn’ > N)=0.

N—ooneN
Let u, be the law of X, and let fi,, be the linear tilt of u,, obtained by setting

ﬂn(A) =E (Xn§A) .

Exercise 7.5 (Uniform integrability and tightness)
Show that (X,,,n > 1) are uniformly integrable if and only if the family of measures
(fin,n > 1) are tight.
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7.2 Inequalities

Theorem 7.2 (Jensen inequality)
Let X be a random variable, f : R — R convex and X, f(X) € £!, then

fFE(X)) <E(f(X))

Proof The idea is to look at the graph. Another proof is as follow: let [supp(X) = 2.
Then F{a,b} : P(X € (a,b)) = 1. Prove for finite support by induction, then

approximate by simple functions. |
Corollary 7.3

The || - ||, norms are increasing, that is ||.X||, < [|X||, whenever 1 < p < r. Recall
that

1
1 Xl = E(IX[)»

Proof |X|" = (]X\p)g so take f(x) = |x]§, a convex function. Then, by Jensen,

((xP)»)
(f (ja]")
(E (1XI7))
(X5)7

E(1X]7)

E
E
f

\Y

(E

and now take r*" roots. But we didn’t check that |X|P or f(|X|?) are in L.

The solution is to use monotone convergence theorem, with

E(IXP) = lim_E (min(|X|,n)?)
E(IX]") = lim_ E (min(|X[,n)")

and as r — oo, (E (\X\’"))% — esssup(X) if || X||c < 0o and where

esssup(X) = sup{z : P (X > z) > 0}
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Lemma 7.4 (Scheffé)
Fix p > 1 and suppose that X,, = X. Then

E(X,?) - E(XPP) <o <« E(X,—X|")—0

Proof We start with sufficiency («=). If E (|X,, — X|?) — 0, then ||.X,, — X||, = 0.
Next,

1 Xnllp = X+ (Xn = X))l
< [ Xy + 11 Xn = Xl

using the triangle inequality, so
lim sup || Xp||, < lim sup (|| X[, + [ Xn — X[|p) = | X,
n—oo n—oo
To conclude, replace X,,, X by —X,,, X and repeat.
For necessity (=), Let Y = —X; then

[Xn = X[P =X +Y]P
<27 (|Xal" + [Y]P)
=27 (|Xal” + 1X]7)

Now, if we let Z, = 2P (| X,|P + |X|P) — | X, — X|? > 0 so by Fatou’s lemma,
E (liminf Z,) < liminf € (Z,)

but the left hand side is 2P7'E (| X|P) using the fact that X,, 22 X and the right
hand side is by linearity (provided that the random variables are in £!, which they

are if the limit is finite)

lim inf E (Z,) =2E (|X|”) + lim inf 27E (| X, ) — lim inf E (| X, — X|7)

n—
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—9p P ‘minf 9P P M P
=2PE (| X| )—i—hgnme E(XP) hgnme(\Xn X|P)
Taking differences, we get
limi _X|P
0< h%nme(\Xn X|P)

so the latter implies limsup,,_, E (|X,, — X|P) = 0. It is always true that conver-

gence in LP implies convergence in norms. |

We now give the proof of Holder inequality. One may view it as a concentration
inequality. For X,Y centered random variable, with E(X) = 0,E(Y) = 0, we
say X,Y are negatively correlated. For X,Y,XY € L!, X,Y are negatively

correlated if

E(X-EX)(Y-E(Y)) <0
or in other words

E(XY)<E(X)E(Y).

Theorem 7.5 (Hélder inequality)

For p,q > conjugate exponents, i.e. + + + =1,if X € LP,Y € L9, then XY € £!

141
P q

and
E(IXY|) <E(X]?)P E(]V]%)a
IXY [y < XY g

This can be used to optimize. A particular case is when X,Y € £2, with p =
q = 3. We get then E (| XY|) < /E(X?2)E (Y?), the so-called Cauchy-Schwartz
inequality.

Note

We can make the proof and our lives easier by rescaling, without affecting the

inequality. In fact, we may look at the equivalent statement

x|y XPP N YT NG
E(E(|Xyp)2E(\Yq)é)§E<E(|X!1’)> E(E(W)) -
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or

1 1
e (XL YT (EAXP)P (B(Y]D))s
XM 1Yl ) = (1 Xl Y1l
If we relabel —X! + = X’ and similarly for Y’, we get | X'|, = [|[Y'|lq = 1
E(IX|P)P

So it suffices to show that if X,Y are nonnegative and || X||, = Y|l = 1, then
E(XY) <1

The proof will follow easily from

Lemma 7.6 (Young's inequality)
For all a,b > 0,

al bl
ab < — + —
P q

Proof Take logarithms, then

log(ab) = log(a) + log(b)

1 1
= —log(a?) + — log(b?
, (a?) . (b9)
1 1
glog(ap—i-bq).
b q

since logarithms are concave, so the weighted average is below the value of the value
at the weighted average. (Recall that for concave functions f, f(fa+ (1 —60)5) >

0f(c) +(1-0)f(P) u

Proof We just learned pointwise that

Taking expectations, the statement still holds true
1 p 1
E(XY) < P (1XD" + pa (Y19)
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1 1
= I+ 1Yz

1 1
= - 4-=1
P q

Remark that we could get a bound that is less sharp than Holder inequality, if p, ¢

were not conjugate exponents. ]

Theorem 7.7 (Markov's inequality)
If X >0and f:R — [0,00) increasing, then for all t > 0

E (f(X))

P ==

Proof

E(f(X)) 2 E(f(X)1x>) 2 E(f()1x>0) = FO)E (Ix>) = f(H)P (X = 1).

|
Some important cases are when
o f(x)=|z|,P(|X|>t) <E(|X])/t fort >0
o f(z) =2 P (IX]>21t) <E(X?)/?
o If X € £!, then for Y = X — E (X)),
E(Y? Var (X)
P(1x —E(x)| > 1) < E07) Vel
o Chebyshev’s inequality
Var (X) = E (X — E(X))?)

which is equal to E (X2) — (E (X))? if X € £!, using linearity of expectation.
o Chebyshev inequality for sums: if S = le X; and X3,..., X} are pairwise

independent, then Var (S) = 3%, Var (X;). We prove for the mean zero case.

73



Proof Wlog, say E (X;) = 0, we then have

)

k
Y XP+2 Y Xin)

i=1 1<i<j<k

Il
. m
Mw/\

s
I
—

X2 +2 Y E(XiX))

1<i<j<k

m
—

I

™=
5
B

@
I
—

where we use the fact (which will prove shortly) that for X, Y independent, E (XY') =
E (X)E(Y) so the cross term vanish. [ |

Thus

PS—E(S)] > < ==L

Note that this bound is useful when ? > ksup; ;< Var (X;).
Proposition 7.8 (Chernoff bound)
If (X;,1 <i < k) are iid with mean 0, then with f(z) = e®*, using Markov inequality,
we have for S = Y% | X; for all ¢ > 0,

E (ecS)
PS>t < e (Markov)
k
— e—ctE (H €CXi>
i=1
k
e ¢ H E (ecxi) (independence)
i=1
—e (E (eCXi))k (identically distributed)

noting that S >t < €S > et Write ¢t = ak, then write

E () = exp (log (E ()
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to obtain

P(S>ak)< e —cok exp (k log (E (eCX1>>) = exp (k log (E (eCX1> — ac))

If the expectation is finite and we do not run into paradoxs such as the St-Petersburg’s
one, Chernoff bound is useful. For given «, we can optimize for ¢ and the bound is
very good, even in comparison with Sterling formula, exponentially small is v/(n)
error, which is not so bad. The “fonction Legendre” is what appear in the exponent,

describing entropy or energy trade-off by choosing c.

We will now use Chebyshev inequality to prove a weak law of large number. We
then prove Weirstrass approximation theorem, to show polynomials are dense in the
bounded functions. We will start strengthening the weak law, with only finite mean,

or existing variance. The book assumes finite fourth moment for the proof.

Proposition 7.9 (Independence means multiply)
If X,Y € LY(Q,F,P) for X 1L Y, then XY € L' and E(XY) =E (X)E(Y).

We did not needed to use the former fact since the variance were finite and thus the

statement could be deduced from Holder.

Proof We use the standard machine. For indicators, if 14 1L 13 < A 1L B, then
E(14lp) =E(1an)=P(ANB)=P(A)P(B)=E(14)E(1p)

and the rest follows, we only need to prove for non-negative functions since checking

that the functions are in £! is equivalent to this. . |

If Xi,...,X; € L' are mutually independent, then Hle X; € L1,

k k
E (H X¢> =J]EX)
=1 =1
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Chapter 8

Laws of large numbers

Theorem 8.1 (Weak law of large numbers)

If (X;,i > 1) are pairwise independent with mean zero and sup;; Var (X;) < oo,

then setting S, = > iv; X;, we have S, /n LN 0, that is Ve > 0,
G

n

Proof Using Chebyshev. Write K = sup;; Var (X;), then

(3
n

>6)—>0asn—>oo

> E) =P (|Sn| > en)

< o Var (X;) < nk K
= 2 2 -2

S |-

e2n? — e2n2

Remark

If we had a bound that was stronger than 1/n and did converge, we could use
Borel-Cantelli lemma to prove the strong law of large numbers. Assuming fourwise
independence and using the fourth moment (assuming sup,>, E (Xfl) < ), we get
a tighter bound replacing Chebyshev inequality with Markov for f(x) = z*. This is
what is done in the book.

Remark

We can replace pairwise independence with pairwise uncorrelatedness?!. We can also
weaken the rate of convergence of the variance relative to n. The variancegrowing
sublinearly, say log(n), is a sufficient condition. Changing the mean zero by some

stabilization also works, since we are bounding deviations from the mean of the sum.

Proposition 8.2 (Weak law of large numbers in £1)

If (X;,i > 1) are identically distributed, pairwise independent with mean zero, and

measure u, then S, /n 250

21Complete relaxation would not work, if for example we take a coin toss as X7 and all other
random variables replication of this experiment. Then S, /nis 1 Vn
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Remark
If a < X <b, then |X —E(X)| <b—aso that Var (X) < (b— a)?.

Exercise 8.1
The worst case scenario happens when P (X =b) = 1/2 and P (X =a) = 1/2.
Improve this bound to (b — a)?/4.

Proof For i > 1,N > 0, write X" = X;1x, <y and X7V = X, - X7V =
Xilx,>n- The first elements have finite variance, so we can readily apply WLLN.

The second have small mean, so do not contribute much.

Note

|X§N | 1 |X;| so by the monotone convergence theorem,

E (X)) 1 E ()

Only one of these is only non-zero, both are different one can apply the triangle
<

inequality. Indeed, Xi—N + XfN = X;, which is also true in absolute value,
so E (]XfN) 10.

Fix € > 0 and let N = N(e) large enough that

2

£ (jxe)) <5

Then, writing

n
<N _ <N
=1

and so the probability for XI-SN can be bounded as

°{

<

ST (xEY)

| ™

>7
e/2?n T €2 n

) <) cav
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for n large. Second,

|

>N
Sy

n

e (Y

s £
2

<l (% e

n

)

- n%E ( zn:XfN— E (x7Y)

i=1

)

< %nE ( XN —E (X1>N)D (Aineq.)

< g(E(XfND +‘E(X1>N)D (Aineq.)

< 2ok (|x7V)) (EC)<E(-])
4¢2 ¢

S

for n large enough. This is enough to yield convergence in probability. [ |

Exercise 8.2
Draw the picture of the different events. Convince yourself that when ¢ decreases,

the bound gets better and we get convergence in probability.

8.1 Strong law of large numbers

We now target the strong law of large numbers, proving a weaker statement and

building up to a general result.

Theorem 8.3 (Strong law of large numbers)
Let (X,,n > 1) be iid and X; € £'. If S, = Y7, X;, then S,/n =2 E (X;), that

is

P (lim S exists, li_>m Sn =E (XZ)) =1

n—oo n, n—oo n
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Exercise 8.3
Prove the WLLN from the SLLN

We need first a definition:

Definition 8.4 (Lacunary)

A sequence (n;,7 > 1) is lacunary if dc > 1 such that for all ¢ sufficiently large,
Nit1/n; > c.

Theorem 8.5 (Nonnegative lacunary strong law of large numbers)

a.s.
In the setup of SLLN, if X; > 0, then for any lacunary sequences (nj)x>1, then

P (lim S exists, lim Sn’“) =E (X))

k—oo Ny k—o00 Ny,

Notation
We will write S, for S, /n. We write SV = — X?N/n

Proof It suffices to show that Ve > 0,

ip(!% —E(X)|>¢) <¢ (8.1)
k=1

Since then

; <<kll>n(§o%:€ e (XZ)>B> b (mgl{‘gnk —E(X;)| > % for oo many k})

< P (‘Snk —E(X3)

1
>foroomanyk>:0
m

using subadditivity, (8.1) and the first Borel-Cantelli lemma, 1.

So for € > 0, let iy be such that E (XS”"O) >E(X;)—casE (Xi(>ni°) < ¢.22 Then

Snk = Sgknk + Sﬁknk So for k 2 io, ”

22For convergence, only the tail of the sequence matters, so we can only look at values past ig
*Taking A = {|Sn, — E (Xi)| > 2¢}, B = {|S5"* —E (X7™)| > e} and C' = {S;"* # 0} and
breaking A into BNCUBNCt c Bnctuc.
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P (

S, —E (Xi)‘ > 25)
=P (Szm #0) +P (|85 —E (XZ-)‘ > 2)
<P (S £0) 4P (|S5m —E(X7)| > ¢)

)

Next
ng
P (S;knk £ ()) - P <Z XZ>’VU€ 4 O)
i=1
ng
=P <U{Xz'>nk 7 0}> (non-negativity)
i=1
ng
<>.P <{Xi>nk # 0}) (subadditivity)
i=1
=nyP ({ank £ 0}) (iid)
and
Var (X 5”’“)
o<ng __ <ng o\ )
i ( St —E (Xi ) o 8) = e2ny,
2
E ((Xf”k) ) ,
<N 77 <
- 82nk -
using Chebyshev inequality.
Let J = min{k : ny > X;}. Then
>ny o
S P (X7 £0) = 37 E (nkdxisn,)
k>ig k>ig

nk1X1>nk)
%

I

m
T
= o

I
m
Ar\
L[]8

i

10
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because 1x,>n, is zero for & > J. Because ny is lacunary, nj_1 < X;, nj_o <

"J/‘lc < X;/e,ny_3 < X;/c* So

J—1 J—1

—q 7
§ nk]-Xi>nk < § CJ_l_k S X’L E Cc == c— 1
k=io k=ig >0

So (8.2) <E(X1/(c—1)) < co. Likewise,

BN S
k=ip 'k k=max(Jio) K
§ i XinJ
. ng
k=max(J,ip)
> 1
< D gk
k=max(J,ip)
< XN
“c—1

using the bounds X; = Xign’“ ad X; < ny and lacunary in the subsequent step. So

E (i (X:L:)?> <e(Z) <

k=ig

We used Borel-Cantelli to get a finite bound rather than prove the terms went to
zero. We used subadditivity and took gaps to bound the sum using the lacunary
assumption to replace the sum by summable terms. The variance of the truncated

2

term is finite, so we used Chebychev to replace (¢ was a constant). The bounds

behave like numbers, we proved statements pointwise for every fixed w. |

Proposition 8.6 (Nonnegative strong law of large numbers)
a.s. —
In the setup of the SLLN, if X —i > 0, then S,, % E (X;)

Proof Assume for simplicity that E (X;) = 1. A plot of the expected value of the
sum E (S),) (the target) against S, = n is the line y = z. Say Sy, > (1+¢)E (Sy) for
some k, an upper bound for some interval. At x = k(14 5), for every I € [k, k(1 +
£/2). If we take a lacunary sequence ¢ = 1 +¢/3. Fix ¢ > 0, let n, = [(1+¢)*]. By
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Sk > (1 + E)E (Sk)

the nonnegative lacunary SLLN, S, >3 1 as k — oco. We show if |S,, — 1| > 2¢ for
infinitely many n, then ’5'% — 1‘ > £ for infinitely many £.

Assuming this, the theorem follows easily. To see this, fix n large and let k be
minimal such that nj, > n. If S,, > 1 + 2¢, then S, > n(1 + 2¢) so

nE — 1

Spp > n(l+42¢) >

€
1+ 2e) > 1+ =
1+6(+8)_nk(+3>

for n large enough and ¢ small. ]

Exercise 8.4

Prove the corresponding lower bound.

For an increasing series macroscopic fluctuations are witnessed by geometric subse-

quences.

Proof For the strong law, we can use X = Xt — X~ where S;f = 37, X
and S, = 3", X,7; then S, = S — S, and by the nonnegative SLLN, S,T =
E (Xj),

Si” ®HE(X7) <0and 8, 2 E(X) —E(X;) = E(X - X;7) = E(X))

using decomposition into positive and negative functions. We have linearity of

expectation. (]
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Exercise 8.5

Read and understand the Weierstrass approximation theorem.

8.2 Weirstrass approximation

Theorem 8.7 (Weirstrass approximation)
If f is a continuous function on [0, 1] and € > 0, then there exists a polynomial B
such that supjy 1) [B(z) — f(z)] <e.

Proof Let X; be iid binary random variables with expectation p and define S, =
> Xi. Then, since X; are Bernoulli random variates, it follow that S, is a

Binomial random variable with parameters (n,p) and hence
_ - _ n e
Bu(p) =E (fn718,) = 3 f(n""k) <k>pk(1 ~p)" "
k=0

B refers to the Bernstein polynomials. f is bounded on the interval [0, 1] and thus
attains a maximum value so |f(y)| < K Vy € [0, 1]. It is also uniformly continuous,
which means |z — y| < § implies | f(z) — f(y)| < 3¢. Let p € [0,1], then

Ba(p) — £(p)| = [E (F(n7180)) = F(p)]-

Write Y, == |f(n™1S,) — f(p)| and Z, = |n"'S, — p|. Then Z, < § implies that
Y, < %5 and thus

(Yn)

IN
NN~ M m

eP (Zn < 6) + 2KP (Z, > 6)

. 2K
T Ins?

since from Chebyshev’s inequality

P <|n_15n —p|> 5) < 472152

Choosing n such that K/(2né%) < e gives us |By(p) — f(p)| < e for all p € [0,1]. W
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Chapter 9

Product spaces, multiple integrals and Fubini theorem

9.1 Product space

We will work in this section in finite measurable spaces, but everything goes through

to o-finite spaces.

Definition 9.1 (Product space)
If (1, F1) and (2, F2) are measurable spaces, we define the product space (£21 x
Qg,fl X f"g) by

Ql X QQ = {(wl,WQ) NS Ql,CUQ S QQ}
Fi1 x Fo = U({El X FEy: FEy € F1,FEy € .7:2})

and {Ey x Ey: By € Fi,Ey € Fo}isa 7r—system.24

We have seen an example of product space before when working with random walks
with step £1. Rather than working with rectangles, we were using the cylinder
map. In general, for uncountable products, we want to work with the latter. This
motivates the following

Note

F1 X Fo = J(cylinders) = U({El X Qg NS Jrl} U {Ql X By : By € .FQ})

More generally, for {(Q;,F;),i € I}, where F; are o-algebras, define the product
o-algebra by

H]:iza (U{{we HQj:wiEEi}7Ei€fi}>
icl iel jel

and denote by Q := [[,;c;€2;. For I countable, this is the smallest o-algebra such
that given functions f; : Q; — R, if each f; is F; — B(R) measurable, then the

24 F| x F» is not in general a o-algebra, so we mean by this the closure of this set. This abuse
of notation is common.
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function f: Q = R, f((wj,7 € I)) = fi(w;) is measurable for all i € 1.

Example 9.1

Consider R™ with B(R™) = o(open sets in R™) versus B"(R) = B(R) x B(R) x - -+ x
B(R) which is equal to o(rectangles in R™). For any open set A C R", write

A= U U By(r)

qeQmNA reQ,r>0
B4(r)eA

using separability of R™ (it has a countable dense subset, namely Q" is dense in R™)
so B(R™) c B(R)".

Exercise 9.1

Show that B(R)™ C B(R"™). More generally, this works on finite products of separable
metric spaces. In £°° metric, the circle is a square; we can use the fact that all £P
distances give rise to the same topology, so this is clear from that point of view.
Proposition 9.2

If f: Q) xQ9 = R, fis F x F2 measurable, then for all wy € Q1, f(wi,e): Qs - R
is Fo-measurable and for all wy € Q9, then f(eo,ws) : Q1 — R is Fj-measurable. If
f satisfies this property, say f is “good”.

To prove the above, we will use the Monotone class theorem.

Suppose (2, F) is a measure space and let H be a collection of functions f : Q — F
and P is a m-system with o(P) € F. If

olyeHforall feP
o H is a real vector space, f,g € H implies f +g € H

o H closed under bounded monotone limits, then
V bounded f € Q2 — R, f is F-measurable, f € H
Proof Let H={f: Q1 xQy — R: fgood”}. Let
P ={E1 x Ey: E1 € F1,E3 € Fo}.

Then for f = 1g, xr, and w1 € 1. There are two cases for f(w)1, ) = 1(,,, o)cB, x B, -
If vy € Ei, then f = 1g,, while if w; ¢ Ep, then f = 0. Applying a sym-
metric argument to f(e,w,) shows f is “good”. So 1lp € H for all E € P.
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Next, H is a vector space because if h = cf + g, for f,g : 21 X Q3 — R, then
h(wi, ) = cf(wi,e) + g(wi,e), linearity combinations are also measurable in the
one-dimensional setting using closure properties established before, so f(w1,e) and
g(w1, ®) are Fa-measurable implies that h(wy, e) is as well and any slice will be. For
any slice, if the surface is increasing, then the picture is clear: this step is left to the

reader.
Exercise 9.2

Show “goodness” is preserved under bounded monotone limits.

By the monotone class theorem, it follows that all bounded F; x Fa-measurable

functions f : Q1 x Q9 — R are “good”.

For f > 0, write f = lim,_,o min(f,n) and redo the monotonicity argument. For

the general case, write f = f* — f~ and use vector space property (linearity). ®H

9.2 Multiple integrals
Let (21, F1, p1) and (g, Fa, p2) be measurable spaces, write Q, F) = (1 X Qa, F1 X
F3) and let f: Q2 — R be a bounded F-measurable function.

We want to define

//fdmduz

we need to decide which to fix one coordinate and integrate over the second. We need
to know that [ f(z,ws) dui(x) is Fa-measurable. Similarly, if we define [[ fdue dpuq,
we want [ f(w1,y) dua(y) is Fi-measurable. Call a function satisfying both of these
“satisfying”.

Proposition 9.3

Bounded F-measurable functions are “satisfying”.

Proof We use again the monotone class theorem. If f = 1g, «xg,, then

Folh) = [ Ly (,00) dan (@) = s (B 1, ()
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which is Fa-measurable. Likewise, the function

f1@) = [ 1p,cma(1.) dpnaly)

is F1-measurable. Next, if h = c; + g and f, g are “satisfying”, then

[ e, w2dpn(@) = [ lef@.w) + gla.wn)] dyn(a)
—c [ f@wn) du(e) + [ glwwn) di(a)

Since f,g are “satisfying”, this is a linear combination of measurable functions so
measurable. A symmetric argument shows [ h(wi,y) due(y) is Fo-measurable, so h
is satisfying. Finally, if h,, T A bounded, and h,, are “satisfying”, we can assume h,,
is positive by adding the lower bound. Then by the MCT in the first coordinate
pointwise for wy

/h(:p,wg)dul(az) = lim /hn(m,wg)d,ul(x)

n—o0

for all we € Qy. So the LHS is an increasing limit of F5 measurable functions so is

itself Fo-measurable. The proposition follows. |

Insofar, we have constructed (21 xQq, F1 X F3), saw that B"(R) = B(R") and defined
iterated integrals [ [ fdu dug for f: Qq x Qg bounded and F; x Fy measurable.

Definition 9.4 (Product measure)

Given measurable spaces (21, F1, p1) and (Qo, Fa, u2), define the product measure
=1 X po as follows: for a rectangle F = E; x Ey € F; X Fa, the o(rectangle),
let p(E) = p1(Er) - pa(Es).

Claim
1 is a pre-measure on the algebra of finite disjoint unions of rectangles. If this holds,
then p extends uniquely to a measure on F; X Fo (we still assume puq, po are finite

measures).
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Note
n n
% (U E;1 x Em) = u(Ei1 x Ei)
i=1 i=1
Proof By monotonicity,

n m
E = UEZ',IXEZ',QC UFjJXFj,Q:F
i=1 j=1

One way to prove this uses the fact that JjL; Fj1 x Fja '\ (U1 Eix x Eip) is a

finite disjoint union of rectangles. We proceed however with integrals.

Using monotonicity, then 1z < 1r and 1, 1r are F; X F3 measurable, so

/(/1Edu1> duz §/</1qu1) i

since 1p < 1p for all wy, thus [1g(e, we)du; and now integrate over Qo.

but 1g =371 1k, ,xE, , 50 for every wy € O,
n
/1E(°,w2)dﬂ1 = /ZlEi,lei,Q(O,wQ)dul
i=1
n
= Z / ]'Ei,l XEZ"Q (‘7“2) dlul
i=1
Now integrate with respect to ws :
n
/ 1pdpdus = / <Z/1Ei,1in,2(°7w2)d,u1> dpo
i=1
(/ 1Ei,1><Ei,2 (.7w2) d/“) dpe

Il

=1

I

s
I
—

/ M1 (Ei71)1Ei,2 d,u2

|
NE

p(Ein) - p2(Bi2)

<.
Il
—
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= u(E)

using linearity and additivity proven last class.
The same logic shows [[ 1pdu dus = u(F) so p(E) < u(F). [ |
We thus have the following:

o finite additivity: exercise (apply the definition)

o countable consistency: if E is a (finite union) of rectangle(s) and also E =
Uis1 Ai X B; then p(E) = > 51 pu(A; x B;) disjoint. To prove this, note that
w(E) = [[1gdus due and also, for each n,

I <U A x Bi) = // Lyr | aixp; i dpe.

i=1

But 1Un A.xp, T 1g asn — oo. So by the monotone convergence theorem, we
i=1 7P

have pointwise convergence for each wo
/1UZ;1A¢XBZ~(°7W2) du 1 /1E(°,w2) dp
Now, applying MCT a second time gives
Jim // Lyr  axp, duadps = // 1pdprdus
SO
n
u(E) = Zl,}iggo / 1yr, axp; durdpe
1=
n
=t 3t [ L s i
1=
n
1=

i>1

Thus p is a pre-measure, so extends uniquely to a measure on (€21 x Qo, F X F2)

since F1 x F3 is generated by finite disjoint unions of rectangles.
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This is the unique measure on F; X Fa for which the integral [14xpdu = p1(A) -
wa(B) = [[1axp du dus. This agrees with our rectangle area of base times height
if A x B is a rectangle. We have also checked iterated integrals for indicators, the

first step in Fubini’s theorem which we tackle next.

Theorem 9.5 (Fubini)
Let (1, F1, p1) and (g, Fa, p2) be o-finite measure spaces,

and f: Q; x Q9 — R are F; x Fy measurable functions. If f € £1(Q; x Qo, F1 ¥
Fa, p1 X pg) or f >0, then

//fduzdm:/fdu:/ fdpg dps.

Proof Assume ju1, 1o are finite.? Apply the monotone class theorem to

H = {f bounded, product measurable, // fduydus = /fdu = / fdue d,ul}

Then

o 14xp € H proven already.
o f,g € H=cf+ g€ H by linearity of integration.
o if f, >0, f, € H, fn T f bounded, then

[ fan= i [ godp= tim [[ fudmap = [[ s fodindnn = [[ £dmdp

using monotone convergence theorem three times. Likewise, [ fdu = [[ fduadus
Thus, H contains all bounded measurable functions, f : Q1 x Qs — R.

This is not general enough. For Tonelli’s theorem, if f > 0, then we use MCT
three more times. If f > 0, then f = lim,_,~ f, where f, = min(f,n) so [ fdu =
limy, o0 [ frdp = limy, o0 [[ fr dpr dus since f,, € H. Apply MCT twice more to
write this as [ fdu; dpe and likewise, [ fdu = [[ fduadu;.

For f € L', then [ f*du, [ f~ du < oo and so

[ran= [ du— [ 1~ du

25For linearity, say with f(f —1)du = ff du — f dp and we could have to subtract co from oo.
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://f*dmdm—//f*dmdm
=//fdu1du2

with two applications of linearity, to recombine the inner integral. [ ]

Corollary 9.6

For a non-negative random variable X,
o0
E(X):/ P(X > ) de
0

A special case: if X is an integer valued random variable, then

E(X):iP(X>z')
=0
=22 P =)
i>0 j>i
=> kP (X =k)
k>0
Proof The idea is that
P(X >z)=E(1xss) = /1X€(x,oo) dP
= /1(x,oo) dux
By Fubini,
J[ 1o dnxt)de = [[ 7 1@ dodix
= [ydux(y) = [ XaP=E(x).
Recall change of variables, we had
E(f(2) = [ #2)dP (=) [ F(w) duz(w)

where in our case f(u) = u. To justify this, we use the product space [0, c0) X [0, 00),
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B(R) x B(R), A x ix. m

Corollary 9.7
If [[|f]dps dus < oo, then f € £ and so Fubini holds.

Proof The function |f| > 0 so by Fubini, [|f|du = [[|f|dp1 dus < oo, so f € L.
|

Some warnings regarding the use of Fubini’s theorem:

Example 9.2

Consider the spaces (Q1, F1, 1) = ([0, 1], B([0, 1]), \) where A is the Lebegues mea-
sure and (g, Fa, u2) = ([0, 1], B([0, 1]), ¢); the latter measure ((S) = # elements in
S (the counting measure, which is not o-finite). Let D = {(x,z) : € [0,1]} and
let f=1p > 0. We compute the iterated integral:

[ ramn= ] (Jaterv) o = foscn-
/fdygd,ul:/</1Da:od§ ) /1d)\

Example 9.3
Let (Qu, F1, 1) = (Q2, Fo, p2) = (N,25,¢) and let

while

1 ifn=m
fmn)=<¢—-1 ifn=m+1

0 otherwise

This can be represented by a matrix. First note that

J[11amraw = 3 3 1mm) =

m=1n=1

so f ¢ L. If we compute the iterated integrals, we obtain summing over columns,
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0 0 O

0 0 O 1 -1 0
0 0 1 -1 0 0
01 -1 0 0 0

then rows

//fdmdﬂzz i if(m,n)

m=1n=1

=1+ Z Zf(m,n)

m=2n=1

=1

while if we sum first over row, then over columns

//fdﬂzd,ulz i i f(m;n)

n=1m=1

=0

9.3 Joint laws and joint densities

Definition 9.8 (Joint law)

Let (€2, F,P) be a probability space and X : @ — R and Y : 2 — R be random vari-
ables. The joint law of X, Y, denoted px y is a probability measure on (R? B(RR?))
with

pxy(E) =P (X,Y) € E)

Example 9.4
Let X =Y ~ N(0,1). Then pxy(E) = ppr0,1)(m1(E N D)), since

P((X,Y)eE)=P((X,Y)e END)=P (X € {z: (z,z) € END})

where 7 stands for projection.
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Example 9.5
Let X,Y be independent N (0, 1) random variables. Then what is pxy (E)? Suppose
first that £ = A x B is a rectangle. Then

(X,Y) e Ax B)
XeAYeB)

pxy (E) =P (

P(

P(XeAP(YeB) (independence)
125

= (ux

(A)MY(B)
1y)(A x B).

So ux y is a probability measure agreeing with px x py on rectangles, so by the 7-

system lemma, pxy = px X py so for E € B(R?), then ux y (E) = [[ 1g(z,y) duy dps.
Since X has a density, we can write as

—x2/2
(&
pxy(E) :/ 1E($,y)ﬁ dz dpy
e—T/2 e—Y2/2
=/ /1E(377y) or dz ors dy

e~ (@*+y%)/2
[,
E 27

This works in more generality if the two random variables with a given law.

Proposition 9.9
Let (,F,P) and X,Y : Q@ - R. Then pxy =pux X py & X 1L Y.

Proof The direction (<) is the same as in the example. For the other case, (=),

if pxy = (ux X py), then for any Borel A, B € B(R), then

P(X€AYEB)=P((X,Y)€ Ax B) = ux.y(Ax B)
= (ux X py)(Ax B) = ux(A) - py(B) =P (X € A)P (Y € B).

Definition 9.10

A non-negative measurable function f : RZ — [0,00) is a joint density for (X,Y)
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if for all £ € B(R?), we have

P((X,Y) EE)://Ef(x,y)dwdy.

Proposition 9.11
If X 1l Y are independent random variables with densities fx, fy, then f(z,y) =

fx(z)fy(y) is the joint density for X,Y. Conversely, if fxy(x,y) = fx(z)fy(y) is
a joint density for (X,Y), then X and Y are independent.

Exercise 9.3
If fx,y is a joint density for (X,Y’), then setting

fx () :/fX,Y(x7y) dy, fy(y) :/fX,Y(x7y) dz

then fx and fy are densities for X, Y. Integrate B x R

9.4 n-fold and oo products

If (%, Fi, pt3),1 > 1 are probability spaces, then we can define [];; (£, F j;) either
by setting p(A; x -+ x A,) = [T, ni(A;) or by repeatedly forming 2-dimensional

product spaces; the result is the same.

Again, if X,..., X, are random variables, their joint law px, . x, = p1 X p2 X -+ - X
wx, if and only if X7, ..., X, are mutually independent and Fubini holds under the

same conditions and any of the n! iterated integrals are equal.

To construct the infinite product space, measure, we let Q[[;>; €;, F = o(cylinders),
these are sets of the form Ay x -+ x A, X Q41 X -+ for n > 1 and A; € F;. Here,
u is determined by the rule

/L(AlX--'XAnXQn_HX‘--):H,u,i(Ai)
i=1

You need to check that u is a premeasure on 2 with the algebra A given by finite

unions of cylinders.2¢

26To prove these technicalities, you need the property that product of compact spaces are com-
pact, but Tychonoff requires the axiom of choice. Here, we need something weaker.
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A key fact is that if (£, F;) = (R,B(R)) for all 4, then setting X;(w) = w; to be the
ith coordinate map, this gives us an infinite sequence of random variables (Xi,1>1)
which are independent with laws (p;,4 > 1) since for any n > 1 and any Borel set

Ay, ..., A, € B(R), the product measure

/’L(Xl eAl,...,XnEAn> :/’L({wl EAl} 7{("')77» EATL})
(A x -+ Ay x Rx--+)

n

H#z Az

i=1

[T n(X; € A).

=1

.

.

If we have (RN, B(RY)), 27 this space is generated by

U{A1><~--><An><]R><R><---,whereAl,...AneB(R)};

n>1

In summary, if (R,B(R), u;) are probability spaces, (Q2,F,P) = [[;>1(R,B(R), p1;)
and X;(w;) = wj, then the X; are independent with laws p;

For next week material, Chapter 4 from Durrett, Probability theory and examples.

2"For general R* one would need to define a topology for R*. It is not clear how to do this,
since defining open sets in an infinite product spaces.
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Chapter 10

Random walks

Let {X,;n > 1} are iid real valued random variables and consider S,, = Y i"; Xj.
One may ask what are P (S, € B i.0.) equal to for some B € B(R) and what is
P (lim sup,,_,o, Sn/cn > 1) equal to for ¢, sequence of constants. We start with a for-
mal construction of the underlying probability space (©2, F,P) = @, (R,B(R), )
where p denotes the aw of X;. Under this construction, X,(w) = w, for some
w=(w1,ws,...) € Q.

Definition 10.1 (Exchangeable)

An event A € F = o(X,,;n > 1) is exchangeable if for all finite permutation 7

(X1, X5,...) € Bl = [Xp,, Xny,...) € B]

for A =[(X1,Xa,...) € B], B € B(RY).

Remark
[Sn € Bi.o.] and limsup,,_,., Sn/c, > 1] are exchangeable. This is because, for

example,
Sp=X1+Xo+ -+ Xy =Xo+ X1+ + X,

Exercise 10.1
Verify that £ = {A € F; A is exchangeable} is a o-algebra.

Theorem 10.2 (Hewitt-Savage 0-1 law)
Forall Ae &, P(A) € {0,1}.

We begin with a heuristic argument. Suppose we have an event A € £ and assume
without loss of generality that this event depends on only finitely many coordinates,
that is

A=[(X1,...,Xpn) € B, for some ,, € B(R"). (10.3)
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We consider the permutation

j+n if1<j<n
m(j)=9j—-n ifn+l1<k<2n
j if j > 2n+1.

So using exchangeability,

A=[Xr,Xny,...) € Bl = [Xnt1, Xnyo,...) € B] (10.4)
So we have

A=[(X1,...,Xn) € By = [Xn+1,Xn+2,...) € B

by (10.3) and (10.4), we have P (A) € {0, 1} by independence. The only possibility
for such A is A = (), by exchangeability ... We will replace the exact equality
A = [(X1,...,X,) € By,] by an approximating equality. The key step for this

approximation is the following

Lemma 10.3 (Approximation)
Suppose that G € F is an algebra and that ¢(G) = F. Then

F={Ae€F;Ve>0,3B € G such that P (AAB) < ¢}

Proof Take H ={A € F; A is “good”}, where “good” means the approximation is
valid. It suffices to check that H is a o-algebra because G C ‘H C F, which entail
F =0(G) CH C F and so therefore H = F.

i) Q € H: therefore Q € G.
i) Aec H= Ab e by definition, since A is “good”, Ve > 0,3B € G,P (AAB) <
€. But

AAB = (A\ B)U(B\ A)
= (AnBYu(BnAY
YN
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and thus P (AC N BC) < e. Also, since G is an algebra, Bl e g, Bl is an approxi-
mation of AL and AC is “good” as well.

iii) If A,, € H, then J,, A, € H: ¥V e > 0, pick an /2" approximation B,, € G of
Ay, : that is P (A,ABy,) < ¢&/2". So for A = |J,, An, we take B = Uiy:l B, for N
to be determined. Note that B € G. We have

P(AAB) =P <fj A G Bn>

n=1 n=1

—<P <n61 Ans nﬂl Bn) +P ( fj An)

n=N-+1

wrong: assume G is a o-algebra instead

Proof If A € &, then P(A) = 0 or P(A) = 1. We use the approximation:
Ve>0,3n>1and B € B(R") such that

P (AA[(X1,...,Xn) € B]) < e.

This means that A ~ [(X1,...,X,) € B]. If A =[(X1,X2,...) € C] for C € B(R"),
then A = [(Xr(1), Xr(2);---,) € C] for any finite permutation 7. On the other hand,

we apply a finite permutation 7 to
AN[(Xy,...,Xy) € Bl =[(X1,...,Xpn) € C)N[(Xy,...,X,) € B]
This gives

[(Xﬂ(l),XW(Q), .. .,) S C] N [(Xw(l),Xﬂ(Q), .. .,) S B]
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'e’

for the particular permutation 7(j) where

j+n
m(j)=49j—-n
J

This implies

P ([(Xﬂ'(l)an(Q)a .- ')) € C] N

if1<j<n
ifn+1<k<2n
if j >2n+ 1.

[(Xw(l)v""Xw(n)a'-") € B])

=P ([(X1,X2,...,) €CIN[(X1,...,X,) € B]) <e

Denote (X (1), - -+, Xrn)) = 4y, and (X1, ..
B] too. On the other hand, A ~ [(X1,...

,Xn) € B] so

(X1, Xp) € B] = [(Xp(1)s - - X)) € B

Finally, we consider

P (A, AA])

<P ((AnAA) U (A, A4))
<P (A,AA) +P (A,AA) <2
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If we pick ¢ = 1/k for k € N and write An(k),A;(k), then P (An(k)AA;l(k)) — 0
which implies

p (A)2 = lim P (An(k)> P (A;z(k))

k—o0

= lim P (An(k) N A;(k))

k—o00

=P (4)

Back to S, = 3774 X;. We have the following corollary:
Corollary 10.4

For a random walk on R, there are only four possibilities, one of which has probability
1.

S,=0Vn
limy, oo Sy, = 00

limy,_yso S, = —00

= W

—oo = liminf,,_, S, < limsup,,_,,, Sn = 00.

Proof limsup,,_,., Sy is a constant ¢ € [—o0, 00| almost surely. If ¢ € (—o0,00),
then we consider S), = Sp,11 — X3 = 2?221 X, which implies ¢ = limsup,,_,, S}, =
liminf S, 11 — X1 = ¢ — X7 and so X_0 a.s. Otherwise, lim, ,c S, € {—00,00}
almost surely and similarly liminf,,_,~ S, € {—00,00}. So we can only have one of

the above cases. [ ]

Corollary 10.5
If (X;;¢ > 1) are iid random variables with mean zero and X; 4 —X; but nonde-

generate (i.e., P (X; =0) < 1), then we have

—oo = liminf S,, < limsup .S, = oco.
n—r00 n—00

Proof If lim, . S, = oo, then lim,,_,, —5,, = oo almost surely since S,, and —5,,

have the same law. Contradiction. [ |
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Let (2, F,P) be a probability space and G and algebra with G C F and o(G) = F,
then VA€ F, Ve >0, 3B € G such that P (AAB) < ¢

Proof Let H = {A € F; A satisfies the approximation} we want to show for (A4,,) €
H, then U, A,, € H. For all € > 0, choose B, € G such that P (4,AB,) < 5. Let
Beg B= Uj;’:l B,, for N € N large enough. Then by the triangle inequality

)

P(AAB)=E (|14 —15])
= E < Ug:1 An ) +E <‘1U2]_1 An B 1B
o) N
<P ( U An> +P (U AnABn>

n=N-+1 n=1

14—1

As an exercise, verify that UnN:1 A, AB = Ufyzl A, A Ufz\/:l B,, C Uf:[:l(AnABn)

if IV is large enough. [ |

10.1 Stopping time of random walk

The question here in a simplify setting concerns (X,,) iid real-valued random vari-
ables with E (| X;|) < oco. Clearly, V n € N, E(S,) = nE (X;); we can generalize
this by E (Sy) = E(N)E (X;) for a “suitable random variable N taking values in
NU{co}. For any n, Cf,, = o(S1,...,5y) captures the information of the random
walk up to time n. (F,)p>1 captures the “information flow” of the random walk
and is termed a filtration .

Definition 10.6 (Stopping time)

A random variable N taking values in NU{oc} is called a stopping time if V n € N,
the event [T' < n| € F,
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Exercise 10.2
N is a stopping time if and only if [N < n|] € F,, ¥V n € N. So informally, N

captures the information of the sequence (Si,...,Sy).

Hitting times for n = 80 for a binary random walk

Position
-100 0 100 200

-200

-300

-400
|

0 20 40 60 80 100

Time

Example 10.1 (Hitting time)
We have Ny = inf{n; S,, € A} with the convention that inf{(} = co. Check

[Na=n]=51¢A,...5,_1¢ A S, €A eF,

In general, we can define the n'" hitting times of A inductively by NE) = N4 and
N = inf{n < N{V; 5, € A}

Exercise 10.3
Each NXL) is a stopping time.
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In general, if N is random, we have Fny = o(Syan,n > 1). This is not a universally

used definition.

Definition 10.7 (o-algebra for stopping times)
For any stopping time N,

Fn={AeF,ANn[T <n]e F,, VneN}

Exercise 10.4

Show that statement generates the same o-algebra

Fn={AeF,An[T =n]e F,, VneN}

Exercise 10.5
If S and T are stopping time and S < T', then Fg C Fr.

Exercise 10.6
If M and N are stopping time, N < M and A € F, then

N onA
T —
M on AC

is again a stopping time.

Lemma 10.8
If N is a stopping time and S,, # Sp+1, ¥V n, then Fy = o(Syan;n > 1).

Proof Starting with inclusion D, write S = (Sya1, Sna2,...). An event is of the
form [SN € B] for some B € B(RY). We check that [SY €] N[N = n] € F, for all
n € N, then

(SN e BIn[N =n] =[(S1,...,5,8,...) € BN [N =]

and both events are in F,, so [SY € B] € Fy.

As for the inclusion C, take A € Fiy (we want A = [SY € B]): by definition, 4 N
[N =n € F,implies AN[N =n| = [(X1,...,X,) € By] for some B,, € B(R"), with
the additional property that V (x1,...2y) € By, xj # xj41 V j, (S; # Sj+1 V j). So
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we take

B=J(BnxRY)
n=1

It suffices to show Vn € NU{oo}, AN[N =n] =[SV € B|Nn[N =n]. Now

(SN e BIn[N =n] = G[SNeBmeN]ﬂ[N:n]

m=1
LS € By, x RNN [N = 1]
Siy.. sSn,Sns...) € By x RN N[N =n]
S1,...,8,) € Bp] N[N = n]
Si,...,5) € Byl =ANI[N =n]

To check the claim on the second line, write for m < n,

[SN € By x RY)N[N =n] =[(S1,... 5, 8n,...) € By x RN N[N =n)
=[(S1,...5n0) € By xRYA[N=n] C [N =m]N[N =n] =0

while for m > n

[SN € By x RN|N[N =n] =[(S1,... 5, Sn,...) € By x RN N[N =n)
ON[N=n]=10

Theorem 10.9 (Wald's identity)
Let (X)) be iid real valued with E (] X;|) < co. If N is a stopping time, then E (Sy) =
E(N)E(X;).

Proof

M

E(Sn) E(Shln=n)

i
I

M
M=

E(Xmln=n)

3
I
_
3
I
_



But [N>m]=[N<m—-1e Fp1=0(X1,... Xpn_1) = (S1,...

3
5

To use Fubini, check

|E (XmlN:n)| < 0

NE
NE

)Sm—l)

n=1m=1
but
o n o oo
Z Z E(|Xm|1N:n) = Z z E(|Xm|1N:n)
n=1m=1 m=1n=m
oo
= Y E(Xndyom) = E (1K) E (V) < oc.
m=1
Example 10.2

Consider a simple random walk: let (

X,) be iid with P (X, = 1) = L and T,, =

inf{n > 1;5, = z} for z # 0,z € Z. Starting with E (T, AT}) < oo for a < 0 < b.
We have

P (X + Sy u ¢ (a,0) > %vxe (a,b)
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which implies
1 n
P(TuATy > n(b—a)) < (1 - )
because
P (Ta NTy > n(b - a)) <P (Sb—a € (aa b)a SQ(b—a) € (av b)v s Sn(b—a) € (CL, b))

so the expectation is finite and we can use Wald’s identity to answer our questions.

L. P(Ta<Tb):%&nd P(Tb<Ta):ﬁ
Proof Using Wald’s identity, E (X;) E (T, N T}) = E (S1,n7;). The term E (X;) =0
by symmetry, while the right end side is

aP (STE/\TI, = a) + bP (STE/\Tb = b) =aP (Ta < Tb) + bP (Tb < Ta)
We have a system of linear equations

0=aP (T, <T}) +bP (T, < Tg,)
1=P(T,<Ty)+P(Tp < Ty)

2. P(T, <o0)=1, Vx#0.
Proof Write P (T, < 00) > P (T, < Tn) = 77 — 1. Because (—S,) has the
same distribution as S,, P (T, < c0) =1V z € N. [ |

3. E(Ty) =occforz #0
Proof Using Wald’s identity, if E (T;) < oo, then 0 = E (X;) E (1) = E (S7,) = =.
]
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Chapter 11

Conditional probability and conditional expectation

We remark that P (E) = E (1g). Similarly, P (E | F) = E(1g | F'). Expectations
are “more general” so we define conditional expectation, for which conditional prob-

ability follows as a consequence. The idea is
E(X|Y) should be E(X, pretending you know Y),

so we average over what is known.

Definition 11.1 (Conditional expectation)
Let X € £Y(Q,F,P), let G C F be a sub-c-algebra of F. We say that C' €
LY(Q,G,P) is a version of E (X | G) if for all E € G,

E(Clgp) = E(X1p)
C' is almost surely unique.

We write E(X |Y) for E(X | o(Y)) and E(X | Y;,i € I) for E (X | 0(Y;,i € I)).
Example 11.1
If X,Y ~U([0,1]) are independent, then

Y -1

vy ¢

E(eXY\Y):E(eX|Y>:/Olexydx:e

using our knowledge of conditional probability (calculate E (exp(X) |Y =y)) but

keeping in mind that Y stays random.

Note
Fix E € o(Y). Then, we can write E = {Y € B} for some B € B(R). So E (C1g) =

E (eyy_ll}/eB) and

E <€XY1YGB) = /exylyeB d(pux x py)

wx is the law of X, py the law of Y. By Fubini, the join law factors and we may
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write the product measure as dx dy since both have Lebesgue measure on [0, 1].

11 1 1
/ / e 1yen dxdy:/ <1y€B/ e‘rydx) dy
0o Jo 0 0
1 eV —1 eV —1
:/0 lyen ; dy = E< v 1Y€B>
Example 11.2 (Random walk)

Let (X;,i > 1) be iid random variable in £1(2, F,P) where E (X;) = p, S,, = X1 +
-+ + X,,. Then

E (Sn_l,_l | Sn) — E (Sn + Xn+1 | Sn)
=E(Sn [ Sn) + E (Xng1 | Sn)
by linearity of conditional expectation, and independence between S,, and X, 1, so

we fully average. If X € G, then E (X | G) = X (this is common abuse of notation).

Example 11.3 (Conditional expectation for independent random variables)
If X 1L Y, then E (X | Y) = E (X) and the proof follows by similar calculations using
the defining property of conditional expectations. This is because if E (X) = C, then

E(C]_YEB):E(X)E(]_YEB):E(X)P(YGB)
while
E(X]-YEB):/R/Rx]-yEBd:uXd:uY:/lyEBE(X) duy:E(X)P(YGB)

Example 11.4 (Conditional expectation for random variables with joint density)
If X, Y have joint density, fx y(z,y), what should the conditional density of X given
Y =y be?

_ Ixy(@y)  fxy(z,y)
fX|Y(':C | y) - ffX,Y(%Z/) dx - fY(y)
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Then we should have E (X | Y =y) = [2fx)y(z | y) dz and so a good guess for

EX|Y) = [afyy(e|V)ds

= /xfx,y(x, Y)dz

_ Jaxfxy(z,Y)dx
ff)gy(l’,Y) dZL'

and the denominator is o (Y )-measurable

Example 11.5 (Discrete conditional expectation)
If Q is discrete, F = 2. Let (Q;,4 > 1) be a partition of Q. We say F = o(Q;,i > 1),
that is G = o(Y) where Y (w) = il,eq,. If X is F-measurable, then

E(X1q,)

E(X | ¥) (@) = 0) = g5

whenever w € §2;. This function is constant over partition classes.

Example 11.6
If ¢ : R? — R measurable and X,Y € £1(Q, F,P), for X 1L Y with E (Jo(X,Y)]) <
oo. What is E (p(X,Y) | X)? Let g(z) = [ ¢(x,y)dpy. We claim

E(p(X,Y) | X) = 9(X) = [ ¢(X,9) diy
We verify once again the defining property: if F € o(X), write E = {X € B}, so
E (P(X.Y)15) = [ ol y)Locn d(ux  pv)
= /1xeB/s0(:v,y) dpy dux
= /1xeBg(ﬂ7) dpux

= E(9(X)1g)

11.1 Existence and uniqueness of conditional expectation

We now tackle the proof of uniqueness

111



Proposition 11.2 (Uniqueness of conditional expectation)
If C and D are versions of E (X | G), then C 2 D.

Proof By assumption, C,D € G, so {C > D} € G. If C a;z. D, then wlog
P(C>D)>0.So P(C>D+%) > 0 for some n. Let £ = C > D—i—%; then
E(Clg) =E(X1g) = ED1g. But on the other hand,

E(Clg) > E (<D+ :L) 1E> =E(D1g) + %E (1) > E(D1g)

using monotonicity, linearity and P (E) > 0. [ ]

Proposition 11.3 (Existence of conditional expectation)
For all X € £2(Q, F,P) for all G € F sub-o-algebras, there exists a random variable
Y that is a version of E (X | G).

£? has a Hilbert space structure with an inner product.?®

Suppose the proposition is true. Then for X > 0, X € £(Q, F,P). Let X,, =
min(X,n); let Y, be a version of E (X, | G). Then Y, < Y,,;+1 (otherwise there
exists k such that P ({Yn+1 <Y, — %}) > 0 which (taking expectations and using
defining property of conditional expectation) contradicts that X,, < X,,11 almost
surely.) Then let Y = limsup,, , Y. We then have V E € G,

by the defining property so Y is a version of E (X | G). Y € £L}(Q,G,P),Y =1limY,,
is G-measurable because is it an increasing limit and each Y, € LI(Q,Q, P) and
E(Y)=E(X) < oo. This is the usual closure properties.

Next, for X € LY(Q,F,P), let X = X* — X~ and let Y+ — Y~ be versions of
E(X*|G). Then

E (YJr - Y*) =E <X+> +E(X7) (defining property)

28To identify random variables that are almost equivalent, we (would) need to work with equiv-
alence classes for random variables with distance zero. To go from X € £2 to £!, we will use the
last steps of the standard machine.
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=E(|X]) < o0.

soYT —Y~ € LY(Q,G,P) and for E € G,

E((Y" =Y 7)1p) =E(Y'1g) —E(Y 1p) (linearity)
=E <X+1E) —E(X 1p) (defining property)
=E(X1p) (linearity)

so Yt —Y " is a version of E(X | G).

LYQ,F,P) X

|

£2(Q,G,P)

h<

11.2 Conditional expectation as least-square predictor

Lemma 11.4 (Completeness of £2)
1
£2(Q, F,P) is complete, with norm || X||, = E (X?)?.

Proof Let X,,n > 1 be Cauchy in £LP. We need to show X, has an almost
sure limit. Choose a subsequence (k,,n € N), k, 1 oo such that for all r,s > k,,
| X7 — Xsllp < 27", Then

E ([ Xty = X |) < ([ Xty — anHp <2
SO

E (Z | Xk o0 — an|) < 0

n>1
SO

> (Xkpsy — Xk,) converges almost surely
n>1
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which implies X,,, converges almost surely as k — co.. We thus let X = limy,, o0 X, .
To check X € £P and X, 2% X, note that for n € N, r > k,,, and all t > n

E (X, — Xp,[P) <27

By Fatou’s lemma,

1

_ Py — : _ p : ; _ p -
E (X, — X|") = E (tlggoXT Xy ) < T infE (X, — Xi,P) < g

Finally, X[, < X = X, + X, | < X = X,llp + [ X,y < 277+ X} < oo using
the triangle inequality and since X, € LP. For r > k,, || X, — X|, < 27" and so
X, — X in LP. [ |

Theorem 11.5 (Orthogonal projection)

Let £2(2,G,P) be a subspace of K := £2(G) := £L2(Q,G,P) (where G is a sub-o-
algebra of F) which is complete in that whenever (V},) is a sequence in K which is
Cauchy, that is

sup ||V, = Vsl]l2 =0 ask — oo

r,s>k

then there exists a V in £2(G) such that ||V, — V|2 — 0 as n — oo. Then given
X € L%(Q, F,P), there exists Y € £2(Q, G, P) such that

|X =Yz = A= inf{||X — W] : W € £L*(G)},
and

(X -Y,Z)=0, VZinL*G)

No w if G € G, then taking Z = 1¢ € £2(G) gives E (Y1g) = E (X1¢) and hence
Y is a version of E (X | G), as required.

For the proof, recall the parallelogram law: (a + b)? + (a — b)? = 2(a® + b?)

Proof Let A =inf{||X — Z| : Z € £2(2,G,P)}. Let (Y,,n > 1) € £L2(Q,G,P) be
such that ||Y,, — X|| = A. If Y}, is Cauchy, then it has an almost sure limit Y.
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e R O P . AN N T e
Then
I = Yo+ X — Yol = 21X — (¥, + Y2)/20B + 20(Y: — ¥,) /213
SO

1Y, — Y3 = 2[1x - Yo|3 +2(1X — KII%—AHX - (Yr +Ys)/2||§
<4A24¢ >4A2

when 7, s are large. So for r, s sufficiently large, || X, — X;||3 < e and thus (X,,,n > 1)
is Cauchy. To show uniqueness of the minimizer, we show it is a version of the
conditional expected value.

Claim
Y is a version of E (X | G)

Proof It suffices to show E ((X —Y)1g) =0 for all E € G. We prove the stronger
fact: E((X —Y)Z) =0forall Z € £L2(2,G,P). So for Z € £2(Q,G,P), forall t € R,
Y +tZ € £L2(Q,G,P). So

IX = (Y +t2)53 > |IX - Y3
that is
E((X-Y)-t2)?) > E((X - V)?)

~2UE (Z(X ~Y)) +#%E (2%) > 0
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This hold true for all ¢, but quadratic terms tend to zero faster than linear (for any
a,b # 0,at?—2bt < 0 for some t), so for this to hold true, we need E (Z(X —Y)) = 0.
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Kolmogorov’s 0-1 law, 44, 45

lacunary, 78
law, 29
liminf, 20
limsup, 20

LP norm, 62

117



measurable map, 23 tail o-algebra, 44
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measure, 14 Tonelli’s theorem, 90
sigma-finite, 14
Lebesgue, 14, 15

probability, 14 Wald’s identity, 105
monotone class theorem, 31

variance, 72

weak law of large numbers, 75
monotone convergence theorem, 50 olo75

multiple integrals, 86

multiplicative functions, 15
Orthogonal projection, 113

m-system, 18

m-system lemma, 18, 37
portmanteau lemma, 67
pre-measure, 15
product measure, 87

product space, 84

random variables, 23

random walk, 4
probability, 101

restriction, 59

reverse Fatou lemma (for integrals), 61

Scheffé lemma, 69

o-algebra, 12

simple functions, 47
properties, 48

Skorokhod’s construction, 30

St-Petersburg paradox, 42

standard machine, 57

stopping time, 102

strong law of large numbers, 26, 77
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